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History  and  Aims  of  PME 


PME  came  into  existence  at  the  Third  International  Congress  on 
Mathematical  Education  (ICME  3)  held  in  Karlsruhe,  Germany  in 
1976.  It  is  affiliated  with  the  international  Commission  for 
Mathematical  Instruction. 

The  major  goals  of  the  Group  and  the  PME-NA  Chapter  are: 


1.  To  promote  international  contacts  and  the  exchange  of 
scientific  information  on  the  psychology  of 
mathematics  education. 

2.  To  promote  and  stimulate  interdisciplinary  research  in 
the  aforesaid  area  with  the  cooperation  of 
psychologists,  mathematicians,  and  mathematics 
teachers. 

3.  To  further  a  deeper  and  better  understanding  of  the 
psychological  aspects  of  teaching  and  learning 
mathematics  and  the  implications  thereof. 


iii 


Editors'  Preface 


The  Conference  Committee  decided  to  select  three  themes  for 
this  conference:  Diversity  and  Equity,  Teacher  Education,  and 
Technology.  We  also  chose  to  organize  the  plenary  sessions  around 
these  three  themes  in  different  ways.  The  Diversity  and  Equity 
strand  will  begin  with  a  panel  of  Gilah  Leder  and  Walter  Secada,  with 
a  response  by  Ubiratan  D'Ambrosio.  We  are  indeed  pleased  to  have 
these  distinguished  scholars,  especially  our  colleagues  from  ..abroad, 
provide  some  theoretical  frameworks  for  our  ir./estigations  in  this 
critical  area.  This  panel  will  be  followed  on  Monday  morning  by 
equity  discussion  sessions  in  which  you  will  have  the  opportunity  to 
explore  the  ideas  brought  up  in  the  panel  in  more  depth  and  in 
smaller  groups.  Some  of  these  discussion  sessions  have  a  focus,  while 
others  are  more  open  in  nature.  However,  all  of  them  should  provide 
substantial  time  for  participant  discussion. 

The  Teacher  Education  plenary  consists  of  a  lecture  by  Tom 
Cooney  with  a  response  by  Alba  Thompson.  Cooney  raises  questions 
about  the  direction  descriptive  research  is  taking  us  and  suggests  a 
way  to  look  at  teacher  education  that  might  improve  both  theory  and 
practice. 

The  Technology  theme  also  has  a  unique  format.  The  Plenary 
lecture  by  Jere  Confrey  is  followed  by  invited  lectures  on  the  theme; 
then  Alan  Schoenfeld  synthesizes  the  information  presented  in  all 
seven  lectures.  The  papers  printed  in  this  volume  provide  a  major 
focus  on  the  learning  of  fundamental  concepts  of  variables  and 
functions  and  the  role  of  multiple  representations  in  that  learning. 
Confrey's  paper  also  provides  a  connection  between  the  technology 
and  equity  themes  as  she  explores  how  the  teaching  of  algebra  needs 
to  change  tb  reach  a  goal  of  "algebra  for  all." 

The  research  papers  represent  a  variety  of  interest  and  have 
been  organized  in  these  volumes  in  the  following  categories: 

1.  Advanced  Mathematical  Thinking 

2.  Algebraic  Thinking 

3.  Assessment  and  Evaluation 
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4.  Epistemology  and  Cognitive  Processes 

5.  Functions  and  Graphs 

6.  Language  and  Mathematics 

7.  Modeling 

8.  Number  and  Proportion 

9.  Probability  and  Statistics 

10.  Problem  Solving 

11.  Social  and  Cultural  Factors  Affecting  Learning 

12.  Students*  Beliefs  and  Attitudes 

13.  Teacher  Education 

14.  Teachers*  Beliefs  and  Attitudes 


Each  research  report  proposal  was  reviewed  by  three 
reviewers  with  experience  in  the  speciality  using  the  criteria 
established  by  PME-NA  as  guidelines.  In  cases  of  disagreement,  the 
Conference  Committee  members  studied  the  revieweis'  comments 
and  carefully  considered  the  proposal.  This  procedure  resulted  in 
denying  about  one-fourth  of  the  proposals. 

In  addition  to  the  59  research  reports,  there  are  45  short  orals, 
6  posters,  and  14  discussion  groups  in  the  program. 

We  would  like  to  thank  the  other  members  of  the  Conference 
Committee  for  their  valuable  assistance,  and  all  of  the  reviewers  for 
their  generous  contribution  of  time  and  expertise.  Special  thanks  go 
to  Laurie  Dengel  for  her  invaluable  assistance  throughout  the 
summer  in  keeping  all  our  records  straight. 

Joanne  Rossi  Becker 
Barbara  J.  Pence 
September,  1993 


ERLC 


7 


PME-NA 1993  Reviewers 


Adams,  Verna 
Armstrong,  Barbara 
Becker,  Joanne 
Beckmann,  Charlene 
Behr,  Merlyn 
Blume,  Glen 
Bohlin,  Carol 
Bohlin,  Roy 
Brenner,  Betsy 
Buzak,  Nadine 
Carraher,  David 
Charles,  Randy 
Chazan,  Dan 
Civil,  Marta 
Cobb,  Paul 
Curcio,  Frances 
Davenport,  Linda 
Davis,  Robert 
Dawson,  Sandy 
DeGuire,  Linda 
Dick,  Thomas 
Drouhard,  J-P. 
Dubinsky,  Ed 
Ferrini-Mundy,  Joan 
Ferrucci,  Beverly 
Flores,  Alfino 
Geeslin,  William 
Goldenberg,  Paul 
Graeber,  Anna 
Graham,  Karen 
Grover,  Barbara 
Harel,  Guershon 
Harik,  Fadia 
Harnisch,  Delwyn 
Hart,  Laurie 
Hart,  Lynn 
Heid,  Kathleen 
Heller,  Joan 
Henderson,  Ron 
Herman,  Sally 
Huinker,  DeAnn 


Lester,  Frank 
Levy,  Benjamin 
Magidson,  Susan 
Maher,  Carolyn 
Mau,  Sue 
Mayer,  Rich 
McLeod,  Douglas 
McNeal,  Betsy 
Meira,  Luciano 
Metz,  Kathleen 
Mitchell,  Mathew 
Miura,  Irene 
Moschovich,  Judith 
Moyer,  John 
Narode,  Ron 
Neufeld,  Evelyn 
O'Shea,  Tom 
Okamoto,  Yukari 
Onslow,  Barry 
Pehkonen,  Erkki 
Philip,  Randy 
Prevost,  Fred 
Risacher,  Billie 
Saxe,  Jeff 
Schroeder,  Tom 
Seldon,  Annie 
Seldon,  John 
Simon,  Marty 
Smith,  Barbara 
Smith,  Eric 
Smith,  Jack 
Sowder,  Judy 
Sowder,  Larry 
Stiff,  Lee 
Sullivan,  Kevin 
Swafford,  Jane 
Tartre,  Lindsay 
Thompson,  Alba 
Thompson,  Patrick 
Underbill,  Bob 
Wagner,  Sigrid 


8  vi 


Kenney,  Patricia 
Kirshner,  David 
Kloosterman,  Peter 
Koch,  Laura 
Koehler,  Mary 
Kroll,  Diana 
Kurtz,  Tim 
Lcsh,  Dick 


Watanabe,  Tad 
Williams,  Steve 
Wilson,  Jim 
Wilson,  Melvin 
Zazkis,  Rina 
Zbiek,  Rose 
Zimmer,  Jules 


9 

VII 


Table  of  Contents 

PREFACE 

PLENARY  SESSIONS/INVITED  LECTURES 
Equity  Strand 
Panel 

Diversity  and  Equity:  Inevitable  or  a  Paradox?  p.  1-3 

Gilah  Leder 

Equity  and  a  Social  Psychology  of  Mathematics  Education  p.  1-17 

Walter  Secada 

Response  p.  1-31 

Vbiratan  D'Ambrosio 

Discussion  Sessions 

Issues  in  Achieving  Equity  in  Mathematics  Teaching 
and  Learning  p.  1-38 

Nadine  S.  Bezuk  and  Frank  A.  Holmes 

Feminist  Perspectives  on  Equity  in  the  1990's  p.  1-39 

Lyn  Taylor  and  Charlene  Morrow 

Open  Discussion 

Vbiratan  0*Ambrosio 
Yolanda  De  La  Cruz 
Paula  Hooper 

Teacher  Education  Strand 

Plenary  Address 

On  the  Notion  of  Authority  Applied  to  Teacher  Education        p.  1-40 
Tom  Cooney 

Response 

Alba  Thompson 


q  viii 

ERIC  1 0 


Technology  Strand 


Plenary  Address 

The  Role  of  Technology  in  Reconceptualizing  Functions 
and  Algebra  P- 
Jere  Confrey 

Invited  Lectures 

Ed  Dubinski 

Computer-based  Mathematical  Modeling  with 

In-service  Teachers  P-  l-?5 

Sharon  Dugdale 

Out  of  the  Cul-de-Sac?  P-  1-83 

Celia  Hoyles  and  Richard  Noss 

Technology  in  the  Learning  of  Functions:  Process  to  Object?     p.  1-91 
Carolyn  Kieran,  Maurice  Garangon,  Lesley  Lee, 
Andri  Boileau 

Modeling  Using  Geometiy-based  Computer  Technology  p.  I -100 

Jean-Murie  Laborde 

Pat  Thompson 

Response 

Alan  Schoenfeld 


RESEARCH  PAPERS 


Advanced  Mathematical  Thinking 


Approaching  Infinity:    A  View  from  Cognitive  Psychology 


p.  1-105 


Rafail  Nunez 


Epistemology  and  Cognition  of  Integral:  Elements  of 
Rcproductiveness  in  Teaching-Learning  Situations 


•  112 


Francisco  Cordero  Osorio 


ix 


ERIC 


Algebraic  Thinking 


Negative  Solutions  in  the  Context  of  Algebraic  Word  Problems  p. 
Aurora  Gallardo,  Teresa  Rojano 


1-121 


Nature  of  Understanding  Mathematical  Modeling  by 
Beginning  Algebra  Students  Engaged  in  a  Technology- 
Intensive  Conceptually  Based  Algebra  Course 
M.  Kathleen  Heid>  Rose  Mary  Zbiek 

A  Theory  of  The  Production  of  Mathematical  Sign  Systems- 
The  Case  of  Algebraic  Representation  of  Basic  Geometrical 
Variation  Notions- 

Verdnica  Hoyos,  Eugenio  Filloy 


p.  1-128 


p.  1-135 


Family  of  Arithmetical  and  Algebraic  Word  Problems,  and  the 
Tensions  Between  the  Different  Uses  of  Algebraic  Expressions  p. 
Guillermo  Rubio,  Eugenio  Filloy 


Assessment  And  Evaluation 

Teachers'  Use  of  Alternate  Assessment  Methods 
Ron  Tzur,  Karne  Brooks,  Mary  Enderson, 
Margaret  Morgan,  Thomas  Cooney 

Epistemology  And  Cognitive  Processes 

Math  Talk  in  a  Heterogeneous  Group 
Ann  Gordon,  Robert  A.  Reeve 

Epistemological  Changes  in  Community  College 
Mathematics  Students 

Jan  LaTurno,  Kathleen  Men 

Functions  And  Graphs 

Internal  and  External  Representations  Related  to  the 
Function  Concept 
Fernando  Hitt 


1-142 


p.  1-151 


p.  1-161 


p.  1-168 


p.  1-177 


ERLC 


12 


Persistence  and  Transformation  of  a  Students  Alternative 

Strategy  in  the  Domain  of  Linear  Functions  p.  1-184 

Judith  Lobato,  J.  Moschkovich,  M.  Chiu,  C.  KesseU 

A.  Muhoz 

Body  Motion  and  Children's  Understanding  of  Graphs  p.  1-192 

Cornelia  Tierney,  Ricardo  Nemirovsky,  Tracty  Wright, 
Edith  Ackermah 


Language  And  Mathematics 

Making  Sense  of  Graphs  and  Equations  During  Peer  Discussions: 
Students'  Descriptive  Language  Use  P^  1-201 

Judit  Moschkovich 


Modeling 

Mathematical  Modeling:  A  Case  Study  in  Ecology  p.  1-211  . 

Helen  M.  Doerr 

From  School  Mathematics  to  Applied  Mathematics:  Learning 

to  Build  Models  with  a  Word  Problem  Mind  p.  1-218 

Jean-Luc  Gunner,  Rafael  N&nez,  Myrto  Gurtnert 

Bruno  Vitale 

Prospective  Secondary  Mathematics  Teachers  and 

Mathematical  Models  P-  1-224 

Rose  Mary  Zbiek 


Number  And  Proportion 

The  Language  of  Fractions  as  an  Active  Vehicle  for  Concepts      p.  1-233 
Maria  Valdemoros  Alvarez 

Group  Case  Studies  of  Second  Graders  Inventing  Multidigit 
Addition  Procedures  for  Base-Ten  Blocks  and  Written  Marks     p.  1-240 
Karen  C.  Fuson.  Birch  H.  Burghardt 

Arithmetic  from  a  Problem-Solving  Perspective:  An  Urban 
Implementation  with  Reports  on  Students,  Teachers,  and 
Classroom  Interactions  P*  1"247 

Henry  S.  Kepner,  Jr..  Albert  Villasenor,  Jr. 


-  13 

BEST  COPY  AVAILABLE 


Algorithms  Supplant  Understanding:  Case  Studies  of  Primary 
Students'  Strategies  for  Double-Digit  Addition  and  Subtraction  p.  1-254 
Ronald  Narode,  Jill  Board,  Linda  Ruiz  Davenport 


Students'  Reasoning  about  Ratio  and  Percent 
Billie  F.  Risacher 

A  Comparison  of  Conceptually  Based  and  Textbook  Based 
Instruction  in  Qrades  1-3:  A  Three  Year  Study 
Diana  Wearne,  James  Hiebert 

What  Is  the  Meaning  of  12.34nVe?    Preservice  Teachers' 
Interpretations. 
Rina  Zazkis 


Probability  And  Statistics 

The  Development  of  Elementary  Teachers'  Statistical  Concepts 
in  Relation  to  Graphical  Representations 

Sarah  B.  Berenson,  Susan  N.  Friel,  George  W.  Bright 

Statistics  Knowledge  of  Elementary  Teachers 

George  W.  Bright,  Susan  N.  Friel,  Sarah  B.  Berenson 

Understanding  the  Law  of  Large  Numbers 

Clifford  Konold,  Arnold  Well,  Jill  Lohmeier, 
Alexander  Pollatsek 

Young  Children's  Interpretations  of  Chance  Situations 
Kathleen  E.  Men 


p.  !-261 

p.  1-268 

p.  1-275 

p.  1-285 

p.  1-292 

p.  1-299 

p.  1-306 


xii 


Contents  of  Volume  II 


RESEARCH   PAPERS  (continued) 

Problem  Solving 

Tracing  Milin's  Building  of  Proof  by  Mathematical  Induction: 
A  Case  Study  P-  2  5 

Alice  S.  Alston,  Carolyn  A.  Maker 

Blocking  Metacognition  During  Problem  Solving  p.  2-12 

Linda  Deguire 

The  Arithmetic-Algebra  Transition  in  Problem  Solving: 
Continuities  And  Discontinuities  P-  2-19 

Bernadette  Janvier,  Nadine  Bednarz 

A  Comparison  of  Pair  and  Small  Group  Problem  Solving  in 
Middle  School  Mathematics  P-  2-26 

Roxanne  Malter,  Ronald  Narodet  Linda  Ruiz  Davenport 

Four  Case  Studies  of  the  Stability  and  Durability  of  Childress 
Methods  of  Proof  P-  2*33 

Amy  M.  Martino,  Carolyn  A.  Maker 

Problem  Solving  in  and  Out  of  School  P«  2-40 

Joanna  O.  Masingila 

Social  And  Cultural  Factors  Affecting  Learning 

Household  Visits  and  Teachers*  Study  Groups:  Integrating 

Mathematics  to  a  Socio-Cultural  Approach  to  Instruction  p.  2-49 
Maria  Civil 

Analysis  of  Interactions  between  Affect  and  Cognition  in 

Elementary  School  Children  During  Problem  Solving  p.  2-56 
Valerie  Debtllis-Kramcr,  Gerald  Goldin 

Measuring  Cognitive  and  Affective  Behaviours  in  the 
Mathematics  Classroom:  A  Multidimensional  Approach  p.  2-63 

Helen  J.  Forgasz,  Gilak  C.  Leder 


15 


ERIC 


XIII 


The  Mathematics  in  an  Epistemology  of  Ethno-Music 
Shawn  Haarer,  Erick  Smith,  Jere  Confrey 


p.  2-70 


Gender  Differences  in  Student-Teacher  Interactions  in  Some 
Grade  Seven  Mathematics  and  Language  Arts  Classrooms  in 
Canada  And  Cuba:  a  Pilot  Study  p.  2-77 

Sarah  Joyce 

Students*  Beliefs  And  Attitudes 

Understanding  the  Implications  of  Context  on  Young 
Children's  Belief's  about  Mathematics  p.  2-87 

Megan  L.  Franke,  Deborah  A.  Carey 

Minority  Students'  Beliefs  about  Mathematics  p.  2-94 

Laura  J.  Smith,  Laura  Coffin  Koch 

Teacher  Education 

Assessment  of  Fraction  Understanding:  Student  Performance 

and  Teacher  Reactions  p.  2-103 

Barbara  E.  Armstrong,  Randolph  A.  Philipp, 

Judith  T.  Sowder 

Mathematical  Justification:  A  Classroom  Teaching  Experiment 
with  Prospective  Teachers  p.  2-110 

Glendon  W.  Blume,  Martin  A.  Simon 

"More  than  Repeated  Addition"  -  Assessing  and  Enhancing 
Pedagogical  Content  Knowledge  about  Multiplicative 
Structures  p.  2-117 

Christine  L.  Ebertt  Susan  B.  Taber 

Characteristics  of  Models  for  the  Development  of  Mathematics 
Teaching  p.  2-124 

Lynn  T.  Goldsmith,  Deborah  Schifter 

Preservice  Elementary  Teachers'  Explanations  of  Achievement 
in  Mathematics  p.  2-131 

Erika  Kuendiger,  Claude  Gaulin,  David  Keilenbirger 


16 


xiv 


Caricatures  in  Innovation:  Three  "Middle-School  Teachers"  Try 
Teaching  an  Innovative  Mathematics  Curriculum  p.  2-13S 

Diana  V.  Lambdin,  Ronald  V.  Preston 

Limits  of  Sequences  and  Series:  Prospective  Secondary 
Mathematics  Teachers*  Understanding  P-  2-145 

Brenda  Lee 

From  Learning  Mathematics  to  Teaching  Mathematics:  A  Case 
Study  of  a  Prospective  Teacher  in  a  Reform-Oriented  Program  p.  2:152 
Wilhelmina  Mazza,  Martin  A.  ^Simon 

A  Preservice  Teacher  Learning  to  Teach  Mathematics  in  a 

Cognitively  Guided  Manner  P-  2-159 

Randolph  A.  Phillip,  Barbara  E.  Armstrong, 

Nadine  S.  Bezuk 

Teachers  Enter  the  Conversation  P«  2-166 

Deborah  Schifter 

Teachers'  BeljCrfS  *nH  Attitudes 

Changing  Views  of  Mathematics  Learning:  A  Case  Study  of  a 
Prospective  Elementary  Teacher  P-  2-175 

Sonja  Brobeck,  Martin  A.  Simon 

The  Effect  of  a  Course  Emphasizing  Teaching  Techniques 
Congruent  with  the  NCTM  Standards  on  Pre-Service  Teachers* 
Beliefs  and  Assessment  Practices  P« 
Barbara  W.  Grover,  Patricia  Ann  Kenney 

Shared  Authority:  A  Roadblock  to  Teacher  Change?  p.  2-189 
Lynn  C.  Hart 

Authorizing  Mathematical  Knowledge  in  a  Classroom 

Community  P'  2*196 
Jamie  Myers,  Martin  Simon 

On  Teachers'  Conceptions  about  the  Role  of  Answers  in  Solving 
Mathematical  Problems  in  Estonia  and  Finland  P-  2-203 

Erkki  Pehkonen,  Lea  Lepmann 


17 

XV 


Changing  Visions  in  Mathematics  Preservice  Teacher  Education  p.  2-210 
Norma  C.  Presmeg 

Unraveling  the  Relationships  between  Beginning  Elementary 
Teachers*  Mathematics  Beliefs  and  Teaching  Practices  p.  2-217 

Anne  M.  Raymond 

The  Evolution  of  Preservice  Secondary  Mathematics  * 
Teachers'  Beliefs  p.  2-224 

Barry  E.  Shealy,  Bridget  Arvold,  Tingyao  Zheng, 

Thomas  J.  Cooney 

Emphasizing  Conceptual  Aspects  of  Fractions:  One  Middle 
School  Teacher's  Struggle  to  Change  p.  2-231 

Melvin  R.  (Skip)  Wilson,  Michael  Paul  Goldenberg 

SHORT  ORALS 

Reshaping  Teachers'  Perceptions  of  Instruction  and  Assessment 
in  Mathematics  p.  2-241 

Miriam  Amit,  Nancy  Katims 

The  Fast  Fourier  Transform:  How  Does  the  Context  Influence 
the  Learning  of  this  Concept?  p.  2-242 

Eugenio  Diaz  Barriga  Arceo 

The  Implications  of  Cognitive  Flexibility  Theory  for  Designing  and 
Sequencing  Cases  of  Mathematics  Teaching  p.  2-243 

Came  Barnett 


Confronting  the  Psychological  Aspects  of  Change  in  Two 
Educational  Settings 

Sandra  Callis  Be  the  11,  Margaret  Lamb 

A  Model  for  Achieving  Equity  in  Mathematics  Teaching 
and  Learning 

Nadine  S.  Bezuk,  Frank  A.  Holmes 


p.  2-244 


p.  2-245 


Developing  Children's  Mathematical  Thinking 
George  Booker,  Denise  Bond 

Contextualized  Testing  and  Early  Math  Competency 
Mary  E.  Brenner 


p.  2-246 


2-247 


ERLC 


18 


xvi 


The  Failure  of  One  Fifth  Grade  Student  to  Use  Imagery 
in  Mathematical  Understanding 

Dawn  L.  Brown,  Grayson  H.  Wheatley 

Intentional  and  Attentional  Models  of  Number 
Stephen  Campbell 

Staff  Development  In  An  Urban  Center:  Changing  Practices 
Before  Beliefs  by  Providing  Structure  And  Experience 
Suzanne  H.  Chapin,  Walter  Stone 

Unguarded  Metaphors  in  Educational  Theorizing: 
Metaphorically  Modeling  the  Social-Personal  Interface  * 
David  J.  Clarke 

Implications  of  Varcla's  The  Imbodied  Mind  for 
Mathematics  Education 
Sandy  Dawson 

Effects  of  Teaching  Processes  in  Elementary  School  Mathematics 
John  Durnin,  Antoinette  E.  Perrone.  Louise  MacKay 

Exploring  Math  and  LOGO  in  a  Costa  Rican  Classroom 
Laurie  D.  Edwards 

Gender  and  Ethnic  Differences  in  the  Diverse  Environment 
of  an  Urban  College  Mathematics  Classroom 
Shirley  B.  Gray 

Issues  in  the  Design  of  Curriculum-Embedded  Assessments 
in  Mathematics 

Joan  I.  Heller 

Investment  of  Self  as  a  Component  of  Mathematical  Engagement 
Kathy  M.C.  lvey,  Steven  R.  Williams 

Feminist  Pedagogy  as  a  Tool  for  Promoting  the  Study  of 
Mathematics  by  Females 
Judith  £.  Jacobs 

The  Harmful  Effect  of  Algorithms  in  Primary  Arithmetic 
Constance  Kamii,  Faye  B.  Clark 


p.  2-248 
p.  2.249 

p.  2-250 

p.  2-251 

p.  2-252 
p.  2-253 
p.  2-254 

p.  2-255 

p.  2-256 


xvii 


How  Does  Observed  Student  Understanding  Compare  with  the 
Ultimate  Result  of  Classroom  Assessment,  the  Semester  Grade?        p.  2-260 
Judith  Kysh 

Relationships  Between  Anxiety  for  Teaching  Mathematics, 
Prior  Student  History,  and  Expectations  for  Mathematics 
Teaching  Style  Among  Prospective  Elementary  School  Teachers         p.  2-261 
Gavrielle  Levine 


From  Roller  Coasters  to  Lightening  Bolts:  Students  Finding 
Functions  in  the  World  Around  Them  p.  2-262 

Susan  Magidson 

Violation  of  Complementarity  and  Piaget's  Conservation  of  Liquid 
Quantity  Experiment  p.  2-263 

Egon  Mermelstein,  Kiang  Chuen  Young 

Explaining  Explaining:  Explanations  and  Cognitive  Constructions         p.  2-264 
Jean  Mitchell 

Using  Reflective  Practice  to  Understand  Children's  Thinking 
in  Mathematics  p.  2-265 

Deborah  Muscella,  Evelyn  Gibbel 

Exploring  Concrete  Approaches  to  Algebra  p.  2-266 

Bill  Parker,  John  Dalida 

The  Mismatch  Between  Pedagogical  Innovations  and  Student's 
Willingness  to  Change:  A  Case  Study  p.  2-267 

Vania  Maria  Periera  dos  Santos 

Cognitive  Exploration  on  Concepts  of  Calculus  in  Two  Variables. 
Concept  of  Function,  Notion  of  Movement,  and  Graphic  p.  2-268 

Evelia  Resindiz,  Francisco  Cordero 

Plans  for  Kindergarten  Geometry  Lessons:  Errors  By 

Preservice  Teachers?  p.  2-269 

Cheryl  Boyle  Rolph 

Beyond  Activities  Project:  A  Professional  Development 

Model  for  Grades  4-6  p.  2-270 

Sharon  Ross 


9 

ERLC 


XVIII 


20 


How  Fourth  Graders  Construct  Area  Models  for  >  unions  p.  2-271 

Andee  Rubin,  Cornelia  Tierney 

A  Constructivist  Theory  of  Mathematics  in  Practice  p.  2-272 
Erick  Smith 

The  Notion  of  Variation  in  Physical  Contexts  P-  2-273 
Miguel  Esquinca  Solis 

Learning  Style  and  Its  Role  in  The  Formation  of  Student 
Structural  Knowledge  P-  2"274 

Mary  M.  Sullivan 

U.S.  Middle  Grade  Students'  Understanding  of  Probability  p.  2-275 

Jane  O.  Swafford 

Concrete  Representations  and  Language  in  Developing  a  Concept 
of  Multiplication  of  Fractions:  A  Case  Study  P-  2-276 

Susan  B.  Taber 

Classroom  Research  and  Classroom  Practice: 

Blurring  the  Boundaries  P*  2-277 

Patricia  P.  Tinto,  Barbara  A.  Shelly,  Nancy  J.  Zarach 

Students'  Difficulties  in  Applying  More  Than  Procedural 

Knowledge  to  Solve  Mathematical  Problems  P-  2-278 

Manuel  Santos  Trigo 

Changes  in  Elementary  Preservice  Teachers'  Beliefs  About 
Mathematics  Teaching  P-  2"279 

Nancy  Nesbitt  Vacc,  George  W.  Bright 

What  it  Looks  Like  to  Work  in  a  Group  at  College  Level 

Mathematics  Class  P-  2280 

Draga  Vidakovic 

The  Constructivist  Teaching  of  Constructivist  Teaching  p.  2-281 

Virginia  M.  Warfleld 

A  Three  Stage  Learning  Model  for  Trigonometric  Functions 
Based  on  Computer  Graphs  P-  2"282 

Elfriede  Wenztiburger 


XIX 


21 


Metaphors  We  Graph  By:  A  Qualitative  Study  of  Student  Difficulties 
as  They  Learn  to  Use  a  Graphing  Calculator 
Carol  G.  Williams 


High  School  Math  Group  Projects  Using  Managers 
Judith  Moore  Young 

Inferring  A  Child's  Internal  Strategic  Problem  Representations 
Richard  A.  Zang,  Gerald  A.  Goldin 


Mathematics  Made  Meaningful  Through  Instructional 
Games 

Lynn  Burnett 

The  Effect  of  Symbolic  Processing  on  Calculus  Students* 
Mathematical  Beliefs 
William  Horton 

Linking  Instruction  and  Assessment  Through  Performance- 
Based  Activities 

Nancy  Katims,  Miriam  Amit 

Mathematics  of  the  Environment:  An  Experimental 
Curriculum 

Mathew  T.  Mitchell 

The  Function  Minute-An  Effort  to  Teach  the  Basic 
Function  Concepts  More  Effectively 
James  R.  Olsen 

Second  Grade  Children's  Schemes  to  Coordinate  Two  Units 
Tad  Watanabe 


The  Operational-Structural  Duality  of  Mathematical  Concepts 
in  Advanced  Mathematical  Thinking 
Gontran  Ervynck 


POSTERS 


DISCUSSION  GROUPS 


XX 


Research  in  the  Teachin*  and  Learning  of  Undergraduate 
Mathematics:  Where  Are  We?   Where  Do  We  Go  From  Here? 
Joan  Ferrini-Mundy,  Ed  Dubinsky,  Steven  Monk 


p.  2-298 


Developing  Understandings  of  the  Struggles  and  Issues  Related  to 
the  Study  of  Teacher  Change 

Megan  Franke,  Catherine  Brown,  Margaret  Smith 

Developing  Effective  Learning  Environments  and  Tasks  for 
Prospective  Middle  School  Mathematics  Teachers 

Elizabeth  Jakubowski,  Grayson  Wheatleyt  Jenny  Erhlich 

Shaping  Reform  in  Algebra  Education 
David  Kinhner,  Jim  Kaput 

Cultural  Support  for  Mathematics  Understanding 
Irene  Miura,  Yukari  Okamoto 

Teaching,  Learning,  and  Understanding  Common  and 
Decimal  Fraction  Concepts 
Douglas  T.  Owens 

Use  of  Open-Ended  Problems  in  Classroom 
Erkki  Pehkonen 

Discussion  Group  on  Imagery  and  Its  Uses  in  Metaphors, 
Metonymies  and  Beliefs  in  Mathematics  Education 
Norma  C.  Presmeg 

Te  ener  Change  in  School-based  Mathematics  Reform 
Mary  Kay  Stein,  Hilda  Borko 

On  the  Mathematical  Preparation  of  Teachers 
Eva  Szillery,  Frank-  Lester 

How  Can  Written  Curriculum  Facilitate  Change? 
Cornelia  Tierney,  Rebecca  B.  Corwin 

The  Mathematical  Preparation  of  Elementary  School  Teachers 
A.i.Weinzweig 


p.  2-299 

p.  2-300 
p.  2-301 
p.  2-302 

p.  2-303 
p.  2-304 

p.  2-305 
p.  2-306 
p.  2-307 
p.  2-308 
p.  2-309 


ERIC 


xxi 


Capturing  Classroom  Complexity  through  Multiple  Frameworks         p.  2-310 
Steven  R.  Williams,  Verna  Adams 

LIST  OF  AUTHORS  AND  COMMITTEE  MEMBERS  p.  2-3 II 


erJc  24  xxii 


Volume  1 


Plenary  Sessions/Invited  Lectures 


Volume  1 


DIVERSITY  AND  EQUITY :  INEVITABLE  OR  A  PARADOX? 

Oilah  C.  Led*T 

Faculty  of  education 
Monaeh  Oniveraity  -  Clayton 
Victoria,  Australia, 

Four  major  ereae  have  shaped  tht  wy  I  have  reflected  on  the 
topic  Ht  for  diecueeiom  tha  links  between  diversity,  equity, 
and  inequity;  eelected  paradigms  for  addreaaing  gander 
differcncca  in  mathematics  lamming;  tha  importance  of  tha 
aocial  context  in  which  mathematics  ia  laamt;  and  raviaiting 
previous  reaearch.  Bach  theme  suggeets  diractiona  for  future 
raaaarch.  Tha  main  argumenta  and  topica  to  ba  addraaaad  ara 
outlinad  below  undar  tha  ralavant  headinga.  Aa  requeeted,  tha 
focus  in  thia  pa  par  ia  on  gender* 


ia 


Diveraityt  daalrable  or  a  causa  for  eoaoern? 

It  haa  baan  arguad   <a.g.,   Paaaow,   1M0)   that  divaraity 

eesenticl  if  squity  ia  to  ba  achieved* 

Daaocracy  ia  not  tha  fruit  of  uniformity.  Divaraity 
within  unity  doaa  not  agual  a  aingla  program  in 
every claeeroom.  Tha  idaal  ia  toast  achiavad  vhara 
arrangamants  includa  guidanca  ...  to  cultivate 
individual  diffaranoaa.  (Paesow,  19«0,  p.  55) 

Yet   divaraity   can    alao    load   to,    or    ba   tha   raault  of, 

inaquitabla  outcomes i  practices,  opportunitiaa  or  rsaourcas. 

Mora  than  aavanty  yaara  ago  Tarman  and  hia  collsaguas  (a.g. 
Tarman,  mo;  ms;  Tarman  *  Oden,  1M7)  ambarkad  on  an 
ambitioua  projact:  documenting  tha  livas  of  a  grou*  of 
atudanta  who  acorad  vary  high  on  cartain  XQ  tasta.  Identifying 
nonintallactual  factora  likely  to  facilitate  lifa  aucceaa1  vaa 
an  important  part  of  tha  work.  Compariaone  of  thoaa  ultimately 
judged  aucceaeful,  and  thoaa  not  (arguably  a  value- laden 
rather  than  ebsolute  judgement),  lad  to  a  number  of 
provocative  concluaiona. 

Both  groupa   appeared  to  be  equelly   aucceaaful  during  the 


'defined  ae  *the  extent  to  which  a  eubject  had  made  um  of 
hie  (tic] 'Tuptrior  intellectual  ability,  little  wtight  being 
given  to  earned  income*  (Terman,  mo,  p.  5) 
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elementary  school  years,  began  to  draw  apart  In  the  early  high 

school  ysars,  and  diffarad  substantially  by  tha  and  of  high 

school*  Various  explanations  for  tha  bahaviour  and  performance 

patterns    among    tha    two    group*    vara    put    forward*  80s* 

diffarancas  in  tha  home  backgrounds  of  tha  two  groups  vara 

not ad,  for  example. 

But  tha  most  spactacular  diffarancas  batwaan  tha  two 
groups  cams  fro*  thraa  sats  of  ratings  on  a 

dosen  parsonality  traita  These  wara  'persistence 

in  tha  accomplishment  of  ends' ,  *  integration  towards 
goals,  as  contrasted  with  drifting',  *self- 
confidanca',  and  * freedom  from  inferiority 
feelinge'.  (Terman,  19«0,  p.  55) 


In  this  case  the  divereity  identified  wae  linked  with  negative 
rather  than  positive  out  comb. 


The  influence  of  affective  factors  on  fulfilment  of  potential, 
Identified  by  Terman  and  his  colleagues,  is  noteworthy  and 
conelstent  with  persistant  conclusions  drawn  In  the 
mathematics  and  gander  area*  Affective  variables  (Including 
confidence,  beliefs  about  sax-role  congruancy,  attributlonel 
sty  Is,  willingness  to  take  risks,  •..)  are  often  olted  aa 
partial  explanations  for  gender  differences  observed  in 
mathematics  learning*  The  data  in  Table  1  offer  e  convenient 
summary  of  such  fectore.  Mors  detailed  Information  can  be 
found  in  Ledar  (1992). 


Tabla  it    Selected  modele  of  mathematics  learning 


Author (a) 

year 

Relevant  components  in  the  model 

Deaux  a  Major 

19«7 

beliefs  about  the  target,  about 
self,  social  expectations,  effect 
of  context,  r«»yu*ise  to  actions 
selected 

Ecclaa 

19s5 

persistence,  self-concept  of 
ability,  attitudes,  expectatlone, 
attributions 

Ethlngton 

1992 

self -concept,  expectations  for 
success,  stereotyping  of  maths, 
difficulty  of  matha 

Volume  1 


Author <s) 

Fennema  & 
Peterson 


Relevant  oompontnti  in  the  modal 


confidence,  willingness  to  work 
independently,  sex-role  congruency, 
attributional  style,  engeges  in 
high  level  cognitive  teejce  


Leder 


1990 


confidence,  ettributionel  style, 
learned  helplessness,  mastery 

orientation,  sex-role  oongruoncv 


Reyes  &  Stanic 


societal  influences,  teacher 
attitudes,  student  attitudes 


Ternen's  recommendations  for  future  research  activities  remain 
timely  and  applicable  as  veil  to  research  on  mathematics  and 


their    influences,     are    surely    among    the  ma^or 
problems  of  our  time.  (Terman,  1940,  pp.  55-5*) 

taradlgms  for  addressing  gender  differences  im  mathematics 

It  is  convenient  to  focus  on  the  various  theoretical  models  of 
gender  differences  in  mathematics  learning  which  were 
discussed  during  the  opening  session  of  the  international 
organisation  o£  tfocen  sad  Mathematics  Education  (XcmU)  Study 
Group  (one  of  the  strands  organised  as  part  of  the  7th 
International  Congress  on  Mathematical  Sdueatioa  (ICHM-7)  held 
in  Quebec  in  1992).  the  distinction  drawn  in  the  previous 
section  between  functional  and  dysfunctional  diversity 
continues  to  be  en  implicit  theme* 

Four  theoretical  perspectives  were  identified  at  iowtt:  the 
intervention  perspective,  the  segregation  perspective,  the 
discipline  perspective,  end  the  feminist  perspective.  These 
categories  are  not  mutually  exclusive.  Rather,  there  is 
inevitable  overlap. 

The  intervention  perspective 

Those  working  in  this  peredigm  assume  that  intervention 
programs  can  end  should  be  mounted  to  ensure  thet  more  females 
engage  in  mathtmetics  end  related  pursuits.  Thus  equity  is 


gender: 
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•gutted  with  agual  participation  ou  tco***.  Kxaaplaa  of 
posslbla  initlatlvas  ara  outlinad  aconoaically  in  tha 
atratagias  put  forward  by  Amot  and  Wainar  (lt»7) .  Long  as  vail 
as  mora  raadily  achiavabla  short  tara  goals  ara  includad. 


Tsbls  2:  itratagias  for  anhancing  gandar  aquity 


ACTION 

STRATSGISS/OUTCOMSS 

Parauading  girls  into  aath, 
aoianca  and  tachnology 

Exploring  what  la  %haratory' 
or  glrl-and  voman~cantarad 
aclanca  and  tachnology 

Itaqulrlng  a  coapulaory  cora 
of  sub j acta:  math  and  aclanca 
for  girls;  husanitiaa  for 
boya 

Providing  both  groupa  with 
axilla  and  knowladga  to 
challanga  tha  traditional 
work  and  hoaa  anvironasnt 

ftaducing  ataraotypad  choicaa 
and  mods Is 

Broadaning  girla'  horisona 

Ravi  awing  school 

organ iaat ion,  a.g.,  uniform, 

diaoiplina 

Changing  tha  natura  of 
schooling 

Producing  in-aarvica  couraas 
and  policy  guidalinaa 

Exploring  aaxual  haraasmant 
In  school  and  tha  worrplaca 

Cr sating  posts  for  agual 

opportunltias 

Facilitating  consultation  and 
collactiva  working 

Adaptad  from  Aaot  and  vainar  <1M7,  p.  35*) 


Howavar,  inltlatlvaa  takan  to  incraaaa  faaalaa'  participation 
in  aathaaatics  ara  somatiaaa  ovartakan  by  avants  which  occur 
in  tha  wldar  contaxt.  For  axaapls,  aa  unaaploymant  incraaaaa, 
■any  disillusions^  youth  ara  acaptical  about  srguaants  which 
atraaa  that  atudylng  mathamatica  will  laad  to  incraaaad 
aaployaant  opportunitiaa.  In  auch  a  cliaata,  pravloualy 
auccaaaful  intarvantion  stratagiaa  which  focua  on  tha 
uaafulnaaa  of  aathaaatics  bacoaa  irralavant. 

Thm  aagxagation  pmrmpmctivm 

Thoaa  working  within  thia  fraaawork  as suss  that  curricula  and 
■athoda  of  taaching  ara  gaarad  to  tha  naada  of  aalaa  rathar 
than  faaalaa.  Many  of  tha  lattar,  it  ia  arguad,  will  raapond 
bat  tar  in  a  laarning  anvlronaant  aanaitiva  to  tha  naada  and 
prafarancaa  of  faaalaa.  organising  laarning  in  sing  la- sax 
t  sattinga  ia  aaan  aa  an  attractlva  and  vlabla  altarnativa  to 
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ths  far  more  couon  co-sducational  setting. 

Yet  eingls-sex  schooling  as  the  preferred  option  for  improving 
schooling  for  girle  has  as  many  advocates  as  critics  (see 
e.g.,  Leder  ft  Forgass,  in  press*  Laa,  Marks,  ft  *****  in 
prass) .  The  lattar  noted  that 

U.S.    single-sex  Catholic   secondary  »<*0O}^Jj** 
boon  shown  to  produca  benefite,  especielly  for  young 
voSn7on  a  range  of  outcomes,   Including  acsdaaic 
E5i2v«nt,    endemic    attitude,  and 
loos  stsraotypic  viewe  on  sex-roles  in  family  end 
professional  life,  and  political  activism. 
Thair  racant  study  (Us,  Marks,  ft  ayrd,  in  prass)  explores  and 
documents  affactivaly  tha  complex  interaction  of  tha  many  - 
oftan    subtla   -    fsctors   that   naad   to         conmidarad  whan 
diffarant   educational   settinge    are   compared.    A   number  of 
Australian  reeearchars  are  also  cautious  about  the  supposed 
advantages  of   the  single-sex  strstegy.    In  s  comprehansive 
review  of  research  on  eingle-eex  and  coeducational  schooling 
Gill  (IMS)  concluded: 

Hot  all  girle  who  are  educated  in  single  sax  classes 
or*  school. do  well.  Simply  gaping  gm.  togothar 
in  einoie  sex  classrooms  is  not  going  to  bring  about 

when  girls  are  seen  to  echieve  highly  or  anrol  in 
ni^er  number,  in  mathematics  and  science  it  seems 
that  .ingle  sex  learning  experiences  ere  frequently 
involved  (p.  14) 

Willie  end  Kenway  (IMS)  nave  been  particularly  critical  of 
the  eingle-sex  strategy  as  a  means  of  redressing  gander 
inequities  in  education. 

The  fundaaental  problem  with  the 
is  that  it  refuse,  to  acknowledge  tha  complax  waye 
in  which  schools  interact  with  the  gander  and  class 
i?ructurs  of  society...-  (T)he  SSSR 
appeare  naive,  partial  and  ^fticulerly 
inappropriate  for  the  majority  of  girle  who  are 
rajSSed  by  the  competitive  academic  curriculum. 
Even  within  its  own  terms,  however,  the  ■"^•-•f* 
stratsov  in  its  sost  popular  manifaetation  ie 
unlikely  to  change  the  educational  opportunities  of 
qirle  In  any  fundanentel  way  because  it  focusee 
almost  exclusively  on  changfng  ^l^°£ 
oirle.  It  neglects  the  much  more  difficult  problem 
of  changing  tha  attitudes  and  behavioure  of  boys  and 
teachers,  end  the  nature  of  the  curriculum  iteelf. 
(pp.  137-13.) 

It  seems  premature  to  conclude  that  aggregated  schooling  par 
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Tbm  discipline  pmrmptctlv 

Various  writers  have  argued  that  tha  natura  of  tha  mathematics 

(and  science)  taught  in  schools  (and  unlvaraltlaa)  naada  to  be 

questioned  and  poaaibly  reassessed*   Bona  of  tha  atratagiaa 

outlinad  by  Amot  and  Weiner  (1M7),  and  summarised  in  Tabla  J, 

challanga    assumptions    implicit    in    traditional  mathematics 

curricula.     Willis     (1**9)     maintained    that    a  mathematics 

curriculum  ambaddad 

in  real-world  social  concerns  and  in  people-oriented 
contexts;  presenting  it  aa  making  *humanssnss' ,  non- 
arbitrary,  ncn-abeolute  and  also  fallible;  and 
presenting  e  eocial-hiatorical  perspective  to  help 
students  become  aware  of  the  *  person-mads'  quality 
of  mathematics  (p.  3t) 

is  possibls  and  mora  likely  to  be  Inclusive  of  girls.  What 

such  a  curriculum  might  look  like  has  been  shown  by  Sernes 

(19S9)  who  was  asked  to  produce  *  gender  inclusive  material  for 

teaching  calculus  in  Australian  schools'*  among  tha  guiding 

principles  she  adopted  were  tha  following: 

Present  mathamatles  as  a  human  endeavour,  changing 
and  developing  over  time,  and  not,-  as  students  often 
perceive  it,  something  that  has  bean  handed  down  to 
ua  complete  and  perfect,  all  worked  out  by 
* super bra ins'  who  were  very  different  from  ordinary 
mortals. 

Present  mathematics  in  context  -  aa  a  aocially 
relevant  activity,  helping  us  to  understand  the 
world  we  live  in  and  to  solve  problems  of  concern  to 
people  today,  especially  young  people* 

Velue  the  life  experiences  end  cultural  background 
of  all  students  and  the  mathematics  thst  arisss  out 
of  them. 

Given  the  paucity  of  curriculum  materials  written  with  such  a 
focus  it  could  be  argued  that  under  currant  circumstances, 
inequity  is  insvltsbls. 


The  feminist  perspective  or  more  appropriately:  feminist 
perspectives 

It  is  beyond  the  ecope  of  this  paper  to  preaant  a  detailed 
discussion  of  this  vast  end  complex  literature*  Inataad,  Z 
will  continue  the  link  with  the  IOWKZ  aeaaion  by  focusing  on 
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the  three  broad  femlniet  theorise  diecuseed  by  Mure  (1992): 
the  feminism  of  equality,  radical  f •minima,  and  fmminimm  of 
difference.  Some  of  the  key  elements  of  the  different  theories 
ere  summarised,  ell  too  simplietically,  in  Table  3. 


Table  3;  Overview  of  three  feminist  theories 


Theory 

important  elements 

Feminism  of  equality 

is  action- oriented,  demande 
actual  arid  legal  equality 
between  tales  and  xemalee, 
and  considers  political 
action  at\d  the  soeisllsatlon 
and  education  of  females  as 
effective  tools  for  changs. 

Radical  femlniem 

^refuse  to  dsf ins  themselves 

through  equality  with  men. 
They  identify  patriarchy  as  a 
social,  political  and 
economic  system  that 
oppresses  end  exploits  women 
individually  and 
collectively,  sexually  and 
economically #  (Mure,  1993,  p. 
3) 

Feminism  of  difference 

s 

Do  not  wish  to  eliminate 
gender  distinctions.  On  the 
contrary,  they  insist  on  the 
recognition  of  difference, 
they  see  women  ee  possessors 
of  specific  knowledge, 
culture  and  experiences  and 
the  feminine  ss  an 
affirmation  of  life.  They 
aeeert  that  women  have  their 
own  ethlce,  their  own  way  of 
Knowing  and  their  own 
language.  They  wleh  to 
recleim  end  revalue  all 
things  from  a  feminine 
perspective.  (Mure,  1992) 

There  is  en  interesting  correspondsnce  between  the  firet  three 
perepectivee  diecuseed  and  the  feminlet  paradigms  summarised 
in  Teble  3.  Thoss  relying  on  etreteglee  deecrlbed  under  the 
intervention  perspective  heading  eeem  to  be  working  within  the 
femlniem  of  equality  paradigm,  thoss  adopting  the  ergumante 
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put  forward  under  the  discipline  perspective  heading 
apparently  identify  most  readily  with  radical  feminism,  whila 
thoaa  advocating  strategies  described  undar  the  segregation 
perspective  heading  seem  to  ba  working  within  tha  feminism  of 
diffaranca  paradigm. 


Tha  following  dialogue,  raportad  in  Phillip*  and  Soltia 
(1991),  ia  aobaring  and  aarvaa  aa  a  auitably  cautious 
conclusion  to  this  sacond  theme. 


A:  Parhaps  you  can  halp  aa.  I'va  baan  trying  to  make 
aanaa  of  something,  but  I  can't  quits  do  it. 

B:  I'll  try.  what  ara  you  trying  to  understand? 

A:  I'va  baan  taking  a  course  on  learning  thacrias 
and  I'va  triad  to  use  than  to  halp  me  understand  how 
I  learned  to  juggle  laat  eemeeter. 

B*  That  ahould  be  eaey.  I  took  that  learning  course 
laat  year.  What' a  the  problem? 

As  There  are  two  problems  really.  First,  acme 
thaoriea  don't  seam  to  work  at  ellr  but  if  they  ara 
valid  thaoriea  they  should  explain  all  cases  of 
learning,  shouldn't  they? 

B:  Well,  perhaps  ...  which  theoriss  don't  seer*  io 
work? 

At  Plato's  theory  for  one,  I  didn't  *  recall'  how  to 
juggle  did  I? 

B:  Row  do  you  know  you  didn't?  If  you  didn't  have  an 
inborn  ability  to  juggle  you  could  never  have 
mastsred  it,  right?  I'va  triad  to  learn  how  and  I 

can't. • •• 


B:  Try  tha  Oasts  It  theory.  Didn't  you  juat  keep  on 
trying  until  it  all  came  together  in  a  rhythm,  a 
pattern,  a  smooth  flowing  continuous  action  aa  a 
whole?  One  minute  you  couldn't  juggle  and  tha  next 
you  could!  Thet'e  Geetalt! 


A:  OX,  you've  convinced  ma  that  I  could  uaa  Lockean, 
Platonic,  and  Gesta It  theory  to  explain  my  learning 
to  juggle  when  I  only  thought  I  could  do  it  with 
behavioral,  problen-eolving,  Piagatien,  and 
information-processing  thaoriea.  But  that  gate  aa  to 
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ay  ■•cor*  problaa.  If  all  thsss  thaorias  can  •xplain 
ths  aaaa  phtnoaanon,  how  do  ws  know  which  is  right? 

d:  Whoavar  said  thsoriss  naad  to  bs  right  or  wrong? 

Ax  Don't,  thsy? 

(Phillips  &  Soltis,  1M1,  p.  9a) 

Our   challsngs   is  to   distinguish  batwaan  ths  two   ssts  of 
' thsoriss. 

taaralng  aathaaaties  in  a  social  ooataat 

A  common  slsasnt  <sithsr  inplicit  or  sxplicit)  in  ths  various 
approach*,  for  sxplaining/rsconciling/applauding  diffsrsncss 
in  mathematics  lsaming  is  ths  importanca  of  ths  broad  social 
contaxt  in  which  lsarning  occurs.  Matarial  found  in  ths  print 
madia  can  ssrvs  as  a  convsnisnt  indicator  of  this  ahvironaant. 

A  casa  study:  •Imctlon  cmmpmignm 

(Hovambar  1992,  U.S.A.;  March  1993,  Australia) 

Soat  r scant  axcarpts  froa  tha  popular  (Austrslian)  prass  (Fab 
1993)  illustrata  tha  conflicting  msssagas  uaad  to  woo  fsmala 
votara.  For  axaaplat 

Undar  tha  haadlina:  Policy  launch  r%i*mm  dabats  on  notion  of 
woman's  vota' 

tha  Prima  Ministar  waa  quotad  aa  saying  that 

woman  wara  concarnad  about  unamploymant  and  losing 
thsir  jobs,  and  saw  tha  iaauaa  of  prassing  concarns 
to  ba  child  cars,  violanca  againat  woman  and  woman'a 
haalth.  (Tha  Aga,  Fab  11,  p.  a,  1M3) 

Tha  articla  continuad: 

Paul  Raating  (tha  Auatralian  Prina  Ministar)  finally 
raaliasd  ha  had  a  problaa  with  woman  . . .  Hia  tona 
waa  patroniaing,  hia  parspsctivs  out  of  touch. . .  .  By 
Juna,  tha  wall-Xnown  axpatriata  faminist  Or  Anna 
Sumaars  waa  in  hia  of  f  ica  on  a  ...  contract  to  claan 
up  hia  act.  (Tha  Aga,  Fab  11,  p.  s,  1993) 

Part  of  or.  suaaara'  approach  waa  to  arranga  for  Mra  Xaating 
to  atap  *  into  tha  campaign  spotlight  with  a  aodalling 
appaaranca    in  Vogua    Australia   aagatina'.    Intarviawa  which 
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might  focus  onbir  opinions,  values,  or  intsllsetusl  pursuits, 
rsthsr  than  hsr  appearance,  vara  not  encoureged.  *Har  medie 
rslstions  during  tha  a  lad  ion  ara  balng  ruled  with  an  iron 
fist  by  hsr  spsoisl  advisor  (with  hsr)  medio  exposure  (kspt) 
to  a  minima'  (Tha  Aga,  Fob  17,  p.  l,  1SS3).  roevming 
primarily  on  vommn't  spp*mr*ncm,  it  seems,  is  still  considered 
s  vots  winner.  Tha  many  syndlestsd  artlclas  that  rsgulsrly 
appsar  in  tha  popular  prass  ravaal  tha  continued  pravalsnca  of 
stsrsotypad  reporting  in  othar  countrlss  as  wall. 

Whatever  our  own  valuaa  -  and  X  have  concentrated 
intentionally  on  aspects  of  the  Australian  cultural  climate  to 
pereonallse  thle  eeotlon  -  it  le  unreelletlc  to  ignore  the 
context  in  which  studsnts  make  educational  and  eventual  career 
end  life  choices.  Both  short  and  long  tarn  solutions  nsed  to 
be  considered  if  diversity  and  equity  are  to  be  reconciled. 

ftevieitimg  previous  reeearoa 

Elssvhsrs  (Leder,  lt§2)  I  have  argued  the  importance  of  using 
Multiple  aethodologiee  to  examine  gender  differences  in 
mathematics  education,  targe  scale  studies  served,  and  still 
serve,  e  useful  purpose  but  need  to  be  supplemented  with 
intensive  observations  of  s  small  group  of  studsnts.  1  will 
drsw  on  two  recent  studies  from  my  own  work  to  lllustrsts  why 
prevloue  research  findings  should  not  be  sccsptsd 
uncritically. 

PraVioun  issuMfttlnn  1*  females  prmtmr  to  work  (do  mathematics; 
cooperatively  in  groups  and  do  better  in  such  a  setting. 

Intenslvs  observations,  ovsr  s  sustained  period  of  time,  of 
five  students  (three  femalee  and  two  melee)  working  on  e  group 
project  during  mathematics  lessons  rsvsslsd  consldsrabla 
etereotyplng  of  tasks.  This  occurred  even  though  one  of  the 
females  took  on  the  organisational  lsadarship  role,  vaa 
accepted  by  the  others  in  that  role,  and  often  dominated  the 
group  discussion. 

Ths    fenslss    typically    took    on    (or    ware    eesignsd)  the 
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recording,  colouring  in,  and  prasantation  of  tha  final 
product;  tha  Mthmtical  axplorationa  and  calculations  wara 
carriad  out  primarily  by  tha  malaa.  Two  rapraaantativa 
axcarpts  from  tha  fiald  notaa  takan  during  otoaarvation 
period  ara  raproducad  balow: 

Oirlm  colour**  bar  graph*,  1 •ballad  graph*  and  mraa/ 
boys  carefully  plotted  graphs  (Detract  from  enimmary 
of  main  activities  carriad  out  in  leeeou  4) 

Girl*  -worked  on  writing  up  report;  boym  worked  on 
mathematical  calculations  ralatad  to  projected 
profit*  of  new  cantaan  (Extract  from  aummary  of  main 
activitiaa  carriad  out  in  laaaon  *) 

Tha  etudente'  aaaaaamant  of  tha  work  dona  in  claaa  waa 
raaliatic  and  raf lactad  tha  diffarant  activitiaa  in  which  thay 
had  baan  angagad.  According  to  tha  thraa  girla  in  tha  amall 
group,  tha  purpoaa  of  laaaon  6  waa  to  *writa  up  tha  raport', 
*  finishing  graphs,  working  togathar',  and  'writing  up  tha 
rs suits' .  Tha  two  boys  in  tha  group  consider  ad  that  tha  main 
purpoaa  of  tha  aama  laaaon  waa  'working  with  calculatore, 
cooperating'  and  'figuring  out  tha  raaulta'*  Small  group  work, 
par  se,  doaa  not  anmura  that  tamalam  ara  mora  angagad  in 
mathamatical  tasks.  What  ara  tha  faaturaa  -  group  competition, 
task  aat,  classroom  climata  ...  which  facilitata  divaraity  and 
equity? 

Prwiam  wimption  2s  tamalas  ara  disadvantaged  on  multiple 
choica  gueetione,  particularly  if  a  penalty  la  impoaad  tor 
wron?  ansvere,  bacauee  thay  ara  iaaa  likaly  to  guaam/taka 
rimkm    than  malaa. 

Thraa  atatiatical  maaauraa  of  riak  taking  wara  appliad  to  data 
from  tha  Australian  Mathamatica  Compatition,  which  currantly 
attracta  approxiaataly  one-third  of  Auatralia '  a  aacondary 
achool  atudanta.  In  lina  with  findinga  raportad  in  tha 
litaratura,  tha  raaulta  obtainad  indicatad  that  malaa  wara 
mora  likaly  than  fanalaa  to  taka  riaka  on  multipla  choica 
queetione.  Yet  whan  aakad  whathar  thay  'would  guaaa  tha 
anawar',  Ueeve  a  blank',  or  wara  'not  aura  what  X  would  do' 


under  different  conditions  females  consistently  indicator  that 
thsy  vsrs  both  more  likely  to  guess  than  males  and  loss  likaly 
to  omit  questions  of  which  thsy  were  uncertain.  This 
interesting  paradox  warrants  further  investigation* 

Collectively,  the  two  examples  illustrate  the  importance  of 

reassessing  earlier  findings  and  of  using  different  research 

strategics   to   explore   issues   which   have   already  attracted 

research  attention. 

Education  is  a  complex  social  phenomenon*  Any 
research  in  it,  quantitative  or  qualitative,  will 
involve  a  good  deal  of  interpretation  about  what  has 
to  be  controlled  or  taken  into  account  to  understand 
the  results.. we  cannot'  even  presume  that  the 
phenomena  we  study  era  the  same  over  time  or  in 
different  countries,  that  what  holds  in  one 
situation  ♦..  will  apply  elsewhere*  (Yates,  1993,  p. 
107) 

Cemelmdimg  eommemts 

Mathematics  and  gender  issues  have  attracted  much  research 
attention  in  recent  years  and  era  likely  to  continue  to  do  so* 
It  is  a  far  cry,  conceptually,  from  sex  differences  in 
mathematics  learning  (a  popular  topic  two  decades  ago)  to  our 
current  considerations  of  equity  end  diversity  with  respect  to 
gender*  The  diversity  of  research  paradigms,  research 
techniques,  and  settings  in  which  relevant  research  has  been 
carried  out  has  heightened  our  appreciation  of  the  myriad  of 
subtle  factors  that  may  hslp  sxplain  when  diversity  is 
desirable  and  when  it  is  a  cause  for  concern*  As  X  have  argued 
in  a  somewhat  different  context  (feeder,  19S2)  a  common 
language  and  respect  for  alternate  positions  are  needed  if 
constructive  debate  is  to  occur  between  those  grappling  with 
the  same  issuss  from  different  positions  or  within  diffsrsnt 
theoretical  fraseworks. 

Educationally,  femeles  are  not  a  typically  disadvantaged 
group*  They  often  do  well  at  school  and  in  many  countries  now 
have  higher  retention  rates  than  males.  They  are  certainly 
capable  of  doing  Mathematics,  although  thsrs  are  some 
differences  in  ths  ways  thsy  participate  in  mathematics  and 
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related  eubjecte,  both  in  school  and  beyond.  Acceptance  of 
this  ee  •  reaaonable  eynthesis  of  research  finding*  to  date 
inevitably  ebapes  daciaiona  about  futura  raaaarch.  Tha  agenda 
for  futura  raaaarch  aoat  likely  to  facilitate  divaraity  end 
aquity  naada  to  ba  est  collactivaly.  In  thia  papar  I  hava  aat 
out  ace*  of  tha  variablaa  and  constraints  which  ara  a  high 
priority  for  aa.  Discussions  during  tha  oonfarano*  should 
clarify  furthar  tha  aoat  constructive  path  ahaad. 
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EQUITY  AND  A  SOCIAL  PSYCHOLOGY  OF  MATHEMATICS  EDUCATION 

Walter  G.  Secada 
National  Center  for  Research  in  Mathematical  Sciences  Education1 
University  of  Wisconsin-Madison 

In  previous  work,  I  nave  critiqued  much  of  the  current  research  in  mathematics 
education  for  its  uncritical  use  of  psychology.  That  use  has  resulted  in  mathematics 
education  accepting  a  world  view  in  which  social  and  public  events  have  become  private  and 
part  of  an  individual's  inner  world,  in  which  particular  cultural  norms  are  taken  for  granted, 
and  in  which  social  issues  are  transformed  into  problems  residing  within  individual  students. 
Based  on  those  critiques  and  since  equity  is  an  issue  of  social  justice,  I  have  questioned  the 
utility  of  much  of  mathematics  education  research  for  developing  an  agenda  for  equity  in 
mathematics  education? 

Sorat  Legacies  «f  Psychology  and  Education 
Critiques  of  the  uncritical  uses  of  psychology  and  of  structural  inequities  in  education 
are  not  new.  Women,  minorities,  iinmigrants  to  the  United  States,  and  people  from  lower 
social  class  backgrounds  have  repeatedly  been  subjected  to  psychological  analyses  and 
research  that  have  defined  them  as  fundamentally  deviant  and  deficient  when  measured 
against  dominant  norms.  The  common  school  was  created,  in  part,  to  Americanize 
American  Indians  and  the  children  of  immigrants,  to  prepare  young  ladies  for  their  roles  in 
society,  and  to  train  people  from  the  lower  social  classes  for  manual  labor  and  other  menial 
jobs.  The  purposeful  denial  of  educational  opportunity  to  African  Americans,  Asian 
Americans  (especially  in  California),  and  Hispanics  (especially  in  the  Texas  and  the 
Southwest)  and  the  use  of  psychological  theories  and  testing  to  grant  legitimacy  to  those 
practices  are  part  of  the  story  of  the  common  school  up  to  a  scant  30  years  ago. 
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Over  the  past  thirty  years,  social  and  educational  policy  and  research  have  moved 
away  from  accepting  beliefs  about  social-group  inferiority  and  the  sorting  functions  of 
schools.  And,  the  most  blatant  actions  supported  by  such  belief*  seem  to  have  disappeared. 
Yet  many  practices  and  organizational  structures  found  in  schools,  which  are  the  legacies 
of  those  beliefs,  have  not  disappeared;  rather,  they  have  become  covert,  transformed  for 
other  (seemingly  more  benign)  uses,  and  affect  our  ongoing  efforts  to  improve  schooling  for 
children.  What  is  more,  beliefs  about  non-dominant  groups  that  can  be  traced  to  these 
earlier  times  reappear  with  frightening  frequency  and  derive  new  support  from  psychological 
research.  Finally,  efforts  to  re-create  and  improve  the  sorting  functions  of  schools  continue 
to  reenter  the  public  policy  and  research  arenas. 

Mathematics  educators  who  work  in  equity  should  not  be  too  surprised  that  progress 
has  been  slow.  For  example,  over  those  same  three  decades  (and  even  longer  if  we  go  back 
to  John  Dewey  and  other  progressive  educators),  educators  have  invested  large  amounts  of 
intellectual,  financial,  and  material  resources  in  studying  and  trying  to  change  how  children 
are  taught  their  school  subjects-mathematics  being  one  of  the  most  visible  examples.  Yet 
study  after  study  and  report  after  report  have  documented  our  limited  success  in  changing 
the  pedagogical  legacies  of  the  creation  of  the  common  school.  Why  then,  should  we 
assume  that  in  the  case  of  equity-an  area  in  which  the  intellectual  resources  have  been 
fewer  and  policy  support  often  has  been  one  of  malign  neglect  if  not  outright  antagonism- 
we  would  have  made  substantially  more  progress  in  changing  those  same  legacies?  ' 

Nor  should  we  be  surprised  that  beliefs  and  inequitable  practices,  which  can  be 
iraced  to  the  early  years  of  psychology  and  the  common  school  and  which  should  be 
obsolete,  reappear  with  distressing  regularity.  Many  policy  makers  are  the  products  of  those 
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earlier  times.  And  just  as  there  have  been  ebbs  and  flows  in  research,  policy,  and  practice, 
between  (a)  progressive  positions  and  (b)  basic  skills  and  traditional  forms  of  teaching,  so 
too  should  we  expect  similar  sorts  of  ebbs  and  flows  for  the  case  of  equity. 

The  Current  Context 
These  observations  and  criticisms  should  not  be  taken  to  mean  that  I  believe  that 
nothing  can  be  developed  which  would  support  a  mathematics-education  equity  agenda 
based  on  psychological  constructs  and  research.  On  the  contrary,  mathematics  education 
is  consolidating  its  hard  earned  gains  in  research  (viz,  the  Handbook)  and  policy  (viz,  the 
NCTM  Standards  documents).  Those  gains  rely,  in  large  part,  on  advances  in  our 
understanding  how  people  reason  and  learn  mathematics,  and  how  teachers  learn  to  teach 
mathematics.  That  work  could  help  in  the  development  of  an  equity  agenda. 

What  stands  in  the  way  of  an  equity  agenda  being  developed, ,  however,  is  that  much 
of  this  work  fails  to  question  the  boundaries  of  current  practice  in  ways  that  incorporate 
what  is  known  about  the  social  contexts  of  teaching  and  learning.  For  example,  the 
psychological  evidence  that  is  cited  as  supporting  xhcStandards  documents  revolves  around 
carefully  defined  ideas  of  understanding:  understanding  has  coherence,  is  cowtructed  and 
develops  slowly,  is  linked  to  pre-existing  knowledge,  and  can  involve  the  re-organization  of 
knowledge.  Absent  are  the  psychology  of  affect  and  analyses  of  (a)  the  social  and  cultural 
origins  of  understanding  and  (b)  how  understanding  develops  in  context. 

An  Analysis  tf  Reform 
For  a  moment,  assume  that  the  case  that  is  built  in  the  various  reform  documents  is 
compelling.    Assume  that  the  school-mathematics  curriculum  contains  trivial  facts 
unconnected  to  the  mathematics  that  people  in  the  real  world  will  need  in  order  to  function. 
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Assume  the  curriculum  lacks  coherence,  ignores  students'  informal  knowledge,  sacrifices 
depth  for  superficial  coverage  of  content,  and  interferes  with  the  construction  of  knowledge- 
in  other  words,  the  curriculum  actively  interferes  with  how  people  reason  mathematically. 
Assume  that  teaching  as  telling  dominates  over  students  constructing  their  own  knowledge. 
Assume  that  a  single  person  tries  to  exert  control  over  the  day-to-day  lives  of  students  in 
ways  that  are  problematic  and  seem  unconnected  to  the  purposes  of  schooling.  Finally, 
assume  that  the  same  elementary-school  content  is  covered  yearly  with  little  hope  of 
students  encountering  new  and  potentially  more  interesting  content.  From  these  claims-that 
something  is  pathologically  wrong  with  current  practice  in  school  mathematics-have  come 
the  calls  for  change. 

For  the  moment,  however,  let's  put  aside  those  calls  and  instead  inquire  about  what 
would  constitute  a  psychologically  healthy  and  adult-like  response  to  such  a  sad  state  of 
affairs.  As  I  suggest  in  my  Handbook  chapter,  the  healthy  response  by  any  adult  would 
include  disengagement  (broadly  construed)  in  those  practices  with  a  concomitant  lower 
performance  on  outcome  tasks.  Among  the  indicators  of  disengagement  are  time-off-task, 
increased  school  absence,  failure  to  persist  in  course  taking,  and  dropping  out  of  school. 

Next,  consider  the  student  populations  who  fit  this  profile.  Historically,  they  have 
been  labeled  disadvantaged,  at  risk,  or  in  other  ways  that  suggest  deviance  or  pathology. 
They  include  minorities,  students  from  society's  lower  socio-economic  strata,  and  the 
children  of  immigrants.  But,  the  above  analysis  suggests  that,  in  fact,  these  students  are 
reacting  in  a  mature,  adult* like  manner  to  educational  experiences  whose  characteristics 
have  remained  constant  since  the  formation  of  the  common  school.  Moreover,  this  analysis 
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suggests  that,  from  an  affective  point  of  view,  the  pathology  lies  in  the  students  who  accept 
such  a  sorry  state  of  affairs. 
Serial  Evidence 

Evidence  in  support  of  this  analysis  can  be  found  in  a  range  of  areas.  First,  there  is 
evidence  concerning  the  low-quality  instruction  that  minority  students  and  students  from 
lower  SES  backgrounds  receive.  This  includes  studies  on  ability  grouping  and  tracking,  on 
categorical  programs  such  as  Chapter  1  (the  old  Title  I)  and  special  education,  and 
comparisons  between  urban  and  rural  schools  on  the  one  hand  versus  suburban  schools  on 
the  other.  These  studies  all  point  to  an  inescapable  conclusion:  the  worst  quality  education 
is  provided  to  those  students  who  fit  the  profile  of  being  disengaged  and  lew-performing? 

Moreover,  there  is  social  science  evidence  to  suggest  that  minority  students,  students 
from  lower  SES  backgrounds,  urban  and  rural  students,  and  children  of  certain  iinmigrant 
groups  who  are  being  socialized  according  to  their  traditional  norms  are  all  socialized  to 
take  adult-like  responsibility  for  themselves  at  a  very  early  age.  This  includes  caring  for 
younger  siblings,  performing  large  and  meaningful  tasks,  and  accepting  responsibility  in  and 
helping  to  support  an  extended  family.  One  characteristic  of  adult-like  learning  is  that 
people  judge  the  utility  of  what  they  are  supposed  to  learn;  such  judgements  are  critical  for 
these  children. 
An  Example 

As  an  example  of  how  this  analysis  might  work,  consider  the  case  of  how  one  middle- 
class  family  confronted  a  common  crisis  in  the  learning  of  third-grade  mathematics.  A 
common  third  grade  objective  is  the  memorization  of  basic  multiplication  facts  and  an  all- 
too-common  method  for  achieving  this  objective  Is  through  the  use  of  timed  tests. 
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Shortly  after  the  start  of  the  second  term,  a  third  grader  returned  home  veiy  upset 
(S)be  began  saying  that  (s)he  hated  mathematics  and  was  no  good  in  the  subject  After 
much  prodding,  this  child  told  its  parents  that  the  teacher  had  begun  to  use  two  sorts  of 
timed  tests.  The  first  was  written,  in  which  children  were  given  3  minutes  to  complete  a 
worksheet  of  all  100  facts  (up  to  10  x  10).  The  second  test  was  oral;  the  teacher  would  call 
out  multiplication  problems  in  a  non-stop  monotone  and  children  were  to  write  the  number 
sentence  with  the  correct  answer.  The  speed  at  which  the  teacher  read  off  the  problems 
meant  that  the  children  could  not  stop  and  reason  through  their  answers;  they  simply  had 
to  react  On  top  of  that,  the  teacher  posted  each  child's  performance  so  that  he  or  she  could 
trace  improvement  during  the  course  of  the  term;  the  goal  was  for  each  child  to  score  100% 
by  May. 

The  father  determined  that  his  child  actually  agreed  with  the  teacher's  goal  of 
memorizing  the  number  facts:  "You  may  not  think  that  this  (number  facts  memorization]  is 
important,  dad,  but  I  want  to  get  an  A."  The  timed  tests  were  so  stressful  that  the  child 
could  not  perform  well;  and  also,  (s)he  was  embarrassed  to  compare  her/his  performance 
against  the  rest  of  the  class.  With  this  information,  the  father  called  the  teacher  and  set  up 
a  conference.4 

The  meeting  between  the  parent  and  teacher  was  uneven,  to  say  the  least  The 
teacher  insisted  on  the  validity  of  the  academic  goal  (memorizing  the  number  facts)  and  that 
the  method  of  timed  tests  was  benign:  "Like  a  sprinter  who  uses  time  trials  to  help  chart  her 
progress."  The  father  insisted  that  the  objective  was  not  at  issue,  but  that  the  problem  lay 
in  what  the  timed  tests  and  grade  posting  were  doing  to  his  child .  Finally,  both  agreed  that 
the  child  had  bought  into  the  objective  of  memorizing  the  basic  facts,  that  the  parents  would 
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help  the  child  memorize  them,  and  that  the  teacher  (who  recalled  that  another  student,  who 
had  scored  a  0  on  the  exam,  cried  upon  seeing  the  results)  would  take  steps  to  reduce  the 
children's  anxieties. 

The  teacher  did  seem  to  alleviate  the  third  graders'  anxieties,  though  the  timed  tests 
continued  through  the  end  of  the  school  year.  As  children  got  perfect  scores  they  were 
given  rewards  and  encouraged  to  try  to  complete  two  or  more  worksheets  in  the  given  three 
minutes.  The  parents  and  child  created  a  ten  by  ten  grid  with  the  number  facts  on  a  large 
poster  that  was  hung  in  the  child's  room.  The  third  grader  had  to  figure  out  what  went  in 
each  of  the  squares  before  the  answer  was  written  in.  On  request,  the  parents  also  drilled 
their  child  on  the  multiplication  facts.9 

This  particular  vignette  shows  how  school  mathematics  is  co-constructed  by  a  child, 
the  parents,  and  the  teacher.  In  this  example,  the  parents  intervened  with  both  the  child  and 
the  teacher  In  an  effort  to  repair  a  rift  in  how  the  child  was  experiencing  school  mathematics 
and  to  iniiximize  the  Ukelihood  that  the  student  would  disengage  from  the  class  because  of 
testing. 

All  the  participants  agreed,  after  some  negotiations,  to  the  eventual  objective-tbe 
memorization  of  number  farts.  The  distinction  between  goal  and  how  it  was  being  achieved 
(timed  tests  and  out-of-school  practice)  proved  to  be  subtle,  but  important  since  it  allowed 
for  that  agreement  to  take  place. 

Interpretation  is  at  the  heart  of  this  event  These  middle-class  parents  interpreted 
their  child's  reactions  as  anxiety.  Other  parents  might  interpret  it  in  a  different  way,  for 
example,  as  an  indicator  of  ability  or  as  another  example  of  the  meaningless  things  that 
schools  ask  students  to  do  (and  that  the  child  should  ignore).  The  teacher,  on  the  other 
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hand,  saw  the  timed  tests  as  benign  events  whereby  where  children  could  trace  their  own 
growth  in  learning  the  basic  facts."  The  child  saw  the  tests  as  stress  producing, 
demonstrating  a  personal  lack  of  ability,  and  humiliating.  One  can  imagine  the  teacher's 
reaction  to  the  student  bad  (s)he,  whose  interpretation  of  the  test  differed  so  radically  from 
the  teacher's,  begun  to  withdraw  from  mathematics  and  had  parents,  who  also  did  not  share 
the  teacher's  interpretation,  sanctioned  the  child's  doing  so. 

The  repair  was  also  socially  negotiated.  Other  children  might  not  be  as  forgiving  of 
events  such  as  these.  Indeed,  though  this  particular  student  saw  that  the  timed  tests  were 
meaningless  since  the  mathematics  that  they  contained  did  not  help  in  solving  real  problems, 
(s)he  bought  into  the  teacher's  agenda  because  (s)he  wanted  to  get  an  A. 

Other  parents  might  have  reacted  differently  based  on  their  interpretations  of  this 
event.  Some  middle  class  parents  might  provide  different  kinds  of  support  to  their  children, 
intervene  with  the  teacher  in  a  different  way,  or  they  might  force  their  child  to  memorize 
the  facts  because  they  learned  the  facts  in  the  same  way.  Other  parents  might  not  have 
done  anything,  instead  leaving  it  to  their  children  to  make  some  judgements  about  what  is 
being  asked  of  them  and  to  take  appropriate  actions.  For  example,  9-  and  10-year  old 
Hispanic  children  often  help  to  take  care  of  their  siblings,  may  work  in  the  fields  if  they  are 
migrants,  and  decide  whether  or  not  to  go  to  school  because  their  parents  had  to  go  to  work 
early;  in  comparison,  this  event  seems  like  a  minor  one  that  does  not  require  adult 
intervention.  Finally,  other  parents,  who  may  have  had  similar  experiences  in  their  own 
schooling,  may  encourage  their  children  to  resist  the  teacher's  efforts. 

There  are  many  possibilities,  but  two  points  remain: 
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1.  the  memorization  of  number  facts  and  the  use  of  timed  tests  were  a  socially 
constructed  event  In  another  setting,  it  may  have  been  constructed  differently  and 
the  results  may  have  come  out  differently. 

2.  psychological  theories  of  learning  are  inadequate  for  explaining  events  such  as  this. 
The  meanings  that  were  attached  to  timed  tests  and  to  the  memorization  of  number 
facts,  the  negotiations  among  the  participants,  and  their  subsequent  actions  cannot 
be  explained  by  accounts  based  solely  on  the  individual.  A  full  account  requires 
cultural  and  social  analyses. 

Towards  a  Social  Psychology 
One  way  of  reading  the  above  vignette  is  as  a  story  of  how  middle-class  parents  short- 
circuited  what  could  have  turned  into  an  adult-like  reaction  by  their  child  and  to  treat  the 
intervention  as  the  social  pathology  which  requires  psychological  explanation?  Another 
reading  could  come  from  an  equity  point  of  view.  In  this  case,  one  could  look  at  variability 
in  how  similar  events  are  constructed  by  students,  parents,  and  teachers  across  different 
settings.  An  equity  issue  would  be  asking  on  whom  the  burden  falls  for  repairing  the  child's 
educational  experiences. 

Regardless  the  purpose,  we  need  are  ways  of  understanding  how  variation  in  setting 
can  lead  to  variation  in  meaning,  the  possibilities  of  learning,  and  the  learning  which 
actually  takes  place.  It  is  for  this  that  mathematics  education  needs  to  move  beyond 
narrowly  construed,  psychological  accounts  to  a  broader,  social  psychology. 

Ideas  from  ethnomathematics,  situated  cognition,  social  contructivism,  and  neo- 
Vygottldian  theories  of  learning  show  promise  in  this  regards.  All  seem  to  aver  that  the 
settings  in  which  mathematics  is  learned  deeply  affects  how  that  mathematics  is  structured, 


43 

25 


recalled,  and  applied  in  later  life.  If  mathematics  is  learned  as  meaningless  and  done  by 
brute  force,  then  those  features  (and  their  consequent  affective  states)  will  become  part  and 
parcel  of  a  child's  basic  understanding  of  mathematics.  If  the  adults  who  are  supposed  to 
support  students'  learning  do  not  help  that  learning  to  make  sense  or  if  they  do  things  which 
lead  to  student  resistance  in  mathematical  contexts,  then  it  should  be  hardly  surprising  that 
students'  meta-cognitions  and  beliefs  re-create  these  same  characteristics  (recall  that  meta- 
cognition  is  thought  to  grow  out  of  social  interaction). 

Hence,  the  kinds  of  social  psychological  efforts  that  1  am  calling  for  are  those  which 
combine  social  and  cultural  analyses,  the  psychology  of  affect  (beliefs  and  feelings),  and  the 
psychology  of  learning. 


Equity  includes  a  strong  value  position  that  we  should  try  to  distribute  resources  fairly 
and  create  a  fair  society.  Though  there  may  be  disagreement  on  all  of  the  details  of  how 
such  an  agenda  might  be  enacted,  there  is  broad  based  agreement  among  equity  advocates 
that  destereotyping  of  people  is  an  important  first  step.  Unfortunately,  even  among  people 
who  work  in  equity,  there  are  belied  about  student  abilities,  upbringing  (e.g.*  cultural 
deprivation,  disadvantagement,  at-risk),  and  the  like  which  have  resulted  in  a  discourse  of 
social-group  deviancy  and  deficiency.  I  would  hope  that  my  analysis  of  the  reform's  rhetoric 
makes  plausible  the  possibility  of  mathematics  educators  unlearning  those  beliefs  and 
avoiding  the  resultant  discourse;  there  are  other  ways  of  telling  the  story  of  differential 
student  achievement  and  course  taking. 

But  also,  I  would  hope  that  we  avoid  going  to  the  other  extreme.  Though  1  may  have 
alluded  to  a  social  pathology  that  resides  in  the  middle  class  because  it  prevents  its  children 
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from  behaving  in  an  adult-like  manner,  my  intent  was  not  to  create  a  new  stereotype.  My 
goal  was  to  drive  home  the  point  of  how  value-laden  and  socially  constructed  are  the  ways 
by  which  we  are  interpreting  the  phenomena  that  are  at  the  heart  of  equity. 

Nor  do  I  advocate  a  wholesale  abandoning  of  notions  of  knowledge  deficiency. 
Deficiency  should  not  be  measured  against  some  dominant-group  norms;  instead,  deficiency 
should  be  measured  against  each  individual's  stated  goals.  It  is  a  tact  that  some  people 
cannot  accomplish  their  stated  goals  because  they  do  not  know  something  that  is  needed  in 
order  to  accomplish  those  goals;  in  this  sense,  their  knowledge  is  deficient 

I  began  and  ended  my  Handbook  chapter  with  a  call  for  scholarly  inquiry  on  the 
nature  of  differential  student  achievement.  I  have  sketched  out,  in  some  rather  broad  terms, 
how  such  inquiry  might  need  to  create  a  social  psychology  of  mathematics  education.  The 
goals  of  such  an  effort  should  be  to  question  the  boundaries  that  have  been  placed  around 
the  traditional  uses  of  psychology  in  mathematics  education  and  to  draw  synergistically  on 
fields  of  inquiry  that  help  us  understand  the  social  contexts  in  which  mathematics  is  taught 
and  learned. 

There  is  one  final  imperative  with  which  I  would  end  this  paper.  If  my  analysis  is 
right-i.e.,  that  the  achievement  and  course  taking  patterns  of  students  who  have  traditionally 
been  labeled  as  disadvantaged  and  at-risk  has  been  the  result  of  their  experiencing  the  worst 
cases  of  schooling-then  reform,  if  it  is  to  matter,  needs  to  begin  with  those  students 
populations.  We  need  to  take  seriously  their  educational  conditions  and  to  create 
curriculum,  teaching,  and  assessment  practices  which  support  reasoning,  are  meaningful  to 
students  against  their  cultural  identities  and  lived  realities,  and  that  prepare  them  for  the 
reality  of  the  world  that  they  will  inherit. 
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There  are  four  reasons  for  this.  First  of  all,  we  owe  it  to  them.  All  along,  their 
performance  has  been  an  early-warning  signal  of  what  the  reform  has  recently  come  to 
understand  Second,  they  are  the  most  critical  test  of  assertions  about  reform  and  teaching 
for  understanding.  Other  student  populations  are  likely  to  be  more  forgiving  of  our  errors 
and  hence  their  responses  to  reform  efforts  will  not  be  a  valid  tests  of  its  efforts.  Third,  the 
history  of  educational  innovation  has  shown  that  genuine  reforms  move  from  populations 
that  are  labeled  as  economically  disadvantaged  to  their  more  affluent  cohorts,  but  not  in  the 
reverse  direction  because  of  institutional  and  social  barriers.  And  fourth,  the  history  of 
reform  and  innovation  is  one  in  which  the  rich  get  richer:  those  who  are  situated  to  profit 
from  a  innovation  get  a  disproportionate  amount  of  those  benefits.9  We  need  to  take 
affirmative  action  to  avoid  re-creating  stratification  of  opportunity  along  new  and  more 
potent  lines  of  enhanced  mathematical  programming. 
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1.  The  preparation  of  this  paper  was  supported,  in  part,  by  a  grant  from  the  Office  of 
Educational  Research  and  Improvement,  United  States  Department  of  Education  (Grant 
No.  R117G100G2)  and  the  Wisconsin  Center  for  Education  Research,  School  of  Education, 
University  of  Wisconsin-Madison.  The  opinions  expressed  herein  are  mine  and  they  do  not 
necessarily  express  the  views  of  either  OERI  or  WCER. 

2.  Some  mathematics  educators  who  write  from  cross-cultural  or  international 
perspectives  have  criticized  American  writers  for  limiting  themselves  to  work  that  has  been 
carried  out  in  the  United  States  and  to  American  issues  or  perspectives.  Though  I  have 
sympathy  for  that  criticism,  there  is  a  countervailing  danger  when  writing  about  social  issues: 
superficial  coverage  and  stereotypes  may  replace  more  subtle,  nuanced  analyses.  In  the  case 
of  equity,  I  prefer  to  write  about  contexts  with  which  I  am  most  familiar  and  to  work  in 
coalition  with  people  who  work  in  other  countries  or  from  different  perspectives.  Hopefully, 
as  we  find  common  ground  in  our  work,  we  will  be  able  to  generate  broader  analyses  that 
avoid  the  pitfalls  of  stereotyping  cultures  or  countries. 

3.  I  am  not  suggesting  that  the  quality  of  education  received  by  middle  class  or  white 
students  is  wonderful.  What  I  am  rejecting,  however,  is  the  simplistic  assertion  that  things 
are  uniformly  bad  everywhere.  There  are  important  distinctions  to  be  made  in  the  quality 
of  education  that  students  receive;  and  we  serve  no  one  very  well  by  ignoring  those 
distinctions,  as  do  many  of  the  reform  documents. 

4.  Prior  to  that  meeting,  however,  was  scheduled  another  series  of  timed  tests.  The 
night  before  these  weekly  tests,  upon  realizing  that  (s)he  could  not  avoid  them,  the  child 
spent  a  full  half  hour  breathing  into  a  pillow,  unable  to  go  to  sleep  until  the  parents  said 
that  (s)he  did  not  have  to  go  to  school  the  next  day. 
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5.  Multiplication  flash  cards  were  sold  out  at  the  local  teacher  store.  The  sales  clerk 
noted  that  they  did  a  brisk  business  from  third  grade  parents  throughout  the  school  system 
at  that  time  of  year. 

6.  Indeed,  given  the  complaints  about  parental  resistance  to  new  mathematics  curricula 
and  evolving  ways  of  teaching,  such  a  reading  may  not  be  too  far  off  the  mark. 

7.  For  example,  in  our  study  of  school-level  reform  in  the  teaching  of  mathematics,  Usa 
Byrd  and  I  have  surveyed  of  schools  that  were  nominated  as  engaged  in  efforts  to 
substantially  enhance  their  mathematics  programs.  Over  70%  of  the  200  schools  that 
responded  to  our  surveys  described  themselves  as  suburban. 
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DIVERSITY  AND  EQUITY:  AN  ETHICAL  BEHAVIOR 

Ubiratan  D'Ambrosio 

Comments  motivated  by  the  papers  of  Gilah  C  Leder  and 
Walter  G.  Secada  presented  at  the  15th  Annual  Conference  of 
the  North  American  Chapter  of  the  International  Study  Group 
for  the  Psychology  of  Mathematics  Education,  Pacific  Grove,  CA 
17-20  October  1993. 

Although  the  main  concern  of  this  meeting  is  Mathematics  Education, 
1  believe  I  will  be  allowed  to  subordinate  my  comments  to  a  higher 
objective:  the  survival  of  civilization  on  Earth  with  dignity  for  all. 
This  is  not  merely  jargonizing.    The  world  is  threatened,  not  only  by 
aggressions  against  nature  and  the  environment.    We  are  all  equally 
concerned  with  increasing  violations  of  human  dignity.   .  We  face 
more  and  more  cases  of  life  under  fear,  hatred  and  violations  of  the 
basic  principles  upon  which  civilization  rests.    A  return  to  barbarism 
and  even  the  inviability  of  our  species  are  possibilities  for  the  future. 
This  has   everything  to   do   with   Education,   in   particular  with 
Mathematics  Education.    We  recognize  that  Mathematics  has  so  much 
to  do  with  the  modern  world,  with  everything  that  is  identified  with 
advanced  science  and  high  technology,  that  Mathematics  indeed 
created  the  possibilities  of  such  development.    Besides,  Mathematics 
has   understood   standards   of  precision,   rigor  and   truth  which 
permeate  every  fact  of  modern  thought.    Mathematics  is  a  body  of 
knowledge  which  grows  from  early  concepts  taught  in  the  schools 
and  popularly,  rightfully,  identified  as  a  single  mode  of  thought.  Are 
we  ready  to  risk  a  return  to  the  Middle  Ages'  clamor  against 
mathematicians?    Or  to  some  literary  views  of  Mathematics  as  having 
nothing  to  do  with  love  and  tenderness? 

I  see  our  mission  as  educators  as  the  generators  of  new  directions 
towards  allowing  each  one  to  develop  and  to  fully  realize  his/her 
creative  potential  and  towards  a  more  just  relationship  between 
individuals,  escaping  from  vicious  behavior.  We  as  Mathematics 
Educators  use  Mathematics  as  an  instrument  to  carry  on  this  major 
mission.  I  hope  everyone  agrees.  Mathematics  has  much  to  do  with 
this  role,  and  I  hope  no  one  will  object  to  these  major,  someone  may 
call  visionary,  objectives  underlying  my  comments.  If  we  are  unable 
to  identify  in  Mathematics  a  role  compatible  with  this,  why 
Mathematics  in  schools? 


5{ 

31 


I  like  to  see  Mathematics  Education  in  these  broad  terms, 
particularly  when  related  to  diversity  and  equity.  I  can  sympathize 
with  Gustave  Flaubert  when  I  read  his  pungent  defense  of  the  right 
of  the  people  to  read  Madame  Bovary  and  the  almost  despair  of  D.H. 
Lawrence  when  The  Lover  of  Lady  Chatterly  was  banished.  All  this 
has  to  do  with  diversity  and  equity.  We  now  face  similar  problems 
of  a  similar  nature  as  Mathematics  Educators. 

The  two  major  objectives  I  see  for  Education  rely  upon  diversity  - 
each  individual  is  different  from  any  other  individual  -  and  equity  - 
just,  fair  and  impartial  behavior  not  imposing  on  anyone's  right  to 
develop  and  realize  his/her  creative  potentials.  Although  somewhat 
unusual  in  discussions  -  about  Mathematics  Education,  I  will  begin 
with  some  reflections  on  ethics. 

Diversity  and  equity  are  implicit  in  what  is  called  the  ethics  qJ 
diversity,  which  calls  for  an  individual  behavior  of  human  beings 
based  on  i)  respect  for  each  other,  as  individuals  with  all  their 
differences,  and  for  a  social  behavior  of  human  beings  showing  and 
acting  with  full  respect  for  cultural  diversity,  both  essential  for  the 
creativity  and  preservation  of  the  dignity  of  the  species;  ii)  for  each 
and  every  human  being  to  be  in  solidarity  with  fellow  human  beings 
in  the  satisfaction  of  their  needs  for  survival  and  transcendence;  iit) 
and  human  beings  sharing  their  responsibility  in  the  protection  of 
the  common  good  and  of  bio-diversity,  essential  for  the  preservation 
of  life  in  its  various  forms.  Love,  solidarity,  and  responsibility  are 
the  essence  of  this  ethics  of  diversity. 

Some  may  be  questioning  what  does  this  have  to  do  with 
Mathematics  Education.  I  say,  everything!  And  the  papers  of  Gilah 
C.  Leder  and  Walter  G.  Secada,  in  which  special  attention  is  given  to 
research  in  Mathematics  Education,  focus  on  these  same  issues.  1 
may  say  1  am  echoing  the  concerns  of  both,  maybe  in  a  different 
style.  I  hope  these  thoughts  will  not  be  merely  discarded  as 
jargonizing,  a  classifier  which  has  been  entering  some  educational 
circles  in  the  USA. 

The  title  of  Leder*s  paper  reveals  in  itself  the  main  difficulty  of  the 
issue.  It  touches  the  ideological  issue.  To  be  more  explicit  in 
bringing  ideology  to  the  discussion,  1  would  add  the  word  "desirable" 
to  the  title.  And  by  accepting  the  desirability  of  diversity  together 
with  equity,  an  ethical  behavior  would  be  implicit  in  the  entire 
discussion. 
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Leder  focuses  on  gender.    The  first  and  major  part  of  the  paper  is  a 
well-organized  search  of  the  literature  and  a  very  convenient  system 
for  the  analysis  of  this  literature.    Indeed  gender  is  in  the  root  of  the 
theme  diversity  and  equity.    Nothing  is  more  evident  and  desirable 
and  needed  with  respect  to  diversity,  and  nothing  is  more  violated 
throughout  history  with  respect  to  equity.     And  we  see  a  much 
broader  perspective  on  gender  based  inequities  in  several  sectors  of 
societal  behavior,  particularly  scientific  knowledge.    It  is  clear  that  in 
every  culture  we  have  seen  the  growth  of  a  class  which  expropriated 
knowledge  generated  by  the  people  as  a  whole.     And  for  various 
reasons,   the   main   one  is  the   "golden  egg   metaphor,"   that  is 
preserving  the  women  as  producers  of  the  main  factor  in  work. 
Women   are   excluded   from   ruling   classes,   hence   from  having 
influence  over  this  production.  '  While  shocking  to  some  analysts,  this 
seems  to  be  the  root  of  the  inequities.    The  prevalent  idea  was:  let  us 
preserve  women  to  do  what  can  not  be  done  by  men.    Males  could 
not  produce  new  workers.    This  is  clear  in  the  Middle  Ages  figure  of 
the  "pregnant  male"  and  the  conflicts  involving  Mariolatry.  Of 
course,  the  growth  of  the  importance  of  Mathematics  in  societal 
affairs    naturally    implied   the    undesirability    of   having  women 
mathematicians.    This  is  absolutely  the  same  behavior  as  relating  to 
slaves,  to  immigrants,  and  to  other  classes  of  individuals  which  were 
an  important  factor  in  production:  that  each  one  be  placed  in  the 
societal  machinery  as  cogs.1 

According  to  Leder,  this  was  a  "popular  topic  two  decades  ago." 
Indeed,  we  can  trace  these  concerns  much  earlier,  explicitly  back  in 
the  eighteenth  century,  when  models  of  democratic  societies  were 
taking  shape.  The  comparative  study  of  Marc-Antoine  Jullien,  in 
1817,  has  a  special  section  devoted  to  "Education  of  Women,"  which 
discusses  the  "influence  of  women  which,  well  directioned,  becomes 
the  complement  of  education  for  men."2  It  is  clear,  in  these  as  in 
other  proposals,  that  classes  were  educated  with  specific  purposes  to 
serve  a  hierarchical  social  structure. 


1  See  the  interesting' colleclion  of  essays  The  "Racial"  Economy  of  Science; 
Toward  i  Democratic  Future,    ed.  Sandra  Harding,  Indiana  University  Press, 
Blooraington,  1993. 

2  Marc-Antoine  Jullien  de  Paris.  EibflEQ. dfc  mm  ojfen  IPDrc.  A-PcditOgil 
Comparada.  trad.  Joiquim  Ferreira  Gumes,  Attantida.  Coimbra,  1967  (ed.  orij. 
1817);  p.  40. 


Thus  research  in  this  area  has  much  more  to  do  vith  social  and 
political  factors  than  with  cognition.  Every  and  each  individual 
learns  differently  from  each  other:  John  and  Thomas,  identical  twins, 
react  differently  in  the  same  situation,  as  well  as  John  and  Jim, 
neighbors,  so  why  not  John  and  Mary,  and  why  not  Mary  and  Kun- 
Teal  and  Sigrid  a:.d  Ogunlade?  People  are  different  --  period!  A 
broad  theoretical  framework  allows  for  the  recognition  of  this  kind  of 
behavior.  Regrettably,  much  of  current  research  in  cognition  by 
Educators  is  narrow  and  thin.  I  disagree  with  Secada's  claim  that 
criticism  of  American  writers  comes  from  their  emphasis  on 
American  issues  and  perspectives.  It  is  correct  to  do  this  since  it 
refers  to  the  country's  most  immediate  interest.  My  view  is  that  the 
criticism  comes  from  an  intellectual  behavior  similar  to  what  in 
another  context  Senator  James  W.  Fulbright  labeled  The  Arrogance  of 
Power  (1967).  But  it  is  absolutely  unfair  to  say  that  this  is 
characteristic  of  USA  academe.  This  is  typical  of  scholarly 
chauvinism  so  common  in  the  academic  circles.  This  is  manifest  all 
over  the  world,  above  all  in  the  choice  of  editorial  boards  of  journals, 
in  the  blind  referring  system,  in  the  citation  game  in  which  "dwarfs 
stand  on  the  shoulders  of  dwarfs"  and  in  several  other  indicators 
which  are,  indeed  prevalent  in  the  USA.3 

What  does  this  have  to  do  with  the  topic  of  this  paper?  Clearly,  this 
attitude  of  academia  is  carried  on  to  Education,  particularly  to 
Mathematics  Education,  as  a  form  of  pedantry.  As  a  result,  the  public 
image  of  the  mathematician  is  built  on  this,  the  attitude  of  the 
teacher  reflects  this  and  school  systems  act  based  on  this  perception.' 
This  arrogance  of  knowledge,  intrinsic  to  mathematical  knowledge,  is 
in  the  root  of  our  discussion  on  diversity  and  equity.  I  hope  to  make 
this  clearer  as  we  proceed. 

The  importance  of  research  is  undeniable.  But  how  does  research 
affect  practice?  Research  results  may  help  the  future  work  with  the 
subjects  of  research,  that  is  students  plus  the  researcher(s).  -  But 
change  where  and  when  or  change  one  individual  anc  we  have  a 
different  group,  an  entirely  different  situation. 


3  This  is  not  easy  for  me  to  say  and  I  anticipate  a  possible  resentment.  This  is 
not  new.  When  he  was  asked  to  make  a  study  of  the  Swiss  educational  system, 
back  in  the  early  nineteenth  century,  Marc-Antoine  Jul  lien  of  Paris 
anticipated  the  reactions  of  the  Swiss:  "He  is  a  foreigner,  they  wiil  say,  a 
Frenchman  in  charge  of  a  study  of  comparative  pedagogy  in  the  several 
cantons  of  Switzerland."    See  footnote  2,  p.  33. 
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Let  me  give  an  image.  A  good  actor  the  moment  he  enters  the  stage 
to  perform  Hamlet  reviews  the  audience  and  recognizes  that  they  all, 
his  faithful  fans  who  acclaimed  him  three  years  ago,  are  there.  But 
he  also  recognizes  in  the  audience  Mr.  Peter  Claudius,  who  a  few 
weeks  ago  had  been  considered  not  guilty  by  a  popular  jury  -  on  a 
tight  vote  -  on  a  passionate  murder  case.  He  must  realize  that  if  he 
performs  Hamlet  with  the  same  accent  as  he  did  three  years  ago,  this 
time  instead  of  applause  he  may  incite  a  riot! 

Rhetoric  is  as  yet  a  major  tool  in  education  even  if  we  concede  that 
the  role  of  the  teacher  is  changing  to  a  managing  role  in  a  joint 
educational  venture.4  To  know  the  learners  is  essential  for  the 
teacher.  And  research  is  an  instrument  for  knowing.  Thus  the 
teacher  as  a  researcher  comes  as  a  most  attractive  proposal.  These 
holistic  views  of  education  and  the  role  of  research  in  educational 
practice  do  not  differ  in  essence  from  the  position  expressed  by 
Leder  in  her  paper.  Indeed  she  quotes  Yates  (p.  12)  to  stress  the  fact 
that  there  are  differences  in  time  as  well  as  geography  when  using 
research  results.  The  same  situation  may  give  origin  to  different 
strategies.  Again,  the  teacher  as  a  researcher  is  a  possible  direction 
to  follow. 

From  the  very  beginning  of  his  paper  Walter  G.  Secada  recognizes 
that  equity  is  an  issue  of  social  justice.  He  touches  the  main  point 
when  he  says  that  "school  was  created,  in  part,  to  americanize 
American  Indians  and  the  children  of  immigrants,  to  prepare  young 
ladies  for  their  roles  in  society,  and  to  train  people  from  the  lower 
social  classes  for  manual  labor  and  other  menial  jobs."  (p.  1).  And  he 
proceeds  to  recognize  that  efforts  to  change  this  are  met  with 
reactions  which  practically  annihilate  these  efforts.  In  the  midst  of 
recognizing  these  difficulties  a  message  of  hope  is  implicit.  An 
anthological  assertion  in  Secada's  paper  is  the  following:  "consider  the 
student  populations  who  fit  this  profile  (of  time-off-task,  increased 
school  absence,  failure  to  persist  in  course  taking,  and  dropping  out 
of  school!].  Historically,  they  have  been  labeled  disadvantaged,  at 
risk,  or  in  other  ways  that  suggest  deviance  or  pathology,  They 
include  minorities,  students  from  society's  lower  socio-economic 
strata,  and  the  children  of  immigrants.  But,  the  above  analysis 
suggests  that,  in  fact,  these  students  are  reacting  in  a  mature,  adult- 


4  As  proposed  in  Ubirtian  D'Ambrosio  "Environmental  Influences."  iludifilLO 
M^hrmitiol  EduciliQJL  vol.  4.  UNESCO.  Paris.  1985:  pp.  29-46. 


ERIC 


35 

BEST  COPY  AVAILABLE 


53 


like  manner  to  educational  experiences  whose  characteristics  have 
remained  constant  since  the  formation  of  the  common  school. 
Moreover,  this  analysis  suggests  that,  from  an  affective  point  of  view, 
the  pathology  lies  in  the  students  who  accept  such  a  sorry  state  of 
affairs."  (p.  4).  This  goes  straight  to  the  point.  The  system  labels 
them  misfits. 

•A  similar  approach  is  central  in'  Michel  Foucault's  analyses  of  systems 
such  as  health,  justice,  knowledge,  and  in  his  analysis  of  sexuality. 
Why  not  of  Mathematics  Education,  where  the  filtering  tools  are  so 
subtle  and  at  the  same  time  so  strong?  It  is.  very  difficult  to  go  to 
the  essence  of  the  subject  without  raising  the  issue  of  the  importance 
of  history  and  epistemology.  Except  for  the  brief  initial  remark  of 
Secada  quoted  above,  both  papers  avoid  these  discussions. 

We  need  an  holistic  approach  to  knowledge,  such  as  the  one  in  the 
Program  Ethnomathematics,  to  face  all  the  complexities  of  the  theme, 
which  bring  together  cognitive,  epistemological,  historical  and 
political  analyses.5  Secada  provides  examples  which  have 
correspondents  in  several  other  cultural  environments  and  which  are 
in  the  heart  of  these  considerations  and  his  two  points  on  the  top  of 
page  9  can  be  regarded  as  a  research  program.  Indeed  he  proposes 
this  as  a  broad  social  psychology.  I  believe  research  on  the  theme 
diversity  and  equity  has  to  follow  these  paths. 

But  then  Secada  becomes  compromising  in  his  proposals,  allowing  for 
some  commonalities  that  interfere  with  diversity.  The  first 
paragraph  under  the  heading  Towards  a  Social  Psychology"  (p.  9) 
points  to  some  basic  issues.  He  recognizes  that  parent  reaction  to 
innovation  could  be  interpreted  as  an  important  form  of  pressure.  I 
am  bold  in  saying  among  Mathematics  Educators  that  this  may  be  the 
result  of  an  over-valuation  of  Mathematics  in  general  education.  1 
know  this  is  a  very  sensitive  question,  but  it  has  to  be  considered  if 
we  want  to  face  seriously  the  matter  of  diversity  and  equity. 

This  is  in  fact  slightly  implicit  in  Leder's  paper.  I  will  rephrase  what 
she  writes  at  the  end  of  page  12,  enlarging  the  class  of  "they"  - 
females  in  the  writing  of  Leder  -  to  the  totality  of  the  species: 


5  See  the  historiographica)  proposal  in  the  paper,  Ubiratan  D'Ambrosio,  "The 
cultural  dynamics  of  the  encounter  of  two  worlds  after  1492  as  seen  in  the 
development  of  scientific  thought"  in  Impact  of  science  on  society,  vol.  42.  n.3. 
1992;  pp.  205-214. 
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Everybody  is  certainly  capable  of  doing  mathematics.  Surely,  but  at 
what  expense  to  their  individuality  -  hence  creativity?  Is  it 
worthwhile?  Does  it  have  a  justifiable  purpose?  This  brings  to  my 
mind  the  educational  proposal  in  Anthony  Buigess'  A.  Clockwork 
Orange.    1  discuss  these  matters  with  some  detail  in  another  paper.* 

Summing  up,  I  claim  that  diversity  stands  for  creativity  as  bio- 
diversity stands  for  the  environment:  absolutely  necessary.  And  that 
equity  is  the  essence  of  morality.  No  one  disagrees.  Indeed,  the  two 
papers  reaffirm  this.  Then,  why  this  meeting  and  the  papers?  Just 
to  reassure  us  of  what  no  one  disagrees? 

Of  course,  everyone  is  waiting  for  proposals  on  how  to  preserve 
diversity  while  at  the  same  time  achieving  equity. 

My  radical  -  ideal  -  proposal  calls  for  an  inversion  of  roles:  the 
teacher  learning  from  the  students  and  the  students  learning  from 
their  environment  (nature,  artifacts,  family,  community,  peers)  and 
all  together  -  students  and  teacher  -  moving  into  critical  reflection. 
Practical  proposals  on  how  to  bring  this  into  effective  classroom 
practice  is  contained  in  several  projects  developed  in  the  course  of 
these  last  twenty  years.  Of  course,  compromising  has  always  been 
necessary;  fortunately,  at  a  decreasing  rate.  My  analysis  is  that 
eventually  the  dream  -  nightmare  for  others!  -  will  turn  into  reality, 
in  spite  of  a  few  backlashes. 


6  Ubiraun  D'Ambrosio.  "Mathematics  and  Literature"  in  EilAU  ia  UllllUIlUlk 
Mathematics,  cd.  Alvyn  White.  MAA  (to  appear). 
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ISSUeS  IN  ACHIEVING  EQUITY  IN  MATHEMATICS  TEACHING  AND  LEARNING 
Nadir*  S.  Bezuk  and  Frank  A.  Holmes 
San  Diego  State  UnJversrty 

Our  aim  it  to  achieve  equity  In  rramemattes  for  al  students,  particularly  those  from  diverse  ethnic  and  cultural 
group*,  We  believe  that  several  issues  are  impc^  This  discussion  session  on  equity  wM 

tocos  on  ttiraa  broad  Issues:  How  to  facilitate  collaboration  among  different  groups  of  people  Involved  to 
students'  education,  how  to  fac#ttate  change  m  *****  and  how  to  impact  students. 
HOW  IP  fjcjlttajl  aattsfeQQflflO  among  different  gam  of  Deoola  Inwh^  In  student  eduction? 

Our  thesis  Is  that  many  different  groups  of  people  (such  as  teachers,  parents,  students,  university  professors, 
and  district  administrators,  for  example)  must  work  together  toward  achieving  the  goal  of  helping  all  students 
succeed  in  mathematics.  What  contribution  can  this  collaboration  make?  What  types  of  collaboration  are 
important?  What  factors  fadirtate  or  impede  this  collaboration? 
How  to  jaflim  chanoe  In  <rfltfrafl? 

Some  factors  that  we  have  found  to  be  effective  In  changing  teachers'  approach  to  teaching  mathematics 
include  creating  a  sustaJned  period  of  Interaction  between  teachers  and  mathematics  educators,  wtth  workshops 
and  discussion  groups  year-round  rather  man  Just  for  a  few  weeks  In  the  summer;  as  weN  as  providing 
opportunities  to  'try  our  new  techniques  in  a  lass  structured  setting,  in  our  case,  in  before-  or  after-school 
mathematics  enrichment  sessions  with  children. 
How  to  Impact  «tud«nt«? 

There  are  several  components  of  our  philosophy  regarding  Improving  students'  mathematics  understanding, 
achievement,  and  attitudes.  These  Include  the  following:  (a)  "beyond  the  beir  activitiesMn  our  case,  before- 
and  after-school  mathematics  enrichment  sessions,  which  increase  the  amount  of  time  students  devote  to 
mathematics  each  week;  (b)  enrichment  rather  than  remediation,  aimed  at  helping  students  become  interested  in 
mathematics,  confident  In  their  ability  to  succeed  in  mathematics,  and  viewing  mathematics  as  more  than  just 
computation;  (c)  focus  on  developing  conceptual  understanding  with  students  constructing  knowledge  rather 
man  on  drill  and  practice  aimed  at  memorizing  procedure*  and  (d)  stalling  at  an  ee/ty  age-*  our  case,  In  second 
grade,  providing  a  soNd  foundation  and  feeling  of  success. 

Our  discussion  session  will  consider  these  Issues  elmlng  at  establishing  e  dialogue  among  persons  of 
different  experiences  and  viewpoints  and  expending  and  elaborating  on  these  critical  issues. 
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Feminist  Perspectives  on  Equity  in  the  1990*a 


Presenter 
Institution 


Lyn  Taylor  &  Charlene  Morrow     .    *  _ 
University  of  Colorado-Denver,  Mount  Holyoke  College 


We  propose  to  facilitate  an  equity  session  focusing  on:  reactions  to  the  plenary 
panel;  avenues  to  "connected-  teaching;  equity  implications  from  the  NCTM  Standards 
(both  the  Curriculum  and Evaluation  Standards  for  School  M*them*tics(M$)  and  the 
Professional  Standards  for  Teaching  Mathematics  ( 1 99 1 ));  recent  Women  and 
Mathematics  Education  (WME)  equity  contributions;  issues  raised  by  the  AAUW 
report  (February  1992)  about  how  poorly  girls  are  served  by  our  nation's  schools;  and 
international  perspectives  on  gender  equity  presented  at  10WME  in  Quebec  ( 1992). 
We  believe  that  there  are  common  themes  that  weave  together  and  connect  these  . 
topics. 

In  Women's  Ways  of  Knowing  (1986).  Belenky,  Clinchy,  Goldberger,  and 
Tarule  give  a  competing  description  of  the  ways  in  which  our  nation's  educational 
approach  alienates  women  frorn  most  academic  areas.  As  women  described 
meaningful  educational  experiences,  it  was  clear  that  these  instances  allowed  the 
weaving  together  of  multiple  aspects  of  their  lives.  These  have  been  called  connected 
learning,  meaning  that  students  are  encouraged  to  build  on  their  entire  knowledge  base 
rather  than  leaving  all  personal  experience  at  the  classroom  door.  A  teacher  who 
facilitates  this  kind  of  learning  is  engaging  in  connected  teaching.  The  following 
avenues  describe  the  Journey  from  disconnection  to  connection  that  we  have  observed 
in  our  students: 

Confirmation  of  self  in  the  learning  of  mathematics 
Learning  in  the  believing  mode  of  communication  and  questioning 
Taking  on  challenges  with  support 
The  development  of  voice 
Becoming  a  constructor  of  knowledge 
Redefining  and  connecting  mathematics  in  meaningful  ways 
We  will  describe  and  facilitate  discussion  among  the  participants  in  this  session  about 
the  approaches  used  in  our  classrooms  (at  SummerMath  and  the  University  of 
Colorado-Denver)  that  facilitate  our  students' journeys  to  become  connected  knowers. 

As  President  and  past-President  of  WME  we  would  like  to  share  and  discuss 
WME*s  gender  equity  contributions  (Think  Together  sessions  at  NCTM  meetings, 
resource  bibliography,  newsletters,  annuat  program  at  NCTM,  and  our  current 
proposal  for  producing  a  new  interactive  video  series  updating  the  Multiplying  Options 
and  Subtracting  B/as  Intervention  program).  We  look  forward  to  facilitating  lively 
Interactive  discussions  about  these  new  frameworks  for  thinking  about  gender  equity 
in  the  1990Y   __ 
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ON  THE  NOTION  OF  AUTHORITY  APPLIED  TO  TEACHER  EDUCATION 

by 

Thomtt  J.  Cooncy 
University  of  Georgia 

There  has  been  a  dramatic  change  in  how  we  see  research  contributing  to  the  improvement  of 
teaching  and  teacher  education.  We  have  come  to  appreciate  the  value  of  descriptive  studies  that 
yield  insightful  stories  about  teachers  and  life  in  the  classroom.  But  the  question  arises  as  to  what 
role  theory  should  play  in  the  telling  of  these  stories.  One  particular  theoretical  orientation  that  has 
potential  involves  the  notion  of  authority.  Scholars  such  as  Green,  Rokeach,  Perry  and  Kelly  all 
discuss  aspects  of  beliefs  and  the  role  authority  plays  in  conceptualizing  beliefs.  By  considering  the 
nature  of  authority,  we  can  conceptualize  the  process  of  teacher  education  from  a  perspective  that 
can  enhance  our  potential  for  conducting  research  and  for  designing  teacher  education  activities. 

We  have  come  a  long  way  in  terms  of  thinking  about  what  constitutes  science  in  the  field  of 
mathematics  education  and  how  research  can  inform  the  art  of  teaching.  Even  a  brief  comparison  of 
chapters  in  the  first  three  Handbooks  of  Research  on  Teaching  reveals  profound  differences  in  how  the 
field  has  changed.  I  would  make  the  same  claim  with  respect  to  teacher  education.  Compare  the  review 
written  by  Brown,  Cooncy,  and  Jones  (1990)  with  that  written  by  Cooncy  (1980)  a  decade  earlier. 
Research  has  moved  from  an  analysis  of  what  teachers  were  to  what  teachers  did  to  what  teachers  decide 
to  the  more  contemporary  emphasis  on  what  teachers  believe.  It  would  limit  our  characterization  of 
change,  however,  to  focus  only  on  wjm  is  studied.  What  has  also  changed  is  our  orientation  and 
expectations  regarding  the  kinds  of  outcomes  we  value  from  research  on  teaching  and  teacher  education. 
We  have  clearly  moved  away  from  deterministic  methodologies  toward  more  descriptive  ones. 

The  seminal  work  of  Kuhn  (1970)  laid  the  foundation  for  us  to  think  of  research  less  as  searching  for 
answers  and  more  as  understanding  context  and  meaning.  Concomitantly,  the  Platonic  view  of 
mathematics  that  often  underlicd  the  positivist  approach  to  research  on  the  teaching  of  mathematics  has 
been  challenged  and  essentially  discarded.  Further,  the  innovative  work  of  Thompson  ( 1984)  and  Ball 
(1988)  have  emphasized  the  human  experience  in  teaching.  Mitroff  and  Kilmann's  ( 1978) 
personifications  of  different  research  types  highlight  a  crisis  of  belief  about  science  and  allowed  us  to 
appreciate  the  role  of  telling  stories  as  a  means  of  conveying  research  findings. 

Although  I  am  very  sympathetic  with  respect  to  the  many  wonderful  stories  and  descriptions  we  have 
about  life  in  the  classroom  and  about  why  teachers  believe  and  behave  as  they  do,  I  have  a  certain 
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uneasiness  about  this  line  research.  Certainly  careful  descriptions  of  teaching  can  better  enable  us  to 
understand  and  focus  on  what  is  really  important  Further,  descriptive  studies  do  not  have  to  serve  as  the 
step  child  for  experimental  studies.  But  it  does  seem  reasonable  to  challenge  ourselves  to  ask  the 
question.  Tor  what  purpose  are  the  descriptions  intended?-  This  is  not  to  pass  judgment  on  what  has 
been  done,  but  rather  to  bring  into  question  the  relevance  of  our  orientations  toward  leaching  and  teacher 
education.  How  is  it  that  we  can  orient  our  research  so  that  we  can  collectively  develop  the  kind  of 
descriptive  power  that  propels  us  forward  as  a  field?  I  am  concerned  that  our  current  emphasis  on 
description  is,  in  some  sense,  for  its  own  sake  and  creates  the  potential  of  us  entering  a  new  era  of  dust 
bowl  empiricism  in  which  the  dust  consists  of  endless  descriptions  that  fail  to  make  us  collectively  wiser 
as  a  profession.  As  a  partial  response  to  this  concern,  I  would  like  to  address  a  possible  perspective  on 
how  we  can  orient  Ourselves  toward  teacher  education  so  as  to  improve  both  its  theory  and  practice. 

Tte  Importance  of  Orientation 
It  is  difficult  to  imagine  a  quality  mathematics  teacher  education  program  that  does  not  embrace  a 
significant  amount  of  mathematics  albeit  connections  between  teachers'  knowledge  of  mathematics  and 
their  teaching  of  mathematics  is  not  well  documented.  There  is  evidence  (See  Brown,  Cooney ,  and 
Jones,  1990)  that  many  elementary  teachers  lack  the  mathematical  sophistication  necessary  to  promote 
the  kind  of  reform  being  called  for  by  the  National  Council  of  Teachers  of  Mathematics.  While  the 
documentation  that  elementary  teachers  lack  an  understanding  of  topics  such  as  ratio  and  proportion, 
geometry,  measurement,  and  number  relationships  is  not  unusual,  it  begs  the  question  of  how  this  lack  of 
understanding  influences  instruction  or  how  it  should  be  addressed.  So  long  as  we  hold  the  view  that 
"something"  is  lacking,  (e.g.,  mathematical  knowledge),  we  run  the  risk  of  conceiving  solutions  that 
emphasize  the  "giving"  of  something -more  mathematics,  pedagogy,  or  psychology. 

As  a  profession,  we  have  distanced  ourselves  from  thinking  of  a  child's  mind  as  a  pot  to  be  filled.  It 
is  less  clear,  however,  that  we  have  collectively  discarded  this  metaphorical  perspective  with  respect  to 
teacher  education  We  are  filled  with  wonderful  ways  of  idling  teachers  what  it  is  that  they  should  know 
about  how  stutents  cjuftucl  knowledge.  If  teachers  are  asked  to  learn  mathematics  through  a  process 
of  transmission,  then  we  should  not  be  surprised  that  M£  torching  consists  of  basically  this  same  means 
of  delivery.  I  recall  an  interview  with  a  mathematician  who  maintained  that  his  lectures  could  help 
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students  sec  mathematics  come  alive.  He  failed  to  realize  the  incongruity  that  exits  in  trying  to  make 
something  come  alive  through  a  passive  medium.  In  short,  the  medium  belied  the  message. 

Studies  cited  by  Thompson  (1992)  reveal  that  many  middle  school  and  secondary  teachers 
communicate  a  limited  view  of  mathematics.  Although  it  is  not  clear  whether  the  teachers  held  a  limited 
view  of  mathematics  or  whether  the  ethos  of  the  classroom  encouraged  or  even  dictated  the 
communication  of  a  limited  view,  the  question  seems  moot  when  you  consider  the  effect  on  students. 
Other  studies  (See  Brown,  Cooney,  and  Jones,  1990)  suggest  that  what  a  teacher  thinks  about 
mathematics  is  influenced  in  fairly  substantial  ways  by  their  experiences  with  mathematics  long  before 
they  enter  the  formal  world  of  mathematics  education.  Further,  these  beliefs  do  not  change  dramatically 
without  significant  intervention.  What  seems  crucial  is  that  we  develop  a  way  of  thinking  about  how 
teachers  orient  themselves  to  their  students,  to  the  mathematics  they  are  teaching,  and  to  the  way  that 
they  see  themselves  teaching  mathematics. 

Considering  an  Orientation  Toward  Teachers1  Beliefs 
How  is  it  that  we  can  think  of  teachers1  beliefs  in  a  generative  way?  Green  ( 197 1 )  offers  the 
following  three  metaphorical  ways  of  thinking  about  beliefs. 

We  may,  therefore,  identify  three  dimensions  of  beliefs  systems.  First  there  is  the  quasi- 
logical  relation  between  beliefs.  They  are  primary  or  derivative.  Secondly,  there  are 
relations  between  beliefs  having  to  do  with  their  spatial  order  or  their  psychological  strength. 
They  are  central  or  peripheral.  But  there  is  a  third  dimension.  Beliefs  are  held  in  clusters,  as 
it  were,  more  or  less  in  isolation  from  other  clusters  and  protected  from  any  relationship  with 
other  sets  of  beliefs.  Each  of  these  characteristics  of  belief  systems  has  to  do  not  with  the 
content  of  our  beliefs,  but  with  the  way  we  hold  them.  (p.  47-48) 

The  constructs  of  quasi-logical  and  psychological  strength  are  quite  different  A  person  can  believe  that 
technology  should  he  used  to  teach  mathematics  and  therefore  believe  that  students  should  he  allowed  to 
use  cakulators-a  sort  of  primary/derivative  kind  of  belief.  But  the  psychological  strength  of  this  belief 
may  not  be  very  strong.  That  is.  when  a  teacher  is  faced  with  the  usual  classroom  impediments,  his/her 
commitment  to  use  calculators  dissipates. 

Rokeach  (1960)  also  talks  about  beliefs  being  psychologically  central  and  the  notion  of  primary 
beliefs.  He  writes.  The  concept  'primitive  belief  is  meant  to  be  roughly  analogous  to  the  primitive 
terms  of  an  axiomatic  system  in  mathematics  of  science"  (p.  40).  From  these  primary  beliefs  stem  other 
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beliefs  that  are  more  peripheral.  Like  Green,  Rokeach  discusses  the  notion  of  beliefs  that  are  in  isolation 
from  each  other.  Thus*  according  to  both  Green  and  Rokeach,  it  is  possible  for  a  teacher  to  hold 
simultaneously  that  problem  solving  is  the  essence  of  mathematics  and  that  students  best  learn 
mathematics  by  taking  copious  notes  and  mastering  every  detail.  Isolation  occurs  when  the 
contradictory  beliefs  are  not  explicitly  compared  or  when  beliefs  are  held  from  a  noncvidentual 
perspective,  that  is,  they  are  immune  from  rational  criticism  (Green,  1971). 

For  Rokeach  ( 1960)  belief  systems  exist  along  a  continuum  of  openness  /closedness.  Briefly,  a 
closed  system  is  one  marked  by  a  dogmatic  state-where  things  are  right  or  wrong,  black  or  white,  and 
shades  of  gray  do  not  exist.  It  is  here  that  the  notion  of  authority  and  how  one  relates  to  authority  plays 
a  central  role  in  determining  whether  a  system  is  open  or  closed.  Perry's  (1970)  scheme  of  intellectual 
development  focuses  on  an  individual's  relationship  to  authority.  When  a  person  believes  an  authority  is 
all  knowing,  answers  to  questions  are  based  on  that  authority  and  consist  of  a  single  voice.  This  typifies 
what  Perry  calls  dualistic  thinking  and  reflects  what  Rokeach  calls  a  closed  belief  system.  Perry's 
analysis  of  intellectual  development  moves  from  dualism  to  the  recognition  that  multiple  interpreutions 
of  events  exist  without  evaluation  (multiplistic  position)  to  an  evaluation  of  each  position  (relativist 
position)  and  finally  to  a  commitment  to  one  of  the  positions  (commitment  position).  Kelly  (1955) 
introduces  the  notion  of  "permeable  constructs"  as  a  way  of  describing  the  extent  to  which  evidence  can 
be  incorporated  into  a  person's  belief  systems.  In  this  sense,  a  permeable  belief  is  quite  similar  to  what 
Green  calls  "evidentially  held"  beliefs.  Kelly's  notion  of  "permeable  beliefs"  is  also  related  to  Perry's 
scheme  of  intellectual  development  in  that  a  dualistic  perspective  (Perry)  that  is  based  on  the 
absoluteness  of  authority  is  unlikely  to  result  in  permeable  beliefs.  Reliance  on  external  authority 
precludes  the  acceptance  of  evidence  contrary  to  constructed  beliefs  since  the  external  authority  on 
which  the  beliefs  are  predicated  is  omnipotent 

The  common  denominator  in  Rokeach,  Perry,  and  Green's  analyses  is  that  of  how  people  orient 
themselves  to  authority.  When  a  teacher  believes  or  teaches  from  a  set  of  none videntually  held  beliefs 
the  act  of  "teaching"  becomes  one  of  indoctrination  (Green,  1971).  The  notion  of  indoctrination  is 
particularly  relevant  as  we  consider  the  notion  of  helping  students  believe  that  mathematical  truth  is  a 
function  of  reasoning  rather  than  a  declaration  from  authority.  Fundamentally,  the  issue  is  one  of  how  a 
person  comes  to  know  something.  In  this  sense,  there  is  a  certain  inseparability  between  the 
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mathematics  that  is  taught  and  the  means  by  which  it  is  taught  This  inseparability  is  often  lost  in  our 
zeal  to  "train-  or  to  "give*  teachers  whatever  we  deem  their  "deficiency"  to  be.  It  is  a  common  trap  for 
all  teacher  educators  as  we  fail  to  see  the  symmetry  between  what  and  how  we  teach  teachers  and  what 
and  how  they  teach  their  students. 


Green  (1971),  Rokeach  (I960),  and  Perry's  (1970)  emphasis  on  authority  has  considerable  import  for 
how  we  can  think  about  teacher  education.  It  provides  a  leverage  point  in  helping  us  consider  how 
teachers  can  separate  authority  as  a  responsibility  for  classroom  management  and  authority  as  the 
determiner  of  truth.  While  Maturanas  (1978)  concept  of  the  individual  as  a  self-organizng  entity 
provides  an  important  perspective  for  teacher  education,  the  question  I  am  raising  is  how  the  person 
orients  that  organizing  process  given  the  context  in  which  they  exist  For  example,  most  of  the  research 
with  which  I  am  familiar  suggests  that  teachers  who  are  authoritarian  by  nature  also  place  considerable 
emphasis  on  basic  computational  skills.  (Sec.  for  example,  Donovan,  1990.)  In  a  current  project  on 
assessment.  I  have  found  that  the  teacher  who  is  the  strongest  disciplinarian  (whose  students  are 
challenging  from  a  management  perspecti  ve)  also  has  a  view  of  mathematics  that  is  computational  in 
nature.  In  this  project,  she  has  developed  expertise  in  creating  and  using  open-ended  questions  but 
always  in  a  computational  context,  e.g.,  "How  would  you  explain  to  Tom  that  he  made  a  mistake  if  he 
thought  1.26  +  3.4  =  .150?"  Another  teacher,  who  teaches  in  a  relatively  high  SES,  private  school,  uses 
open-ended  questions  in  a  much  more  expansive  way.  e.g..  "Pete  maintains  that  an  equilateral  triangle 
can  not  have  a  right  angle.  Donna  claims  that  he  is  wrong?  Who  is  right  and  why?"  The  second 
teacher,  who  has  minimal  concerns  regarding  classroom  management,  places  much  more  of  an  emphasis 
on  the  students'  internal  reasoning  processes  to  determine  the  truth  of  a  mathematical  statement.  The 
challenge  wc  face  is  to  help  teachers  sort  out  these  two  distinct  responsibilites  as  they  reconsider  their 
role  as  teachers  of  mathemttics. 

In  a  recent  methods  course,  we  were  using  materials  developed  as  part  of  an  National  Science 
Foundation  project  with  preservice  secondary  teachers.  During  the  conduction  of  one  of  the 
experiments,  one  of  the  preservice  teachers  proclaimed  with  a  sense  of  satisfaction,  "I  finally  know  the 
right  way  to  teach  mathematics!"  It  was  a  moment  of  both  triumph  and  defeat.  Triumph  because  she 
conveyed  n  sense  of  exuberance  and  understanding  about  what  that  experiment  had  been  about;  defeat 
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because  she  missed  the  more  general  point  that  the  teaching  of  mathematics  is  problematic  and  cannot  be 
reduced  to  any  predetermined  "right"  way.  A  relen  it  question  is  whether  her  beliefs  about  the  leaching 
of  mathematics  were  held  evidentially,  thus  making  th'jn  more  resilient  when  buffeted  by  difficulties 
she  would  surely  face  as  a  beginning  teacher  or  whethei  they  were  held  nonevidentially  being  rooted  in 
what  an  authority  had  told  her.  Another  question  is  whether  her  more  currently  constructed  belief  is 
psychologically  central  (an  unlikely  event)  or  if  it  is  consistent  with  whatever  constitutes  her  "core"  set 
of  beliefs.  If  the  "core"  belief  comes  into  conflict  with  the  more  peripheral  belief  (i.e.,  using  ^ 
experiments  to  teach  mathematics)  then  it  will  surely  be  the  case  that  the  peripheral  belief  will  cease  to 
influence  her  teaching  of  mathematics. 

The  case  of  Fred  (Cooney,  1985)  presents  a  teacher  who  held  a  relativistic  view  of  mathematics  (or 
at  least  one  in  which  problem  solving  was  seen  as  the  essence  of  mathematics)  yet  held  a  dualistic  notion 
of  pedagogy.  When  the  students  failed  to  appreciate  his  more  experiential  way  of  teaching  mathematics, 
he  resorted  to  teaching  by  the  textbook.  He  had  no  pedagogical  alternatives  to  help  him  realize  his 
problem -solving  orientation  toward  the  :eaching  of  mathematics.  It  appeared  that  his  beliefs  about 
mathematics  and  his  beliefs  about  the  teaching  of  mathematics  were  held  in  isolation  from  one  another. 


There  is  considerable  rhetoric  at  the  present  time  about  teachers  reflecting  on  their  teaching  of 
mathematics  and  about  helping  them  to  become  aware  of  their  teaching  behavior.  Fundamentally,  the 
notion  of  reflection  is  rooted  in  the  constructivist  notion  of  adaptation.  (See,  for  example,  Von 
Glaserfeld.  1989.)  The  relevance  of  reflection  and  adaptation  to  the  preceding  analysis  is  that  neither 
can  meaningfully  take  place  from  a  closed,  dualistic  perspective.  In  a  study  reported  at  this  conference* 
we  found  that  two  preservice  teachers  initially  rejected  the  use  of  technology  as  a  means  of  teaching 
mathematics.  One  of  the  teachers  maintained  this  belief  throughout  his  undergraduate  experience  while 
the  second  teacher's  belief  was  transformed  into  a  conviction  that  technology  was  an  essential  tool  for 
teaching  mathematics.  Based  on  observational  and  interview  data,  we  concluded  that  the  first  teachers' 
belief  systems  were  essentially  dualistic,  closed,  and  isolated.  They  seemed  impermeable.  The  second 
teachers'  belief  systems  were  more  permeable  c*.u  open.  That  is,  the  second  tet  her's  peripheral  belief 
about  technology  was  eventually  incorporated  into  his  more  psychologically  central  belief  that  his 
primary  objective  in  teaching  was  to  help  students  develop  into  responsible  adults. 
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There  is  no  merit  in  using  various  theoretical  perspectives  to  describe  what  teachers  believe  and  do 
unless  that  orientation  enhances  our  research  and  development  efforts.  1  believe  an  analysis  of  authority 
and  belief  systems  has  the  potential  to  enhance  that  effort  It  encourages  us  to  see  teacher*/  beliefs  as 
Sysicms  of  beliefs  and  not  as  entities  based  on  singular  claims.  Too*  the  notion  of  authority  provides  us 
with  a  conceptual  orientation  that  enables  us  to  create  activities  that  encourage  teachers  to  wonder,  to 
consider  what  might  be*  to  reflect,  and,  most  importantly,  to  be  adaptive.  Such  an  orientation  is  essential 
if  we  value  moving  the  enterprise  of  teacher  education  out  of  the  realm  of  being  simply  an  activity  and 
toward  being  a  discipline  worthy  of  study. 
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In  mathematics  education,  we  see  evidence  of  two  distinct  orientations  to  the  use  of  computer 
technology.  The  first  is  oriented  towards  using  the  technology  to  teach  the  traditional  mathematics 
topics,  with  a  more  efficient,  dynamic,  or  appealing  presentation.  Accordingly,  the  computer  is 
viewed  as  an  efficient  or  an  effective  device  for  carrying  out  the  standard  algorithms  or  for  storing 
large  quantities  of  information.  The  majority  of  the  uses  of  graphing  calculators  fall  into  this  first 
orientation—their  advocates  imply  that  they  necessitate  no  serious  reconsideration  of  our 
curriculum.  However,  if  we  automate  the  topics  we  used  to  make  the  basis  of  our  curriculum, 
(such  as  long  division,  symbol  manipulation,  plotting  graphs)  without  rethinking  the  curriculum, 
we  will  encounter  resistance  by  those  who  understandably  fear  the  students  wiU  learn  less.  This 
way  of  approaching  the  new  technologies,  which  I  will  refer  to  as  "unplanned  obsolescence,"  is  an 
intellectual  dead-end.  It  teaches  us,  however,  a  critical  lesson  about  our  curriculum.  Our  standard 
curriculum  is  not  predetermined  by  some  external  structure  inherent  to  the  discipline  of 
mathematics;  it's  persistence  depends  on  its  inertia,  making  it  inherently  conservative.  Challenges 
to  it  can  be  successfully  blocked  by:  1)  our  own  dogged  conceptions  of  mathematics,  2)  a  self- 
perpetuating  curricular  system  which  is  held  in  check  by  accountability  to  pre-  and  post- 
requirements,  3)  unimaginative  assessments,  and  4)  smug  and  unjustified  assumptions  about  who 
can  and  cannot  learn  mathematics.  These  systemic  constraints  have  allowed  the  curriculum  to 
resist  change  for  too  long,  in  spite  of  its  weak  connections  to  practices  outside  the  school,  its 
generative  sterility  for  its  students  and  discriminatory  its  practices. 

The  second  orientation  to  the  use  of  technology  entails  the  expectation  that  new  technologies 
will  fundamentally  transform  the  curriculum.  This  orientation  recognizes  that  technologies  (that  is, 
any  significant  tools)  necessarily  alter  the  character  of  knowledge.  Knowledge,  in  this  sense,  is 
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not  a  set  of  descriptions  about  the  world*  but  a  set  of  hard-worn  realizations  about  how  human 
beings  interact  with  the  world  (including  with  each  other)  through  the  use  of  tools  (including 
language).  One  can  distinguish  two  broad  categories  of  tools-those  that  help  accomplish  some 
task,  workingtools,  and  those  that  assist  us  in  communicating  to  others,  communication  tools. 
Both  types  have  significant  impact  on  what  we  consider  to  be  knowledge  and  how  we  share  that 
knowledge  with  others. 

In  1985  at  Cornell  University,  I  designed  and  implemented  a  new  precalculus  curriculum 
designed  around  the  use  of  contextual  problems,  families  of  functions  and  their  transformations. 
In  1987,  my  research  group  and  I  designed  and  implemented  version  one  of  Function  Probe,  a 
multi-representational  software  that  is  built  around  the  use  of  graphs,  tables,  equations  and  a 
calculator.  As  we  have  used  and  revised  the  curricular  materials  and  software,  we  have  found 
ourselves  needing  to  alter  significantly  our  understanding  of  functions  and  functional  families. 
These  changes  have  led  us  to  ^conceptualize  our  views  of  mathematics  and  how  it  is  taught  and 
learned  So,  1  would  like  to  begin  by  discussing  the  theoretical  view  of  mathematics  that  currently 
guides  our  research  and  design  work,  then  discuss  our  design  principles,  and  finally  I  will 
illustrate  some  of  them  using  examples  concerning  functional  relationships. 
Theoretical  Underpinning*  In  Mayrt  and  VvynKWv 

I  have  argued  elsewhere  that  Piaget  and  Vygotsky's  frameworks  for  intellectual  development 
need  to  be  integrated,  but  that  the  integration  is  not  simply  a  matter  of  mixing  and  matching  the  two 
theories  (Confrey,  in  press  a;  Confrey,  1993).  In  discussing  one  possible  form  of  integrating  the 
theories,  I  have  begun  by  pointing  out  a  fundamental  characteristic  that  is  shared  by  the  two: 
genetic  epistemology.  Both  theorists  believed  that  the  character  of  knowledge  is  comprehensible 
only  by  examining  its  genesis.  This  view  is  the  central  tenet  of  all  constructivist  epistemologies, 
and  it  is  the  strand  which  unravels  the  tenaciousness  of  absolutist  or  realist  perspective  of 
knowledge.  Genetic  epistemology  leads  us  to  abandon  the  view  that  knowledge  can  be  detached 
from  humanity  and  described  as  the  accumulation  of  facts.  Unless  one  believes  in  an  immaculate 
conception  of  knowledge,  one  must  recognize  that  the  "true"  (as  eternal,  universal  and 
depersonalized)  view  of  any  knowledge  no  longer  is  viable.  Genesis  implies  that  knowledge 
develops  in  relation  to  humanity.  It  requires  a  knower  ami  a  known  as  an  indissol  vable  pair. 
Thus,  knowledge  is  necessarily  embedded  in  a  historical,  cultural  and  environmental  context. 

Where  Piaget  and  Vygotsky  differ  is  in  their  choice  of  emphasis  concerning  the  sources  of 
knowledge.  Piaget  locates  his  primary  source  of  constructive  activity  in  the  interactions  between  a 
person  and  his/her  environment.  He  suggests  that  by  examining  the  actions  a  person  takes  while 
engaging  with  challenging  tasks,  we  can  find  the  seed  of  hisAier  knowledge  creation. 
Perturbations,  disequtlibrations  or  problematics  (felt-needs  to  act)  are  the  catalysts  for  constructive 
activity.  These  disequtlibrations,  experienced  in  relation  to  a  person's  current  perspectives,  then 
are  either  admitted  or  ignored,  and  if  admitted,  they  either  fit  neatly  and  are  assimilated  to  existing 
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structures  or  they  perturb  the  existing  structures*  forcing  accommodation.  Ovct  time,  the  repetition 
in  experiences  lead  to  internalization  through  a  process  of  reflective  abstraction.  This  process  of 
problematic,  action  and  reflection  can  be  described  as  the  development  of  schemes,  where  a 
scheme  becomes  the  means  by  which  one  anticipates,  acts  and  mentally  operates,  and  finally  * 
assesses  the  outcome  (Confrey,  in  press  a;  Steffe,  in  press).  Contrary  to  most  charactures  of 
constructivism,  Piaget  did  recognize  a  significant  role  for  others,  but  the  role  was  one  of 
socialization  for  the  most  part,  where  language  served  to  capture  and  communicate  the  results  of 
cognitive  activity,  rather  than  as  guide  to  its  construction. 

In  contrast,  Vygotsky  locates  the  major  impetus  for  knowledge  development  in  one's  social 
interactions  and  cultural  context.  For  Vygotsky,  the  higher  cognitive  ideas  are  first  between 
people,  interpersonal  and  then  become  internalized  to  be  intrapcrsonak  ."It  is  necessary  that 
everything  internal  in  higher  forms  was  external,  that  is,  for  others  it  was  what  it  now  is  for 
oneself  (Vygotsky,  cited  in  Wertsch,  1985,  p.  62).  Vygotsky's  work  has  two  primary  intellectual 
roots.  One  is  in  the  work  of  Marx  and  Engels,  and  is  built  around  the  idea  that  it  is  through  labor, 
laboring  on  an  object  and  with  tools,  that  one  witnesses  fundamental  transformations  in  the  objects 
and  discovers  invariants.  "Activities"  which  include  labor,  play,  schooling,  family  living  etc. 
then  are  the  source  of  knowledge.  For  Vygotsky,  his  original  focus  on  labor  led  him  to  assert  that 
tools  mediate  knowledge.  Vygotsky  then  extends  the  meaning  of  tool  to  view  language  as  a  form 
of  a  psychological  tool. 

The  second  influence  on  Vygotsky  is  Hegel's  dialectics.  When  I  first  read  Vygotsky,  I 
treated  the  dialectic  as  a  dichotomy,  an  "either-or"-  however,  a  dialectic  involves  the  pulling  apart 
of  two  components  to  create  an  opposition  (as  in  a  tension)  which  would  collapse  if  either  partner 
could  not  sustain  its  own  integrity.  And.  a  dialectic  should  invite  one  to  examine  the  ir.terplay  in 
the  space  created  by  the  opposition..  In  Hegel,  this  allows  one  to  work  towards  the  creation  of  a 
"unity  of  opposites."  For  Vygotsky,  knowledge  evolves  as  the  dialectic  or  interplay  between 
thought  and  language  which  he  argues  have  different  roots.  He  creates  his  dialectic  by  locating  thi 
origins  of  thought  in  tool  activity  while  locating  the  origins  of  lugiucfi  in  social  interchange.  In 
the  process  of  language  development,  he  stresses  the  role  of  affect  and  the  imitation  of  sound, 
rhythm  and  gesture.  Language  and  thought  begin  to  interact,  according  to  Vygotsky,  around  age 
two  and  higher  level  development  results  from  this  interplay.  Thought  influences  language 
development  and  language  development  influences  thought. 

I  have  argued  elsewhere  that  Vygotsky's  empirical  work  did  not  recognize  two  equal 
partners  in  this  dialectic    that  in  choosing  "word  meaning"  as  his  unit  of  analysis,  Vygotsky 
privileges  the  systematic,  taxonomic  forms  of  thought  over  what  is  learned  in  interactions  with 
physical  tools;  however,  theoretically,  he  argues  for  a  genuine  dialectic  between  thought  and 
language  in  which  tools  mediate  knowledge. 

Anntviny  th»  Thought  «nH  Lunyuag*  Dialectic  to  Mathematics 
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This  same  dialectic  can  be  applied  to  the  development  of  mathematical  knowledge  and  the 
•role  of  computers  in  this  development.  Clearly  mathematics  possesses  the  characteristics  of  both 
thought  and  language-  it  *s  origins  can  be  traced  to  its  usages  as  a  tool  and  its  communication 
through  compact  forms  of  language. 

Consider  the  most  common  tools;  they  are  grounded  in  human's  forms  of  physical  activity 
and  they  express,  as  it  were,  our  common  experience;  they  are  constrained  by  our  biological 
engineering.  Think  about  what  comes  to  mind  when  one  envisions  tools-  rakes,  hammers, 
utensils,  typewriters,  screwdrivers, -sewing  machines  and  vehicles-  these  are  typically  physical 
systems  which  allow  us  to  accomplish  some  purpose,  to  &  something,  which  usually  involves 
physical  activity.  When  we  use  tools,  our  attention  is  focused  primarily  on  effecting  an  outcome- 
succeeding  in  completing  our  task.  And,  with  repeated  tool  use,  we  often  discover  that  across 
"realizations"3,  the  invariances  in  what  we  act  upon  become  apparent  Emphasizing  the  role  of 
action  in  the  use  of  tools  does  not  imply  .that  master  crafts  people  know  only  how  to  act  directly 
with  their  tools.  Clearly,  they  also  know  how  to  move  systematically  in  a  space  (Millroy,  1990). 
But,  the  tool  image,  generates  for  us  implicit  connections  to  action-  and  this  is  one  of  the  issues  I 
wish  to  stress  in  this  paper.  Action,  and  its  ties  to  goals,  operations,  and  reflections,  are  too  often 
quickly  neglected  in  our  traditional  presentations  of  mathematics-  and  I  would  like  to  challenge  the 
wisdom  and  necessity  of  this.  Mathematics,  I  would  claim,  never  loses  its  "grounding"  in  human 
activity-  even  in  the  most  complex  forms  of  thought. 

In  contrast,  viewing  mathematics  as  like  learning  a  language  allows  us  to  focus  on  the 
creation  of  an  elegant  structure  and  describe  it  in  an  symbol  system  with  which  we  can  construct 
logical  propositions,  forms  of  argument,  legitimate  rules  of  transformations  and  declare  resul's  via 
proofs.  When  we  think  of  languages,  we  think  of  English,  Spanish,  Chinese,  Afrikaans,  symbol 
systems,  traffic  signs,  code  books,  sign  language  and  so  on.  Language,  in  Vygotsky,  is  not 
simply  a  matter  of  competent  use  of  the  syntax-  however,  what  avoids  this  is  its  interplay  with 
thought  Language  is  not  completely  independent  of  activity;  its  meaning  emerges  from  the 
interplay  of  language  and  activity.  We  have  plenty  of  evidence  of  the  ability  of  a  computer  to 
construct  syntactically  "correct"  dialogue,  but  little  or  no  evidence  that  such  dialogue  conveys  any 
meaning.  Vygotsky  recognizes  that  language  can  be  constructed  syntactically  by  children  through 
imitation  of  adults  while  lacking  any  real  meaning,  and  argues  for  the  importance  of  this  kind  of 
development  as  an  essential  stage  in  the  learning  process.  His  description  of  the  "pseudoconcept" 
is  aimed  at  acknowledging  that  children  often  use  words  before  they  have  grounded  its  meaning  in 
conceptual  operations.  Vygotsky  suggests  that  this  use  of  language  that  runs  ahead  of  cognitive 
depth  is  an  important  part  of  learning-  and  describes  a  key  mechanism  in  how  adults  teach  children 
to  advance  to  higher  levels  of  cognitive  thought. 

3  The  term  "realizations"  comes  from  its  use  in  simulations  where  a  "realization"  is 
equivalent  to  a  "run"  of  the  simulation. 
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When  children  learn  arithmetic,  they  draw  on  torn  chamterisncs  of  mathematics-  u  a  tool 
^.W-  Tneynuyw^^thn^^ves.u^s.o^e^^uy^ 

^location  as  they  use  contmung  methods.  Onechildmay  have  figured  that  99  + 11  w«  llOby 

IX iia-ii— -^^rr  rrss 

Zr  of  their  method's  validity  leads  them  into  discussing  the  structural  relations.  That «.  children 
S^rrmauxmls^ 
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Icture.  Asking  students  the  question  "why"  can  ^ad  them  to  draw  on  bod,  duractensocs  >n 
^^^^^^ 

interes  nlpossibiliues.  For  tools  have  action,  doing,  as  their  primary  foundanon.  and  Unguage 

"opU«I.acdonatadis,ance^ 

STc  h-teHstic,  f^^^^'^f^^^ 
afteractions  create.p^^^ 

S  ne  p!e  vs  appalmaUtematics.  but  the  distinctions  grow  increasing  and  appropnately 
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PhysJandc— 

xLples  of  how  children  solve  tasks  to  build  conceptual  operates  to  create  a  tr^nc. 
3swork  confuted  to  ou^^ 

perspective  These  contributors  from  Piaget  balance  Vygotsky's  systemauc  empmcal 
perspeciive.  u;_,rrhical  knowledge  in  cooipanson  to  action-based 

overemphasis  on  the  value  of  language  and  hierarchical  unowieuge  u       f-  . 
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dialectic,  those  distinctions  will  interact  as  one  examines  the  tool  use  in  a  broader  context  Figure  1 
is  intended  to  convey  this  overview  of  knowledge  development 


mediating  tools 


grounded 
activity 


systematic 

inquiry 


Social  &  Environmental  Constrmints 


Figure  1 :  A  Model  of  Conceptual  Development 

If  one  applies  this  figure  to  mathematics,  it  provides  a  fundamentally  different  view  of  the 
development  of  mathematical  thought  than  the  one  in  Figure  2.  In  Figure  2,  one  is  led  to  view  the 
development  of  mathematical  thought  as  one  in  which  a  process  creates  an  object  which  then 
creates  process  and  an  object  and  so  on  into  higher  and  higher  levels  of  abstraction.  This 
description  emphasizes  increasing  detachment  from  grounded  acf  Aty.  Abstraction  involves 
removing  that  which  is  local  and  personal  to  produce  the  "higher"  insight.  The  physical-  or  bodily 
participation  in  the  construction  of  knowledge  isquickly  neglected.  Abstract,  a  word  whose 
etymology  is  to  extract  away  from,  stresses  a  removal  from  context  It  tends  to  imply  not  only 
generalization,  but  decontextualization.  As  a  result,  abstraction  wipes  away  many  distinctions  in 
us  pursuit  of  powerful  generalizations.  An  alternative  to  this  is  to  recognize  the  dialectic  between 
abstraction  and  contextualization,  and  to  view  mathematics  as  emerging  from  the  interplay  between 
the  two. 
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Figure  2:  Convention*!  View  of  Mathematics 

A  simple  example  of  the  importance  of  viewing  mathematics  as  both  distinction  and 
generalization  can  be  illustrated  with  the  quadratic  function,  "y  ax*  +  bx'+  c"  is  the  generalized 
form  of  the  quadratic.  However,  concentrating  on  that  form  hides  the  distinctions  between  the 
quadratic  as  a  product  of  two  linear  equations  and  the  quadratic  as  a  sum  of  terms  describing 
increasing  velocity  (and  constant  acceleration),  constant  velocity  and  an  initial  starting  place.  The 
second  perspective  leads  us  to  view  the  quadratic  as  a  description  of  falling  bodies,  with  and 
without  initial  velocities,  while  the  first  allows  us  to  recognize  the  value  of  the  quadratic  in 
describing  maximum-minimum  situations  where  two  quantities  are  incieasing/decreasing  linearly 
and  one  is  interested  in  their  product.  I  am  arguing  for  a  recognition  that  the  attraction  of 
mathematics  lies  in  moving  flexibly  among  distinctions  and  contextuaiization.  while  appreciating 
generali  zability. 

Schemes  are  effective  "units  of  analysis"  for  conducting  research  in  that  they  allow  us  to 
keep  our  attention  on  both  parts  of  the  dialectic.  They  are  investigate  microcosms  where  one  can 
examine  both  the  grounded  activities  that  spawn  mathematics  and  the  systematic  language  use  that 
stabilizes  and  extends  its  use.  They  are  anticipatory  organizations  of  thought  that  allow  us  to 
recognize  and/or  cast  a  situation  as  requiring  a  certain  type  of  rrawernatics  and  to  act  accordingly. 
And  they  represent  the  distinctions  that  our  cultures  have  chosen  to  value  and  articulate. 

Figure  1  could  have  displayed  an  interaction  between  the  concrete  and  the  abstract.  I  chose 
not  to  use  this  distinction  for  three  reasons:  1)  abstraction  has  become  so  identified  with  forms  of 
higher  thought  that  continuing  its  use  would  never  allow  an  equal  treatment  of  its  partner.  Uu*. 
ceasing  to  use  abstraction  and  replacing  it  with  "systematic  inquiry'*  might  allow  us  to  freshly 
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engage  in  reconceptualiadng  the  territory;  2)  abstraction  has  a  confused  use-  it  may  refer  to  a  broad 
generalization,  but  as  often  it  refers  to  difficulties  in  learning  something:  "it  was  too  abstract;"  and 
3)  the  use  of  concrete  has  the  unfortunate  tendency  to  imply  that  mathematical  ideas  can  be  put  into 
concrete  materials-  like  Cusenaire  rods  or  Dienes  blocks  or  computer  programs.  Also,  the  use  of 
concrete  tends  to  imply  to  people  that  there  is  no  necessity  of  building  up  one's  understanding,  but 
that  concrete  objects  are  somehow  immediately  intuited  By  using  the  term,  grounded  activity,  I 
am  signaling  that  mathematics  evolves  from  the  actions  with  the  concrete  materials. 

Technology  can  be  cied  to  emphasize  either  or  both  aspects  of  mathematics.  A  compass,  a 
straight  edge,  and  protractor  are  technologies  that  emphasize  grounded  activity.  A  table  of 
multiplication  facts,  a  calculator,  or  a  spreadsheet  emphasize  the  systematic  qualities  of  the 
mathematical  enterprise.  One  can  imagine  sliding  along  the  dialectic  creating  or  identifying  tools 
that  highlight  either  the  grounded  activity  or  the  systematic  inquiry,  while  keeping  in  mind  that  it  is 
in  the  interplay  of  the  two  from  which  powerful  mathematics  emerges.  I  wish  to  suggest  this 
movement  can  create  a  useful  way  to  imagine  using  and  designing  computer  based  tools. 
Computers  are  often  called  "semiotic  tools"  to  indicate  that  they  are  used  to  communicate  with 
symbols  and  signs,  thus  emphasizing  more  the  structural,  language-driven  side  of  mathematics. 
However,  in  this  talk,  I  wish  to  argue  that  computers  should  also  be  used  with  external  devices4  • 
with  laboratory  experiments,  and  that  they  should  incorporate  dynamic  forms  of  display  to  protect 
our  connections  with  grounded  activity. 
The  Role  of  the  Interface 

.1  Virtual  Reality,  a  book  by  Howard  Reingold,  there  is  a  discussion  of  using  a  computer  for 
intelligence  amplification  (IA),  an  approach  which  its  proponent,  Frederick  Brooks,  contrasts  with 
Al,  artifivia!  intelligence.  In  the  IA,  one  seeks  to  use  the  computer  to  extend  the  capability  of 
human  beings  to  think,  and  in  the  second,  the  computer  is  viewed  as  a  means  to  replace  human 
intelligence.  Intelligence  amplification  is  based  on  the  assumptions  that  humans  can  outperform 
computers  in:  pattern  recognition,  evaluations  (rough  determinations  of  a  choice  of  action)  and 
contextual  interpretation.  Computers  can  outperform  humans  in  computational  evaluation,  data 
storage  and  simple  memory.  Designing  software  means  considering  how  humans  can  most 
productively  interact  with  the  interface,  which  in  rum  drives  and  is  driven  by  the  program 
structure.  Effective  design  seeks  to  make  the  fullest  u&e  of  each  of  these  capabilities. 

The  idea  of  an  interface  is  essentia!  in  this  description  for  the  interface  becomes  the  window 
through  which  a  person  is  led  to  view  to  program's  structure  and  capabilities.  Interfaces.  Reingold 
points  out,  are  common.  A  doorknob  is  an  interface  on  a  door,  a  steering  wheel  on  a  car,  a  handle 
on  a  too),  an  advertisement  for  a  business,  and  the  screen  display  on  the  computer.  A  poorly 
designed  interface  like  a  pot  with  burning  hot  handle,  can  make  even  the  most  delectable  dish 

4  Hooking  up  external  devices  to  machines  is  routine  for  data  gathering  and  analysis  in  all 
kinds  of  science  and  engineering  research. 
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inaccessible.  1  wish  to  argue  that  mathematics  educator's  need  to  pay  closs  attention  to  the  design- 
of  the  interfaces,  for  it  is  here  that  representational  forms  can  be  designed  and  explored;  it  is  here 
that  the  understanding  of  the  child,  student  or  novice  presses  up  against  the  structure  of  the 
program  and  the  student  gains  or  loses  entry.  The  interface  is  the  place  where  we  make  our  views 
of  mathematics  known  by  how  we  create  the  link  to  the  program-  it  creates  the  metaphors  and 
forms  of  action  we  will  come  to  identify  with  the  ideas.  Maximizing  the  connections  of  the  user  to 
their  own  forms  of  expertise  and  then  providing  resources  to  extend  these  into  new  learnings  is  the 
art  of  successful  design.  An  interface  should  invite  a  user  to  find  out  what  is  here-  it  should  seek 
to  engage  as  many  of  the  sensory  connection  as  possible  to  involve  the  student  fully 

We  take  visual  displays  as  interfaces  for  granted,  and  yet  a  mere  20  years  ago,  using  cards  or 
paper  tape  with  a  computer  was  our  only  means  of  communication  with  the  program's  structure. 
As  computer  graphics  became  increasingly  sophisticated,  we  have  available  whole  new  forms  of 
interfaces-  they  are  visual,  dynamic,  non-linear  and  automated.  They  can  display  representations 
of  objects  (the  desktop)  and  tools.  Here  too  we.  in  mathematics,  must  seek  to  consider  how  we 
might  design  and  use  interfaces  in  light  of  a  dialectic  between  grounded  activity  and  systematic 
inquiry. 

An  Eiamlnatinn  of  Dwiyn 

Given  these  preliminary  remarks,  as  a  context  for  our  work,  I  would  like  to  discuss  the 
character  of  the  design  and  research  we  conduct.  The  software  has  gone  through  many  revisions 
which  have  been  based  on:  I)  our  research  group's  experiences  in  interviewing  students;  2)  a  year- 
long  project  at  the  Apple  Classroom  of  Tomorrow  in  Columbus,  Ohio;  3)  two  years  of  software 
use  in  a  large  precalculus  course  at  Cornell  University;  4)  two  years  of  work  at  the  Alternative 
Community  School  in  Ithaca;  and  5)  three  years  of  summer  workshops  with  regional  middle  and 
secondary  teachers. 

Secondly,  we  propose  *  distinction  between  curriculum  and  software.  Function  Probe  was 
designed  for  teaching  a  precalculus  course.  In  that  course,  contextual  problems  were  used  to 
introduce  families  of  functions.  Those  problems  are  available  in  a  publication  from  InteUimation 
entitled  teaming  Ataut  Functions  Thrcm|h  Pmhigm-Solving.  In  the  course,  I  stressed  the  role  of 
action,  visualization  and  the  use  of  multiple  forms  of  representations.  Students  learned  to  apply  the 
tools  of  transformations  to  each  of  the  family  of  functions.  Function  Probe  was  designed  to  assist 
in  the  course  and  to  serve  as  a  research  tool.  In  designing  it,  we  distinguished  software  from  the 
curriculum.  The  software  should  allow  a  wide  variety  of  choices  of  how  to  proceed;  and,  if  one 
method  is  viewed  as  more  efficient,  then  it  should  be  encouraged  through  a  curricular 
development. 

Our  experience  with  the  design  of  computer  technology  suggests  the  value  of  the  principles 
listed  below.  In  the  next  section,  a  few  of  these  principles  will  be  illustrated  using  the  function 
concept  to  demonstrate  how  the  principles  lead  towards  a  richer  view  of  mathematics  learning  with 


technology.  In  the  final  sections,  I  will  summarize  what  view  of  functions  emerges  and  how  it  is 
connected  with  current  initiatives  in  the  field. 


DttlgD  Principle* 

•Show  profound  respect  for  children's  intellectual  capacity  and  recognize  and  value  the  diversity  of 
student  methods. 

•  In  designing  new  technologies,  allow  students'  voices  to  guide  us  in  reexamining  and  changing 
our  understanding  of  the  concepts  we  seek  10  teach. 

•  Create  opportunities  to  use  computers  for  communication,  group  interaction  and/or  student 
presentations.  Software  can  be  used  to  do  this  by  allowing  students  to  share  methods,  by 
requiring  group  cooperation,  by  encouraging  the  use  of  networks  to  collect,  collate  and  interpret 
data,  and  by  creating  performance  assessment  resources. 

•  Pay  careful  attention  to  the  role  of  the  interface  as  the  connection  between  a  student's  current 
intellectual  viewpoint  and  the  underlying  structures  of  a  program. 

•  Don't  waste  time  mourning  the  changes  in  what  is  learned  Tools  always  mediate  what  is 
claimed  as  knowledge. 

•  Question  the  attachment  of  mathematicians  to  antiquated  notation  systems  and  mimic  the 
irreverence  of  programmers  who  feel  relatively  unencumbered  about  creating  new  piograrnming 
languages  to  respond  to  the  demands  of  different  tasks. 

•  Don't  use  computers  as  an  excuse  to  neglect  the  importance  of  physical  tool-based  activity. 

•  Pay  close  attention  to  the  development  of  operational  schemes  and  how  these  are  connected  to 
physical  tool-baseC  activity  and  how  they  are  embedded  in  language  systems. 

•  Make  exploration  and  experimentation  easy  and  encouraged. 

•  Make  effective  use  of  activity  structures  that  are  inherently  generative  of  imaginative  activity.  For 
instance,  make  use  of  design  and  play  activities. 

•  Make  significant  use  of  multiple  forms  of  representation  and  recognize  that  in  every 
representation  something  is  lost  and  something  is  gained  Coordination  and  contrast  of 
representation  is  a  powerful  form  of  knowledge  construction.  No  representation  is  transparent 

•  Encourage  students  to  build  representations  and  other  resources  and  then  store  them  for  future 
use  In  a  personalized  version  of  the  software. 

•  Allow  for  student  immersion  in  complex  systems  as  a  way  for  students  to  become  proficient 
with  the  tool  tefore  understanding  its  composition. 

•  Build  with  an  eye  towards  linking  with  other  software. 

Function  Probe:  A  Software  Tool  for  Teaching  Functions  Using  Contextual 
Problems  In  a  Multi-representational  Environment 
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In  the  next  section,  I  will  take  a  four  of  these  design  principles  will  be  discussed  in  light  of 
our  research  work  .  The  discussion  will  focus  on  a  piece  of  software.  Function  Probe,  that  we 
have  built  and  modified  over  the  past  six  years.  Function  Probe  is  an  analytic  tool  which  can 
display  four  representations  for  functions,  a  graph,  an  equation,  a  data  table  and  a 
calculator/keystroke  environment  In  the  final  section,  I  return  to  the  question  of  how  the  concept 
of  function  has  changed  from  this  work  and  discuss  what  the  broader  implications  of  these  changes 
might  mean  for  widespread  curricular  reform. 

♦  Show  profound  respect  for  children's  intellectual  capacity,  recognizing  it*  non- 
conformity with  adult  perspective. 

The  example  chosen  concerns  the  power  of  the  table  as  a  means  of  understanding  functions. 
When  we  learned  functions  in  secondary  school,  we  relied  primarily  on  the  algebraic  equations.  In 
the  introduction  to  algebra,  we  spent  a  year  learning  to  manipulate  algebraic  expressions,  factor, 
simplify  expressions,  combine  like  terms,  etc.  and  finally  we  solved  equations  ad  nauseam  before 
we  actually  began  to  display  these  on  graphs  and  work  with  the  "umpteen"  different  forms  for 
linear  equations  (point-slope,  two  point,  slope-y  intercept,  x  intcrcept-y  intercept  etc.).  It  was 
clearly  the  case  that  algebra  dominated  graphing  and  that  tables  were  just  a  way  of  getting  to  the 
graph,  an  enabling  resource.  That  teachers  themselves  promote  and  endorse  such  a  view  was 
encapsulated  by  one  high  school  teacher  who  at  the  beginning  of  the  time  we  worked  together 
declared  (approximately),  "but  if  they  can  fill  in  a  table,  they  must  be  doing  everything  that  the 
algebraic  equation  captures  only  over  and  over  again.  Why  not  then  just  teach  them  to  code  it 
algebraically  in  the  first  place?" 

Our  examination  of  the  use  of  tables  with  students  has  convinced  us  otherwise.  Our  interest 
in  tables  increased  as  we  witnessed  students  frequently  using  the  table  as  the  primary  means  of 
entry  to  the  problem.  The  process  they  went  through  of  identifying  the  appropriate  quantities  to 
put  in  columns,  and  then  quantifying  those  into  a  label  and  units  of  measure  involved  a  dialectic 
process  alternating  between  the  data  cells  and  the  informal  labels  cells  (See  Figure  3).  For  instance 
on  the  cliff  problem,  where  a  person's  house  is  1 3  feet,  4  inches  inches  from  a  cliff  that  erodes  at  a 
rate  of  approximately  3  inches  per  year,  they  wanted  to  put  some  measure  of  time  with  some 
measure  of  distance.  Time  could  be  entered  as  the  year,  1993.  or  it  could  be  entered  as  years  since 
1993.  Distance  could  be  the  total  amount  of  erosion  or  the  distance  from  the  house  to  the  cliff 
edge.  Distance  and  rate  of  change  could  be  described  in  feet  or  in  inches.  As  the  students  worked 
out  the  informal  labels  (third  row  from  top),  specific  data  values  were  distinguished  into  categories 
which  were  transformed  eventually  into  variables  to  be  listed  in  the  formal  label  cell  of  the  table 
(second  row  down).  (The  icons  in  the  top  row  are  for  sending  the  data  values  in  two  columns  to 
the  graph.)  This  process  of  quantifying  the  problem  could  be  described  as  the  construction  of  the 
variable-  and  it  allowed  the  students  to  become  familiar  with  the  idea  of  variation  and  its 
quantification  into  a  rate  of  change-  a  process  which  is  often  hidden  once  the  assignment  of  a  lettei 
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to  the  quantity  is  completed.  This  is  a  simple  example  of  how  an  abstraction,  naming  the  variable, 
leads  to  the  loss  of  contextualizarion,  the  differences  among  the  kinds  and  values  of  the  numbers 
used. 
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Figured  The  Cliff  Problem 


One  of  the  strategies  we  watched  students  use  was  to  learn  to  choose  a  numeric  value 
judiciously  to  allow  them  to  gain  insight  into  a  phenomena.  As  reported  in  Confrey,  1992, 
students  showed  us  how  they  used  large  numbers  to  distinguish  a  multiplicative  coefficient  from 
the  additive  one  in  a  y=  mx  +  b  "Guess  My  Function"  exercise  (Confrey,  1991).  The  table 
window  on  Function  Probe  can  encourage  students  to  try  negative,  fractional  or  even  irrational 
values,  and  each  cell  can  be  used  for  simple  calculations  and/or  adjusted  to  display  different 
numbers  of  decimal  places.  This  exploration  also  reveals  a  limitation  of  software  like  Function 
Probe  that  transforms  rational  and  irrational  numbers  into  decimals  masking  the  underlying  actions 
that  were  used  to  construct  the  numbers. 

A  key  issue  in  forming  functional  relationships  has  been  adjusting  the  correspondence 
between  the  starting  points  of  two  columns.  Frequently,  we  have  seen  students  get  an  unintended 
outcome  when  the  starting  values  are  off  by  just  one  notch  in  either  direction.  This  reveals  more 
than  a  technical  mistake-  as  we  have  seen  through  interviews-  it  often  signals  a  confusion  about 
the  point  of  origin,  whether  it  is  meant  to  be  thought  of  as  a  zero  point  in  an  additive  world  or  as  a 
initial  unit  of  one,  as  in  an  exponential  situation  (Rizutti,  1991;  Confrey,  in  press  c). 

One  of  the  most  important  resources  we  provided  was  the  Fill  command  (See  Figure  4). 
Consider  the  traditional  max/min  problem,  a  rectangular  Held  is  located  along  a  stream  with  fencing 
to  be  placed  on  only  three  sides.  (The  stream  is  the  fourth  side.)  If  there  is  100  feet  of  fencing, 
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find  the  maximum  area  that  can  be  enclosed  in  the  rectangle.  We  can  imagine  the  student  here 
starts  by  trying  the  values  of  50  for  length  and  gets  25  for  the  width.  She  then  tries  40  and  gets  30 
foi  the  width.  If  she  then  tries  20  for  the  length  and  gets  35  for  the  width,  she  might  realize  that  as 
the  length  goes  down  by  10  the  width  increases  by  5,  or  possibly  as  the  length  goes  down  by  2, 
the  width  increases  by  1.  She  might  then  complete  a  table  of  values  by  putting  in  one  possible  pair 
of  length  and  width,  perhaps  even  100  (length)  and  0  (for  width),  and  then  decreasing  100  by  2  s 
to  0  and  increasing  the  width  from  0  to  50  by  ones  using  TuT  command.  Because  the  students 
can  create  sets  of  columns  that  are  related  in  their  minds  but  are  not  algebraically  dependent,  we 
built  in  the  resource  of  Unking  columns,  linked  columns  can  be  sorted,  cut  and  pasted  as  if  they 
were  algebraically  hooked,  a  resource  students  find  useful.  Also,  we  have  found  it  useful  to 
connect  these  kinds  of  coordinated  "fills"  or  "co-fills"  as  we  call  them  with  the  original  problem 
context.  Thus,  one  can  imagine  a  100  era.  string  representing  the  100  foot  fence.  To  make  the 
rectangular  pen,  giving  one  ;m.  to  each  width  symmetrically  will  result  in  a  loss  of  2  cm.  to  the 
length.  The  covariation  if.  reconnected  with  one  interpretation  of  the  physical  action,  that  of 
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Figure  4  :  Cofilling  a  Max-Min  Problem 
This  sort  of  approach  aUows  students  to  create  a  function  by  building  one  column,  filling  it 
and  then  building  a  second  column  and  filling  it.  We  have  called  such  an  approach  to  functions  a 
"covariation  approach"  (Boyer,  1968;  Confrey,  Pilicro,  Rizzuti  and  Smith,  1990;  Rizzuti,  1991) 
and  contrasted  it  with  the  x  to  f(x)  approach  of  an  equation  (which  we  call  a  ^otTespondencc" 
approach.)  We  have  argued  that  a  covariation  approach  is  intuitive  for  the  students  (Rizzuti,  1991) 
because  it  focuses  student  attention  on  the  underlying  action  in  the  functional  family  (Confrey, 
1988);  it  emphasizes  rate  of  change;  and  it  can  allow  the  operation  to  be  closely  connected  to  the 
production  of  the  coefficient  in  the  equation. 

Of  course,  such  an  approach  will  apply  most  easily  to  the  linear  and  exponential  function 
(where  the  rate  of  change  is  either  a  constant  adder  or  multiplier).  To  apply  this  covariation 
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perspective  to  the  quadratic,  we  built  two  resources,  a  difference  command  and  an  accumulation 
command  A  quadratic  produces  a  constant  second  difference  (for  equal  units  in  x)  and  through  a 
double  accumulation  and  the  appropriate  use  of  constants,  one  can  reproduce  the  original  quadratic 
(Sec  Figure  5).  All  higher  powered  polynomial  functions  can  be  explored  likewise  with  repeated 
applications  of  the  difference  or  accumulation  command.  To  extend  the  use  of  the  table  as  an 
introduction  to  calculus,  we  have  built  a  version  of  a  generic  display  and  accumulator  program. 
Built  originally  as  a  "bank  account"  program5,  it  allows  one  to  make  an  entry  each  time  period  and 
to  see  the  resulting  balance  or  visa  versa.  The  simulation,  or  enactment,  can  be  simultaneously 
displayed  in  the  table  in  two  graph  windows  as  entry  vs.  time  and  as  accumulated  balance  vs.  time. 
In  the  generic  version,  the  entries  and  balances  can  be  anything  from  money,  height,  area, 
population  etc. 


•  1 

1 

1 

1 

IE 

31 

X 

y»x*2 

a(au) 

SUUy))  +  3 

iauuu))+3M 

1.00 
2.00 
3.00 
4.00 
5.00 
6.00 
7.00 

1.00 
4.00 
9.00 
16.0g 
25.00 
36.00 
49.00 

>  3.00 

>  5.00 
7.00 

>  9.00 

>  11.00 

>  13.00 

>  15.00 

>  2.00 

>  2.00 

>  2.00 

>  2.00 

>  2.00 

>  2.00 

*  3.00 

*  5.00 
>  7.00 

*  9.00 

*  11.00 

*  13.00 

*  15.00 

*  1.00 

*  4.00 

*  9.00 

*  16.00 

*  25.00 

*  36.00 

*  49.00 

<> 

•:||!: 

M 

k 

H 
■■ 

o 

liSlllli 

!> 

B 

Figure  5:  Showing  the  use  of  difference  and  accumulation  commands  for  the  quadratic 


The  exponential  function  provided  us  a  special  opportunity:  to  create  a  new  notation.  We 
created  a  symbol  ®  for  the  ratio  between  *n  and  xn+l  parallel  to  the  A  for  difference.  Creating 
such  a  resource  and  conducting  research  on  student  understanding  of  the  exponential  has  led  us  to 
assert  that  there  are  multiplicative  units  and  a  multiplicative  ratr.  that  are  poorly  articulated  within  the 
mathematics  literature  and  confused  with  the  additive  rates  more  commonly  used  (Confrey  and 
Smith,  in  press  b). 

Once  students  have  established  a  data  set  (x,  y)  (which  can  be  done  by  entering  data  cell  by 
cell,  importing  a  data  file,  co-filling,  or  through  an  equation),  the  question  of  interpolation 
becomes  salient.  When  two  columns  are  related  by  an  equation,  interpolation  is  straight  forward; 
however,  with  a  co-fill  interesting  challenges  are  raised.  For  instance,  with  an  exponential 
function,  where  they  have  filled  x  by  ones  getting  0, 1,2, 3...  and  y  by  multiplying  times  two 

5  We  designed  this  software  for  Steve  Monk  as  part  of  his  NSF  project  on  learning 
calculus. 
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getting  1 ,2,4,8, 1 6. ...  they  would  have  to  reason  out  that  the  match  in  y  for  interpolated  value  of 
x=  1,5  would  be  obtained  by  multiplying  2  by  V2.  Much  of  our  group's  research  has  been 
focused  on  examining  the  historical  development  of  this  idea  (Smith  and  Contrey,  in  press; 
Dennis,  Confrey  and  Smith,  1993). 

Support  for  the  validity  of  the  table  window  as  an  integral  representation  for  functions  has 
come  from  this  reexamination  of  the  historical  record.  During  the  period  between  Descartes  and 
Leibniz,  Wallis  worked  with  tables  with  great  inventiveness  and  creativity  and  used  them  to  create 
an  argument  for  the  legitimization  of  rational  exponents  (see  Dennis,  Confrey  and  Smith,  1993). 
Liebniz  also  worked  extensively  with  tables  in  order  to  develop  what  is  now  our  familiar  notation 
for  calculus.  He  tried  to  make  what  was  previously  only  accessible  to  mathematicians,  calculus, 
into  "mere  child's  play"  to  be  done  "in  the  blink  of  an  eye."  However,  two  years  before  his  death, 
he  realized  that  his  success  with  notation  could  be  detrimental  to  the  development  of  other's 
mathematical  minds,  for  the  symbolism's  apparent  ease  hides  the  underlying  roots  in  tables.  He 
lamented,  "One  of  the  noblest  inventions  of  our  time  has  been  a  new  kind  of  mathematical  analysis 
known  as  the  differential  calculus.  But  while  its  substance  has  been  adequately  explained,  its 
source  and  original  motivation  have  not  been  made  public"  (Euler.  1988).  This  type  of  historic 
work  lends  credence  to  the  claim  that  many  portrayals  of  the  historical  record  are  themselves 
distorted  by  the  current  emphasis  on  the  importance  of  the  f(x)  form  of  equations.  Close 
listening  (Confrey.  in  press  b)  to  the  student  voice  leads  us  to  argue  for  a  more 
equitable  treatment  of  the  different  representational  forms  (Confrey  and  Smith,  in 
press  a). 

These  kinds  of  student  explorations  have  led  us  to  envision  the  table  as  possessing  a 
structure-  one  which  we  might  build  on  by  combining  our  understanding  of  functions  with  some 
of  the  resources  built  into  spreadsheets.  Some  of  our  current  thinking  along  these  lines  is  oriented 
towards  creating  a  dynamic  network  for  feeding  into,  and  modifying  and  producing  tabte  The 
table  window  as  designed  for  student  use  begins  as  a  tool  for  solving  the  problem,  grounded  in 
capturing  the  physical  actions  of  repeated  addition  or  multiplication,  but  the  table  quickly  becomes 
a  more  semiotic  tool  for  systematic  inquiry.  The  resources  such  as  linked  columns,  fill  difference, 
ratio  and  accumulate  commands  create  ways  to  examine  the  quantities  and  their  numeric 
characteristics.  Responding  to  student  strategies  required  us  to  build  new  resources  for  the 
students  and  to  coordinate  these  resources  with  the  more  traditional  resources  we  had  already 
envisioned.  Thus  what  began  as  a  format  for  listing  data  became  a  tool  in  its  own  right,  because 
we  allowed  ourselves  to  respond  to  students'  methods  and  build  appropriate  resources.  By 
conducting  historic  research  into  the  use  of  tables  and  drawing  upon  the  dynamic  resources  of  a 
computer  environment  we  were  able  to  build  an  inventive  form  of  a  table  for  student  use. 
*  In  designing  new  technologies,  allow  students*  voices  to  guide  us  in 
reexamining  and  changing  our  understanding  of  the  concepts  we  seek  to  teach. 
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Question  the  attachment  of  mathematicians  to  antiquated  notation  systems  and 
their  constraints  and  mimic  the  irreverence  of  programmers  in  creating  new 
languages. 

Although  this  point  has  been  made  in  the  previous  example  in  that  it  argues  for  elevating  the 
tabular  approach  to  functions  to  an  equal  partner  in  the  meaning  of  function,  I  will  provide  two 
additional  examples  in  this  section. 

The  calculator  in  Function  Probe  operates  mostly  as  a  traditional  calculator  that  keeps  a 
keystroke  history.  One  of  the  distinctive  features  is  that  students  can  build  buttons  on  it.  This  is 
used  typically  after  a  student  has  repeatedly  carried  out  a  series  of  operations  and  realizes  she  wants 
to  automate  the  series.  She  chooses  "add  button"  from  the  table  menu  and  her  line  of  keystroke 
code  is  listed  in  the  display  window  and  the  ?  key  is  added  to  the  resources.  By  selecting  the 
places  in  which  she  wants  ?  to  replace  a  numeric  value,  and  clicking  on  the  ?,  she  gets  the  button's 
"coding"  and  then  presses  "OK."  She  gives  the  button  a  name  and  the  button  becomes  available. 
(See  Figure  6  where  jl  is  the  button  listed  below  that  has  already  been  built  and  is  currently  being 
applied  to  the  value  5.) 

For  instance,  on  the  cliff  problem  discussed  earlier,  if  she  wants  to  build  a  button  that  will 
take  the  number  of  years  passed  and  produce  the  distance  from  the  house  to  the  edge  of  the  cliff  in 
inches,  it  would  appear  as  160  -  ?  *  3« .  Such  a  notational  record  led  us  to  recognize  a  key 
insight-  that  in  this  kind  of  relation,  the  linear  function  in  this  context  was  more  easily  understood 
as  (an  initial  amount]  ±  (x  *  increments  of  (±)  unit  change):  that  is,  as  y  -  b  +  xm.  Such  a  form 
makes  a  closer  connection  with  the  exponential  of  y  =  C  a  x  where  it  is  then  [an  initial  amount]  */ 
(increments  of  (x)  unit  change)*. 

If  the  student  wanted  to  output  the  distance  to  the  cliff  in  feet,  the  button  would  look  like 
this:  160  -  ?  *  3  «  / 12  *  (Figure  6).  At  a  conference,  1  presented  such  an  example  and  was 
quickly  confronted  by  an  irate  university  mathematician  who  took  offense  at  a  notation  that 
appeared  algebraic  but  as  he  put  it  "misused  the  equal  sign."  His  comment  was  somewhat  ironic  to 
me,  because  in  an  initial  design,  we  had  used  x  instead  of  ?  but  a  colleague  felt  it  looked  too 
algebraic  so  we  decided  that  we'd  use  the  symbol  ?  to  signal  the  need  for  an  "input"  rather  than  a 
variable.  I  reiterated  the  fact  that  this  was  a  keystroke  notation  (from  an  algebraic  calculator  in 
terms  of  the  order  of  operations)  but  he  was  unwilling  to  see  the  equal  sign  used  in  this  way  as 
indicating  the  need  to  calculate  a  partial  sum.  The  equal  sign  here  is  used  as  a  substitute  form  of  a 
parentheses. 

Keystroke  notation  is  neither  globally  better  nor  worse  than  traditional  algebraic  symbolism. 
It  is  an  alternative  that  has  proven  useful  in  particular  areas.  It  allows  students  to  recognize  the 
operational,  procedural  quality  to  algebraic  expressions,  and  it  has  proven  useful  in  teaching 
inverses  of  functions. 
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Figure  6:  Using  keystroke  notation  to  build  t  button 
The  second  example  of  how  our  calculator  differs  from  standard  calculators  is  that  the  log 
function  is  a  binary  function  just  as  is  +  or  *.  TTiat  is,  to  use  a  log  requires  two  inputs.  The  first 
input  is  the  value  one  wishes  to  take  the  logarithm  of,  and  the  second  is  the  base.  TTius  ihe  key 
appears  as  loga  x.  Inputting  8.  pressing  the  button  logtx  and  then  entering  2  produces  3.  We 
would  argue  that  to  have  calculators  that  fail  to  do  this  is  to  limit  the  user  unduly.  Furthermore,  the 
natural  logarithm,  as  we  have  document  in  our  work  on  exponential  functions,  is  often 
overused,  when  a  base  that  is  more  closely  connected  to  the  description  of  the  phenomena  would 
suffice  equally  well.  For  example,  in  compound  interest  of  5%,  1 .05  would  be  a  much  more  direct 
and  intuitive  base  with  which  to  work. 

Interestingly  enough,  this  mild  revision  reverberated  through  the  software  design.  In 
building  log  scales  into  the  graph  window,  we  were  required  to  figure  out  how  to  create  a  scaling 
resource  that  allowed  any  base  as  the  multiplicative  unit  measure  on  the  axes.  Our  design,  while 
not  completely  satisfactory,  allows  this  to  happen.  If  you  wish  to  engage  in  an  interesting 
intellectual  challenge,  decide  how  you  might  want  the  visual  transformational  tools  to  act  on  a  log 
linear  scale;  for  instance  if  one  chooses  a  translation  in  the  direction  of  the  log  scale,  what 
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algebraic  result  you  would  wish  to  see  displayed?6  There  is  a  conflict  between  the  visual  action 
which  looks  like  a  translation  and  the  multiplicative  impact  on  the  algebraic  display. 

In  future  design  work,  we  have  considered  additional  changes  to  standard  notation.  For 
instance,  in  the  calculator  window  currently,  we  allow  trigonometric  functions  to  be  entered  using 
either  degrees  or  radians,  and  the  notation  has  been  adjusted  to  reflect  this:  $in<j  x  and  sinrx. 
However,  these  functions  too  could  be  considered  as  binary  functions,  where  the  second  input 
represents  the  change  per  unit  time  represented  in  tractions  of  a  circle.  This  might  support  a 
student  who  wants  to  divide  up  the  unit  circle  into  eighth  turns  and  to  use  these  as  the  "baseH  for 
the  function;  sin  j/&x.  Thus,  sin  j/g  3  would  signal  three  one-eighth  turns  and  produce  V2/2.  This 
approach  would  be  an  alternative  to  using  a  horizontal  stretch  on  x  before  applying  the  function  to 
accomplish  this  ( f  (x) «  sin  ( x/4  (n))  where  n  « the  number  of  one-eighth  turns). 
♦  Don't  use  computers  as  an  excuse  to  neglect  the  importance  or  physical  tool- 
based  activity. 

Function  Probe  as  it  exists  relies  on  written  problem  statements  to  provide  the  contextual 
momentum  We  recognize  the  limitations  of  such  approaches  and  are  working  towards  the 
development  of  alternative  sources  of  problem  or  activity  generation.  Modest  efforts  have  been 
implemented  in  our  curriculum.  We  explored  the  use  of  simple  apparatus  for  constructing  curves 
as  loci  of  points.  For  instance,  one  can  take  a  straw,  fold  ir  in  half,  places  it  on  a  horizontal  and 
put  a  thumbtack  in  the  right  half.  By  fixing  the  left  endpoint,  and  sliding  the  right  end  of  the  straw 
until  it  reaches  the  left  endpoint,  the  tack  will  trace  out  the  shape  of  one  quarter  of  an  ellipse.  This 
approach  to  functions  is  more  in  line  with  the  approach  of  Descartes  who  used  geometry  to  create 
curves  as  loci  and  then  used  algebra  to  describe  them,  a  complete  reversal  of  the  mathematics  now 
attributed  to  Descartes  as  we  use  his  Cartesian  plane  (Smith,  Dennis  and  Confrey,  1992). 
Function  Probe  can  import  data  in  a  spreadsheet  format  such  as  from  MBL  systems 
(microcomputer  based  learning  systems  with  sensors  for  movement,  temperature,  light,  etc.)  or 
from  simulation  environments  such  as  "Interactive  Physics."  It  can  also  import  pict  files  that  can 
be  used  to  generate  curves. 

We  are  currently  working  with  designing  experiments  for  students  to  generate  functions 
using  physical  apparatus.  For  example,  imagine  u  wheel  with  a  flashlight  attached  so  that  the 
flashlight  always  remains  horizontal  and  roughly  in  the  plane  of  the  wheel  itself  as  the  wheel  turns. 
If  a  sheet  of  paper  was  moved  across  a  screen  in  front  of  the  wheel  at  a  constant  speed  as  the  wheel 
turned,  the  path  of  the  flashlight  could  be  traced  to  make  a  trigonometric  curve.  In  a  similar  vein, 
Pat  Thompson  has  experimented  with  having  his  middle  school  students  trace  a  path  around  a 
circle  with  one  hand  while  tracing  their  distance  from  the  axis  with  the  other.  These  kinds  of 

6  These  next  two  examples  make  reference  to  the  dynamically  mouse-driven 
transformational  tools  first  available  on  Function  Probe.  These  include  stretching, 
translating,  and  reflecting  graphs. 
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experiences  ire  designed  to  try  to  provide  students  with  experiential  grounding  for  their 
mathematical  ideas  in  mathematical  actions.  It  is  these  kinds  of  experience  that  will  eventually 
allow  students  to  watch  a  spring  move  up  and  down  such  that  its  movement  is  like"  that  of  the 
Ferris  wheel  (and  unlike  it  too).  This  will  form  powerful  conceptions  of  trigonometric  functions 
grounded  in  human  activity. 

The  idea  of  the  changing  rate  of  change  for  the  trigonometric  functions,  changing  so  that  the 
rate  of  change  is  in  effect  a  horizontal  translation  (and  possibly  a  stretch)  of  the  function  itself  is  a 
remarkable  characterization.  In  this  respect,  the  trigonometric  function  shares  some  of  the  quaUties 
of  the  exponential  (both  yield  versions  of  themselves  as  their  own  derivatives).  In  this  sense,  so 
does  the  linear  function.  Note  that  this  means  that  these  three  functions  all  embed  a  form  of 
periodicity.  How  the  exponential  and  the  trigonometric  functions  can  be  viewed  as  related 
functions  is  a  key  issue  that  later  resurfaces  with  complex  numbers,  but  whose  roots  be  in  just 
such  explorations.  Euler  in  his  introduction"  in  1748  constructed  e  and  the  radian  measure  of 
angles  as  a  way  to  unify  trigonometric  and  exponential  functions  within  the  complex  numbers.  I 
know  of  no  one  who  experienced  such  a  relationship  as  anything  other  than  as  a  pure 
"abstraction."  Returning  to  my  earlier  point,  me  grounded  activity  of  examining  rates  of  change 
and  their  ties  to  operations  leads  one  to  recognize  this  common  periodicity,  and  the  systematic 
extensions  of  these  ideas  without  losing  the  basis  in  action  forms  the  opportunities  for  deep  and 
exciting  mathematics. 

We  are  currently  engaged  in  building  a  number  of  more  ,,exrx*imemaT  activities.  These 
include  work  with  local  teachers  to  design  an  approach  we  have  labeled  ^experiment-simulation. 
analysis"  (Noble.  Flerlage  and  Confrey,  1993)  for  teaching  integrated  physics/trigonometry. 
Furthermore,  over  the  summer,  we  are  engaged  in  working  with  9-1 1  year  olds  creating  design 
activities  that  they  can  use  with  the  software  to  explore  the  design  of  motorized  Lego  cars  with 
gears,  complex  marble  tracks  and  falling  water  balloons.  In  summer  workshop,  teachers  recreated 
graphs  into  movements  depicting  position,  velocity  and  time. 

Also,  I  wish  to  mention  two  other  research  groups  working  along  these  lines  that  capture  the 
sense  of  grounded  activity  and  systematic  inquiry.  Andce  Rubin,  at  TERC,  began  with  a  project 
called  'Tape  Measure"  where  she  and  other  colleagues  had  students  use  videotape  and  software 
tools  as  a  means  of  collecting  data.  In  the  demonstration  tape,  students  tested  various  hypotheses 
such  as  that  stride  length  is  related  to  the  speed  of  the  runner.  Under  a  new  project.  VIEW  (Video 
for  Exploring  the  World),  she  is  extending  her  previous  work  further  to  allow  students  to  explore 
such  activities  as  rhythm  and  velocity  position  and  time.  In  the  research  on  students  investigating 
rhythm.  Rubin's  students'  examples  include  Double  Dutch  jump  rope  and  dribbling  basketballs. 
In  projects  on  velocity,  position,  and  time  students  enact  performances  and  stories  and  test  out  their 
conjectures  on  vioeotape  (Rubin,  May  1993;  1993).  In  all  these  cases,  we  see  the  compuur  being 
used  to  build  upon  students'  physical  experiences  in  the  world  and  to  extend  these  experiences  into 
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a  computer  medium  to  allow  them  to  analyze  the  quantitative  aspects  and  to  create  interesting 
representations  of  them. 

Likewise,  Ricardo  Nemirovsky  has  been  working  with  MBL,  microcomputer  based  labs, 
with  students  where  they  explore  such  things  as  water  flow,  car  movement  and  rate  of  change  of 
surfaces.  For  example,  he  has  built  an  interface  between  a  graph  sketching  tool  and  two  cars  such 
that  students  can  sketch  a  graph  and  then  watch  as  the  cars  carry  out  that  graphs'  shape  as 
movement  along  a  track.  Other  work  concerning  position,  velocity  and  time  is  being  undertaken 
by  Kaput  who  plans  to  implement  "Math  Cars'1  a  visual  simulation  of  these  cars  moving  that 
explore  relationships  (Kaput,  in  press).  Comparing  the  effectiveness  of  Nemirovsky's  and 
Kaput's  approaches  will  inform  us  better  about  the  role  of  physical  objects  and  their  graphical 
displays. 

We  see  this  work  as  particularly  important  in  that  it  can  lead  to  the  identification  and 
articulation  of  schemes  for  anticipating  and  interpreting  different  functional  relationships.  Thus, 
we  propose  that  students  can  learn  to  observe  and  participate  by  looking  through  functional  lenses 
at  their  activities  and  that  this  might  be  well  described  by  articulating  the  kinds  of  position-time  or 
velocity  time  schemes  that  evolve  from  Rubin's  and  Nemirovsky's  work.  For  example,  we  see  the 
falling  bodies  scheme  as  an  important  way  that  students  can  recognize  the  quadratic,  however,  we 
see  the  idea  of  the  product  of  two  quantities  each  changing  linearly  as  a  different  scheme.  My 
claim  is  that  these  differences  need  to  be  connected  with  the  differences  in  the  grounding  activities. 
And,  that  the  differences  need  to  be  viewed  within  the  larger  framework  of  commonalty  that 
underlies  the  family  of  functions  we  label  as  quadratic. 

♦  In  a  multi-representational  tool,  no  representation  should  dominate  the  others. 
And,  in  every  representation  there  is  both  a  loss  and  a  gain.  There  is  no  such 
thing  as  transparency  of  representation.  Protect  the  ;»»>grity  of  each. 

Designing  the  transformational  tool  for  stretch  provides  an  induing  example  of  our 
perspective  on  the  relative  independence  of  representations.  Our  stretch  ico»:  1  ?s  two  original 
qualities.  It  includes  a  movable  anchor  line  and  it  displays  a  visual  view  oi  stretch  as  a  ratio 
relation.  These  characteristics  exemplify  the  placement  of  the  computer  between  a  language  and  a 
tool,  for  1 )  we  sought  to  create  dynamic  actions  (implementing  the  first  mouse-driven  graph 
transformational  tool)  and  in  doing  so,  sought  to  create  icons  which  drew  upon  the  physical 
actions7  -  while  2)  creating  a  language  for  coding  these  actions  and  exploring  their  impact  on  other 
representational  forms. 

For  us,  the  stretch  is  an  action  on  one  of  two  rubber  sheets,  (Borba,  1993,  recognized  in  his 
study  of  students'  understanding  of  transformations  that  there  are  two  rubber  sheets,  one  for  the 


'  Understanding  that  the  action  of  stretch  creates  a  multiplicative  operation  on  the  function 
needs  careful  attention.  We  are  not  implying  that  the  need  for  exploration  of  this  is 
mitigated  by  the  use  of  the  computer. 
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plane  with  the  axes  and  one  for  plane  containing  the  curve).  We  chose  to  stretch  the  sheet  with  the 
curve  and  since  one  can  imagining  stretching  a  sheet,  say  vertically,  so  that  some  horizontal  line  is 
held  constant  (Imagine  placing  tacks  across  this  line  to  hold  it  in  place).  Thus  the  anchor  line  on 
Function  Probe  is  movable,  because  software  tools  which  place  it  at  the  axes  do  so  only  for  the 
algebraic  convenience.  Function  Probe  allows  the  student  to  place  the  anchor  line  on  any 
horizontal  or  vertical  line. 

Once  the  anchor  line  is  placed,  the  student  touches  the  graph  anywhere  and  a  square  Hunit 
box 1  is  produced.  Its  sides  are  f(x)  -  i )  long  and  wide.  Holding  down  the  mouse  and  stretching 
produces  a  stretched  out  spring  and  a  change  in  the  ratio  of  the  height  of  the  unit  box  to  its  width. 
This  new  ratio  is  the  coefficient  of  stretch  (See  Figure  7). 


Figure  7 

Students  have  not  only  grasped  the  use  of  the  anchor  line  more  easily  than  we  have,  but  they 
have  used  it  to  great  advantage.  Trying  to  match  two  parabolas,  they  quickly  align  the  vertices 
through  translations,  reflect  the  graph  to  the  desired  oricntMion1  and  place  \Y  i  anchor  line  there  and 
stretch  it  (Afamasaga-Fuatai,  1992  and  Borba,  1993).  And,  in  a  lovely  demonstration  of  the  use 
of  the  anchor  line  at  a  teacher  education  workshop,  a  novice  with  the  software  used  the  anchor  line 
cleverly.  The  problem  was  to  lay  out  a  stone  path  from  a  house  to  a  bird  feeder  forty  four  feet 
away.  There  were  to  be  fifteen  circular  stones  all  equally  spaced  with  the  last  one  placed  against 
the  bird  feeder.  The  first  stone  could  be  at  any  distance  from  the  house.  This  person  imagined  that 
all  the  stones  could  be  bunched  up  against  the  feeder,  going  from  27  to  44,  then  a  hook  could  be 


8  Our  reflection  tool  also  allows  one  to  place  the  axis  of  symmetry  away  from  the  x  or  y 
axis. 
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attached  to  the  nearest  stone  and  they  would  be  stretched,  keeping  equal  spacing,  until  that  first 
stone  reached  the  house.  On  Function  Probe,  she  modeled  the  family  of  all  possible  solutions 
using  a  vertical  stretch  of  her  first  solution,  placing  the  anchor  line  at  44,  and  stretching  until  the 
first  stone  moved  to  the  point  (1, 1)  (which  would  be  up  against  the  house  if  each  stone  were  1  ft 
wide,  see  Figure  8). 


y 
9 
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Figure  8:  A  series  of  solutions  to  the  Stone  Path  problem 
This  example  of  allowing  a  movable  anchc  line  demonstrates  the  importance  of  allowing  the 
graph  window  to  operate  with  as  few  algebraic  constraints  as  possible.  By  protecting  this 
independence  of  the  windows,  I  proposed  an  alternative  approach  to  functions  through 
visualization,  which  later  was  explored  and  refined  by  Marcek)  Borba  in  his  dissertation  (Borba 
and  Confrey,  1992;  Borba,  1993).  In  this  approach,  students  are  first  encouraged  to  work  visually 
with  functions  using  the  dynamic  transformational  tools.  Then  using  a  sampling  procedure,  they 
explore  the  impact  of  transformations  on  individual  sets  of  discrete  points  by  sending  these  to  the 
table.  A  description  of  these  transformations  as  algebraic  equations  follows.  This  is  only  one 
approach  of  four  that  we  have  worded  with  and  we  find  it  an  interesting  way  to  build  students' 
powers  of  virilization. 

To  demonstrate  the  value  of  visualization,  consider  if  a  student  is  given  the  problem,  you  are 
riding  on  a  Ferris  wheel  with  a  12  foot  radius.  Each  rotation  takes  20  seconds.  The  lowest  point 
of  the  Ferris  wheel  is  6  feet  off  the  ground.  Find  a  way  to  predict  your  height  off  the  ground  as  a 
function  of  time.  Now  suppose  a  student  wants  to  approach  this  visually.  They  will  typically 
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begin  with  the  idea  that  this  is  a  trigonometric  function  (recognizing  its  periodicity).  (This,  of 
course,  assumes  some  previous  experience  and  understanding  of  the  trigonometric  function  as 
converting  constant  circular  motion  into  rectangular  components,  not  a  trivial  problem.) 


Figure  9:  A  visual  approach  to  the  Ferris  Wheel  Problem 


Students  using  a  visual  approach  to  this  problem  will  begin  with  the  prototype  y  »  sin(x). 
One  way  to  proceed  is  as  follows:  stretch  y  =  $in(x)  horiionttUy  to  get  its  period  to  20  seconds. 
Then,  stretch  the  graph  vertically  to  get  the  radius  of  the  Ferris  wheel  to  be  12  feet.  Finally,  a 
vertical  translation  of  1 8  feet  will  locate  the  function  above  the  ground  by  6  feet  at  the  lowest  point 
This  description  appears  relatively  straight-forward,  and  its  set  of  ordered  transformations  keeps 
the  problem  close  to  the  context  from  which  it  came.  However,  graphical  transformations  also 
create  a  mathematical  structure  to  be  explored.  For  instance,  the  constraints  on  the  order  of 
operations  in  this  problem  raise  interesting  questions.  (See  Smith  and  Confrey ,  1992  for  a 
discussion  of  another  p-oblem  which  raises  the  issues  of  order  of  operations.) 

The  anchor  line  has  become  a  very  useful  resource.  Its  independence  from  algebra  was 
secured  by  our  philosophy  of  protecting  the  integrity  of  each  representational  form,  but  its 
cpistemological  significance  and  usefulness  was  demonstrated  by  our  students  and  teachers.  We 
see  the  use  of  dynamical  graphing  resources  as  another  way  in  which  mathematics  is  kept  close  to 
its  roots  in  actions.  Appeals  to  such  visual  tools  as  anchor  lines  and  springs  that  stretch  encourage 
students  to  think  of  mathematics  as  a  balance  of  systematic  inquiry  and  grounded  activity. 
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I  described  this  as  "an  epistemology  of  multiple  representations"  as  a  way  of  describing  our 
overall  approach  (Confrey,  1992).  In  such  an  epistemology,  representations  are  considered  useful 
in  the  ways  that  they  complement  and  contrast  with  each  other.  We  do  not  only  focus  on 
convergence-  because  insight  results  in  cases  in  which  we  find  convergence  between 
representations  that  appear  to  us  to  differ.  This  convergence  within  apparent  divergence  is  what 
creates  the  sense  in  mathematics  that  a  "discovery"  must  have  been  made.  Seeing  bow  the 
transformational  actions  apply  to  all  families  of  functions  is  such  an  example  of  convergence  across 
diverse  cases.  And,  complementary,  the  recognition  of  divergence  within  convergence  adds 
mathematical  pleasure  io  our  explorations.  This  is  uiustrated  by  ihe  way  that  even  with  the 
convergent  application  of  transformations  across  families,  different  rules  appear  for  each  family. 
For  example,  we  find  that  trigonometric  and  step  functions  do  not  allow  horizontal  stretches  to  be 
accomplished  by  vertical  stretches,  whereas  linear,  absolute  and  polynomial  do  with  appropriate 
adjustments  in  the  coefficients  of  stretch. 

Redefining  the  Concept  of  Function  in  this  Environment 

When  one  works  with  Function  Probe  with  students  for  a  while,  it  becomes  evident  how 
impoverished  our  traditional  approaches  to  functions  are.  In  summarizing  what  we  have  learned 
about  functions,  we  have: 

*  identified  the  key  role  of  the  table  as  a  legitimate  partner,  in  terms  of  usefulness  and  structural 
integrity,  and  with  this,  have  argued  that  a  covariational  approach  to  functions  needs  equal  attention 
with  a  correspondence  approach; 

*  argued  that  functions  have  their  roots  in  grounded  human  actions  (prototypic  actions)  and  that 
they  evolve  through  our  ways  of  generating  operations  and  numbers  from  actions  and  displaying 
those  in  different  representational  systems; 

*  called  for  a  much  richer  use  of  context,  as  a  source  of  experimentation  and  data,  as  opportunities 
for  play  and  design,  and  as  a  basis  for  simulation  and  modeling;  and  for  careful  attention  to  how 
those  investigations  can  be  led  into  examining  the  integrity  of  the  mathematical  system; 

*  illustrated  the  importance  of  rate  of  change  as  a  key  concept  in  the  development  of  functions  and 
are  working  towards  equalizing  its  relationship  with  its  sister  concept  of  "accumulation;" 

*  demonstrated  that  visual  transformational  skills  can  lead  one  to  a  valuable  understanding  of  the 
set  of  affine  transformations  as  creating  a  boundary  for  a  family  of  functions;  and 

*  documented  that  functions  involve  more  than  a  domain,  a  rule  and  an  range,  but  that  they  involve 
the  construction  of  a  structured  system,  a  selection  procedure  for  a  patterned  subset  of  the  system, 
and  the  production  of  a  display  of  that  system. 

These  insights  are  leading  towards  the  development  of  new  piece  of  software.  Recursion 
Probe,  which  recognizes  that:  the  issues  of  scaling  are  far  more  substantial  than  we  originally 
conceived  of  them,  building  coordinate  systems  needs  to  be  part  of  the  children's  mathematical 
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activities,  and  functions  should  be  conceived  of  as  a  dance,  a  rhythm  or  a  pattern  displayed  in 
relation  to  an  organized  space  (Goldenberg,  Harvey.  Uwis,  Urniker,  West,  and  Zodhiates,  1988). 
Implication*  fnr  Equity  Hid  n»v«r«iv 

Such  an  approach  to  functions  signals  the  need  for  a  significant  change  in  the  algebra 
curriculum-  not  just  as  the  precalculus  level  but  all  the  way  back  into  the  elementary  level.  It 
requires  a  radical  revision  of  what  is  conceived  of  as  algebra.  Algebra,  as  it  is  currently  taught  in 
schools,  signals  mostly  the  introduction  of  the  variable,  the  equation  and  the  roanipuUtion  of  these 
forms.  Later  these  manipulations  of  forms  become  the  basis  for  the  structural  algebras  of  groups, 
fields,  and  for  the  discussion  of  number  types,  natural,  integer,  rational,  irrational,  real  etc. 
However,  a  second  history  of  algebra  is  the  algebra  of  change  (Klein,  1968).  This  is  the 
development  of  ways  to  describe  motion,  growth  and  area  and  it  is  the  basis  for  calculus, 
differential  equations,  etc.  It  is  the  algebra  of  quantity  and  geometry. 

Algebra  in  schools  needs  to  be  revised  to  admit  a  broader  category  of  studies  and  to  draw 
upon  both  of  these  historic  traditions.  This,  however,  sets  up  a  serious  and  important  debate,  for 
these  changes  are  being  advocated  ftth*<*metime  that  there  is  a  national  call  for  "algebra  for  all" 
(Jetter,  1993).  This  movement  is  rooted  in  a  justified  critique  that  algebra  has  been  misused  as  the 
sorting  mechanism  aiW  has  disenfranchised  many  students,  especially  those  with  less  economic 
resources  or  orientation  to  schooling  as  a  means  of  social  advancement  This  movement  seeks  to 
improve  the  retention  and  success  rates  of  underrepresented  groups  and  recognizes  the  place  of 
mathematical  training  in  allowing  access  to  positions  of  power  in  our  society.  (For  example  sec  the 
work  of  "The  Algebra  Project"  (Moses,  1992]  in  Jetter,  1993,  Ttr  Nftw  Yflrk  Times)  All  of  us 
committed  to  reform  in  mathematics  education  must  make  significant  efforts  to  work  cooperatively 
on  changes  to  the  curriculum  We  must  recognize  also  that  the  possibiUty  of  working  at  cross- 
purposes  is  especially  likely  if  changes  are  dependent  on  technologies  that  are  less  available  in 
schools  with  fewer  financial  resources. 

I  would  therefore  like  to  offer  three  recommendations:  1)  We  must  make  an  aggressive 
commitment  to  produce  versions  of  the  curriculum  and  materials  that  can  be  used  without 
expensive  technological  tools.  For  instance,  tables  can  bt  produced  off  the  computer  and  used  for 
the  same  purposes  described  herein,  but  the  use  of  them  may  be  more  tedious  and  tirne-consuming. 
However,  with  a  calculator,  and  with  students  working  cooperatively,  the  same  ideas  can  be 
enacted.  And  along  with  this  must  come  an  aggressive  commitment  to  getting  solid  technological 
innovations  into  all  schools.  2)  We  must  examine  whemercurricular  changes  that  ground 
mathematics  in  common  forms  of  human  activity  and  experience  will  protect  and  encourage 
diversity.  If  we  are  to  challenge  effectively  the  elitism,  racism  and  sexism  practiced  on  a  daily 
basis  in  mathematics  from  kindergarten  to  secondary  school,  to  universities  and  colleges;  and 
further  into  the  offices,  laboratories;  and  businesses,  we  must  seek  relief  from  mathematics  that  is 
portrayed  as  far  harder  and  more  inaccessible  than  it  really  is.  We  must  remake  the  rnathematics  of 
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schools  and  escape  from  the  echo  chambers  of  increasing  abstractions  whose  detachment  from 
everyday  experience  is  manufactured  more  than  it  is  borne  of  logical  necessity.  3)  We  must 
acknowledge  the  fact  that  new  approaches  will  frequently  originate  in  expensive  technology,  but 
accept  our  obligation  to  see  those  innovations  enacted  in  less  costly  and  more  accessible  forms. 

Securing  equitable  access  for  unserved  populations  rightfully  must  be  a  driving  influence, 
because  without  access,  things  wjlLnnLchange;  and  with  diversity  in  the  practices  of  mathematics, 
things  will  change  more  quickly  than  any  of  us  can  predict.  At  the  same  time,  it  would  be 
unfortunate  for  our  educational  programs  to  lose  touch  with  the  new  cultural  tools.  This  is  not  to 
say  that  the  tools  themselves  are  beyond  scrutiny,  criticism  and  change.  The  history  of  technology 
is  a  history  equally  of  invention,  progress  and  improvement  as  it  is  a  history  of  surveillance, 
imposition,  control  and  violence.  We,  in  mathematics  education,  must  be  very  clear  about  the 
kinds  of  tools  we  see  as  promoting  the  kinds  of  learning  we  value.  If  our  goal  is  emancipation  and 
empowerment,  we  need  to  pay  attention  to  how  our  design  encourages  or  inhibits  these 
developments.  In  conclusion,  I  have  tried  to  argue  in  this  paper  that  we  must  keep  our  tools 
»i  ;nded  in  forms  of  human  activity  while  recognizing  the  power  of  giving  all  children  access  to 
systematic  inquiry  methods  to  investigate  any  complex  system.  Expertise  lies  in  the  combination 
of  both  types  of  pursuit:  grounded  activity  and  systematic  inquiry,  and  with  both,  we  can  attempt 
to  give  mathematics  a  fresh  start.  We  must  recognize  our  obligation  to  encouraging  and 
challenging  all  children  to  make  technology  serve  them,  and  not  to  let  our  culture  proceed  the  other 
way  around. 
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Computer-bas^d  Mathematical  Modeling 
With  In  service  Teachers 

St  iron  Dugdale 
University  of  California  at  Dtvis 


Thit  paper  discusses  the  process  and  products  of  K- 12  teachers*  work  with  mathematical 
modeling  in  a  computer  spreadsheet  environment  Hie  effort  builds  upon  several 
prominent  themes  of  mathematics  education  over  the  past  decade-visualisation, 
dvnamically  linked  multiple  representations,  and  new  approaches  to  conceptualizing 
functions  and  variables-and  it  ties  these  themes  together  into  mathematical  modeling 
appropriate  for  primary  grades  through  high  school.  It  is  hypothesized  that  features 
inherent  in  a  well  designed  spreadsheet  environment  can  help  make  the  concept  of 
"variable"  more  Intuitively  accessible  Introduction  of  spreadsheet  modeling  broadens  the 
range  of  potential  answers  to  current  questions  concerning  thought  processes  involved  in 
algebraic  applications  and  problem  solving. 

In  the  past  few  years  the  professional  literature  has  included  an  increasing  number  of  reports 
advocating  use  of  computer  spreadsheets  to  support  and  enhance  mathematics  teaching  and  learning.  See. 
for  example.  Bannard  (1991).  Cornell  &  Siegfried  (1991).  Fey  (1989).  Levin  A  Abramovich  (1992). 
Masaiski  (1990).  Maxim  A  Verhey  (1988.  1991).  McDonald  (1988).  and  Hnter-Lucke  (1992).  Each  of 
these  reports  suggests  appealing  applications  for  spreadsheets  in  the  raathematici  classroom,  and  each 
report  makes  persuasive  arguments  relating  spreadsheet  solution  processes  to  current  needs  In  curriculum 
reform.  A  spreadsheet  environment  is  especially  well  suited  to  Investigation  of  recursively  defined 
functions,  which  sometimes  can  be  more  accessible  for  beginning  algebra  students  than  functions  defined 
In  closed  form. 

There  is  also  growing  attention  to  the  importance  of  visualization  in  mathematics  learning. 
Publications  of  the  past  decade  are  replete  with  references  to  the  capabilities  of  computers  to  produce 
visual  representations  of  mathematical  Ideas  and  allow  manipulation  of  the  visual  representations.  (See. 
for  example,  the  variety  of  Ideas  in  Zimmermann  &  Cunningham  (1991).)  Recent  versions  "of  computer 
spreadsheets  (e.g..  Microsoft  Excel.  Version  4.0  (1992))  include  extensive  graphic  capabilities  that 
facilitate  dynamic  manipulation  of  graphical  representations  of  functions,  along  with  the  analytic  and 
tabular  representations. 

This  paper  discusses  aspects  of  a  project  that  involved  32  teachers  of  mathematics  in  grades  K-12 
in  exploring  spreadsheet  problem-solving  methods  and  developing  models  appropriate  for  classroom  use. 
Recursively  defined  functions,  dynamically  linked  multiple  representations,  and  visualization  of  functional 
relationships  were  fundamental  to  the  teachers'  efforts. 


75 


98 


Participants 


Tne  context  of  the  work  was  the  1992  Summer  Institute  of  the  Nonhen  '-fllfornJa  Mathematics 
Project  Thirty  teachers  of  grades  K-12  were  selected  from  a  pool  of  applicants.  Selection  criteria 
included  participants*  potential  for  providing  professional  leadership  in  their  districts  and  the  state.  An 
additional  seven  teachers  from  past  institutes  were  involved  as  mentor  teachers  and  institute  director,  for 
a  total  of  37  teachers.  Of  the  37  teachers  involved  in  the  institute,  32  participated  in  the  mathematical 
modeling  activities  discussed  in  this  paper.  The  32  participants*  teaching  assignments  at  the  time  spanned 
the  range  of  K-12.  with  eight  teachers  of  grades  K-3,  seven  teachers  of  grades  4-5,  seven  teachers  of 
grades  6-8.  and  ten  teachers  of  grades  9- 12.  Nearly  all  of  the  teachers  had  some  previous  experience  with 
a  computer.  Few  had  used  a  spreadsheet  before,  and  none  had  used  a  spreadsheet  for  mathematical 
modeling  or  problem  solving.  The  activities  discussed  in  this  paper  were  one  facet  of  the  month-long 
institute.  The  software  used  was  Microsoft  Excel  4.0  (1992)  for  Macintosh. 


Two  examples  were  used  to  familiarize  the  teachers  with  the  spreadsheet's  capabilities:  the 
Fibonacci  sequence  and  a  square  root  extractor.  Four  other  prepared  examples  were  made  available  for 
teachers  to  explore  on  their  own. 

The  square  root  extractor  was  adapted  from  a  model  suggested  by  Masai  ski  (1990.  pp.  8-9).  based 
on  the  following  familiar  algorithm  to  compute  the  square  root  of  the  number  n: 

Step  1.  Estimate  the  square  root  of  n. 

Step  2.  Divide  n  by  the  estimate  f  om  Step  1. 

Step  3.  Compute  the  average  (arithmetic  mean)  of  the  estimate  from  Step  1  and  the  quotient  from 


Step  4.  Replace  the  Step  1  estimate  with  the  aversge  from  Step  3.  and  repeat  the  process  until  the 
desired  precision  is  obtained. 

Many  of  the  teachers  were  already  familiar  with  this  algorithm,  and  it  was  easily  Implemented  on 
the  spreadsheet,  as  shown  in  Figure  1.  The  user  chooses  an  "Input  Number."  «.  and  an  initial  estimate 
of  the  square  root  of  n.  Changing  the  estimate  can  reveal  patterns  in  the  computations.  For  example,  it 
ii  readily  apparent  that  the  algorithm  approximates  the  square  root  more  quickly  (i.e..  with  fewer 
Iterations)  when  the  initial  estimate  is  more  accurate. 

Adding  a  graphical  representation  to  the  spreadsheet  display  facilitates  exploration  of  the  model. 
Feature i  that  are  not  as  readily  apparent  from  the  table  of  values  become  salient  in  the  graph.  For 
example,  while  trying  several  estimates  to  explore  the  number  of  Iterations  necessary  to  approximate  the 
square  root  adequately,  one  is  likely  to  observe  in  the  graph  on  apparent  basic  difference  in  the  sequence 
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Figure  1.  A  square  root  extractor 
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of  successive  approximations.  I 
depending  on  whether  the  initial 
estimate  is  loo  Urge  or  too  small. 
As  shown  In  Figures  2  and  3. 
when  the  Initial  estimate  Is 
larger  that  the  square  root,  the 
algorithm  produces  a  monotone 
decreasing    series  of 
approximations*  each 
approximation  smaller  than  the 
previous.   However,  when  the 
initial  estimate  Is  smaller  than 
the  square  root,  the  graph  begins 
with  a  jump  to  a  too  large 
approximation,  then  continues 
with  a  monotone  decreasing 
series.     Depending  on  one's 
style,  this  can  be  simply  a 
curious    observation    or  a 
compelling    conjecture  that 
demands  justification.  Why 
wouldn't  a  too  small  estimate 
produce  an  Increasing  series  that 
converges  on  the  square  root 

from  below,  as  the  too  large  F7cure  2.  A  too  large  estimate  produces  a  monotone  decreasing 
estimate  does  from  above?  Or.  sequence, 
given  (he  beginning  jump  from 

too  small  to  too  large,  why  wouldn't  the  approximations  be  alternately  too  small  and  too  large,  with  the 
graph  showing  a  dampening  zlgag  as  it  approaches  the  square  root? 
Teachers'  Exploration 

Teachers  were  given  the  following  fou*  questions  to  explore: 

I ,  what  difference  does  It  make  whether  the  initial  estimate  is  close  to  the  square  root  or  very  far 
off? 


■ 

TSUakJ' 

*Mraf»« 

at 

m 

•JOMMOOC 

_jumw 

s*HMtf< 


»  ii  ii  it  n  *« 


o 

ERIC 


77 


JC') 


S*utr*  Hoot  Extorter 


1—  *******  *» 

• 

fllll  ill  < 

mimin 

_  S 

1 

mooooooBo 

XJiMIM^ 

MTT777771 

tmrutm 

10    »1    It    1*    1«  1» 


Figure  3.  A  too  smill  estimate  results  in  a  jump  to  a  loo  large 
estimate,  followed  by  a  monotone  decreasing  sequence. 


2.  What  difference  does 
it  make  whether  the 
Initial  estimate  is  too 
big  or  too  small? 

3.  What  happens  when 
you  use  a  negative 
Initial  estimate? 

4.  What  happens  when 
you  start  with  a 
negative  Input 
Number,  ft? 

Results  of  the  Hrst  two 
questions  have  been  discussed 
above.  The  suggestion  to  try  a 
negative  estimate  (Question  3)  aroused  skepticism.  Many  participants  predicted  that  It  would  not  work, 
and  from  the  discussion  it  was  apparent  that  for  some  of  the  participants,  this  prediction  was  based  on  the 
general  notion  that  when  dealing  with  square  roots,  negative  numbers  "don't  work."  But  as  shown  in 
Figure  4,  entering  a  negative  estimate  simply  produces  a  negative  square  root,  and  the  graph  of  the 
approximations  Is  a  vertical  reflection  of  that  resulting  from  a  positive  estimate.  The  group  as  a  whole 
accepted  this  result  fairly  easily, 
commenting  about  the  difference 
between  making  a  negative 
estimate  and  trying  to  take  the 
square  root  of  a  negative 
number.  This,  of  course,  primed 
them  for  the  fourth  question. 

Participants  were  more 
confident  In  their  predictions  for 
Question  4.  that  a  negative  Input 
Number,  it.  would  be  rejected  or 
produce  an  error.  Figure  5 
shows  a  result  of  choosing  a 
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chaotic  behavior  of  the  graph  for 
a  negative  n  was  startling,  and  it 
led  to  much  discussion, 
experimentation,  and 
reexamination  of  the  algorithm. 
Some  participants  extended  their 
models  to  carry  the  algorithm 
through  100  or  more  iterations, 
looking  for  possible  patterns.  A 
few  contemplated  the  difference 
between  a  mathematical  concept 

(square  root)  and  an  algorithm  (a   —  1  

Figures.  The  result  of  a  negative  input 
means  of  extracting  square  roots 

under  certain  conditions).  Because  chaos  had  been  a  topic  of  earlier  discussion,  participants  appreciated 
the  unexpected  result  of  entering  a  negative  n.  and  they  were  enticed  by  the  challenge  to  either  find  a 
pattern  to  the  function  or  find  adequate  evidence  to  conclude  that  the  function  is  truly  chaotic. 

Each  of  the  observations  above  might  have  been  accomplished  from  the  spreadsheet's  tables  of 
values,  without  the  graphs.  However,  It  was  the  graphs  that  most  often  drew  attention  to  possible  patterns 
and  that  facilitated  observation  most  effectively.  A  primary  result  of  adding  the  visual  representation 
appears  to  be  to  shorten  the  time  to  conjectures.  The  conjectures  "jump  right  out  at  you."  Then  during 
the  focused  activity  of  gathering  evidence  to  support  or  refute  a  conjecture,  the  visual  representation 
continues  w  shortcut  the  data  examination  process.  Paitems  are  simply  easier  to  notice  (and  perhaps  more 
compelling)  in  a  graph. 
Teacher-Generated  Models 

Following  the  Introductory  experiences  outlined  above,  participating  teachers  were  assigned  the 
task  of  developing  their  own  spreadsheet  models.  Teachers  worked  in  pairs,  with  partners  of  their  choice. 
The  teachers  produced  18  models,  including  "magic  square"  builders,  maximization  problems  involving 
2-  and  3dlmenslonal  objects,  population  models,  and  a  host  of  investigations  and  applications 
Incorporating  Pascal's  Triangle,  fractals  and  chaos,  and  other  mathematical  Ideas. 

Observations  and  Discussion 
One  fundamental  difference  between  the  spreadsheet  environment  and  the  problem-solving 
methods  already  familiar  to  the  participating  teachers  is  the  spreadsheet's  facility  to  define  variables  for 
a  function  by  simply  clicking  on  cells  containing  the  needed  quantity.  For  example,  to  define  a  function 
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that  sums  the  contents  of  cells  C3  and  D2.  It  Is  not  necessary  to  identify  the  eel  If  by  row  and  column 
indexes  and  type  X3  +  D2.M  Rather,  the  user  can  define  a  function  by  clicking  the  mouse  on  appropriate 
cells  aa  needed  The  user  essentially  says.  "I  want  whatever  Is  in  this  cell  [♦click*)  plus  [press  *+*] 
whatever  it  in  this  other  cell  [•click*)."  and  the  function  has  been  created,  this  approach  appears  to  have 
some  of  the  tame  conceptual  advantages  as  using  open  shapes  (boxes,  circles,  etc.)  Instead  of  letters  to 
denote  variables  in  introducing  algebraic  ideas.  Like  an  open  shape,  a  spreadsheet  cell  can  contain 
different  values,  and  directly  choosing  the  cell  as  part  of  a  function  may  help  to  construct  the  difficult 
notion  of  "variable." 

Some  teachers  were  more  ready  than  others  to  take  this  "naive"  approach  to  creating  functions, 
and  a  variety  of  tactics  emerged  For  example,  a  first  grade  teacher  and  a  high  school  teacher  working 
together  chose  to  model  the  problem.  "Would  you  rather  receive  a  constant  allowance  of  $10  per  day  or 
1  cent  the  first  day  and  double  the  preceding  day's  amount  each  succeeding  day?"  After  beginning  thdr 
project  the  high  school  teacher  missed  a  session,  and  the  first  grade  teacher  was  left  to  continue  on  her 
own.  It  quickly  became  apparent  that  she  was  trying  diligently  to  implement  equations  that  her  partner 
had  worked  out  and  written  down  for  her.  She  was  having  considerable  difficulty,  and  she  was  convinced 
that  she  could  not  complete  the  model  without  the  help  of  her  colleague.  Despite  this,  she  clung  to  the 
equations  on  me  paper  and  she  was  reluctant  to  try  another  approach.  After  finally  being  persuaded  to 
set  the  notes  aside  and  take  a  fresh  look  at  the  problem  on  her  own.  she  was  able  to  construct  two 
columns  for  daily  allowances,  one  beginning  with  $10  and  computing  each  day  "the  same  as  yesterday." 
and  the  other  beginning  with  1  cent  and  computing  each  day  "two  times  the  previous  day."  She  then 
constructed  a  cumulative  total  column  for  each  allowance  scheme,  with  each  day's  total  "yesterday's  total 
(♦click*)  plus  today's  allowance  (*click*J.K  This  was  clearly  more  intuitively  accessible  to  her  than  her 
partner's  formulas  for  linear  and  exponential  growth  with  which  she  had  been  struggling. 

Teachers'  models  targeted  a  wider  grade  level  range  than  anticipated.  The  initial  assumption  was 
that  applications  appropriate  for  use  In  primary  grade  classrooms  would  not  be  found.  In  fact,  several  of 
the  teachers'  models  could  be  viable  In  some  primary  grades.  One  model,  a  television  viewing  habits 
survey,  was  specifically  designed  with  a  second  grade  class  in  mind.  Children  enter  information  and  draw 
conclusions  about  their  daily  and  weekly  use  of  time,  as  well  as  more  long-term  information  such  as  how 
much  TV  they  will  have  watched  by  the  time  they  graduate  from  high  school  if  they  contime  watching 
at  their  current  rate. 

Conclusion 

This  project  involved  experienced  K- 12  teachers  In  mathematical  modeling,  using  variables  and 
functions  In  a  fundamental  and  Intuitive  context,  and  investigating  the  appropriateness  of  spreadsheet 
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modeling  In  mathematics  across  grade  levels.  Visualization  played  a  vital  role  in  the  teachers*  model 
building  and  exploration.  In  particular,  having  one  or  more  graphs  available  on  the  aaroe  display  with  the 
rest  of  the  model  (and  dynamically  linked  to  change  with  every  change  In  the  model)  greatly  enhanced 
the  process  of  making  and  testing  conjectures. 

A  spreadsheet  environment  allows  functions  to  be  defined  recursively  and  Investigated 
dynamically.  Once  a  model  is  set  up,  the  initial  values  can  be  altered  to  investigate  any  number  of  similar 
problems,  transforming  a  problem  from  a  single  instance  into  a  rich  generalization.  Further,  the 
spreadsheet  allows  for  specifying  variables  for  a  function  by  simply  clicking  on  the  cells  containing  the 
needed  quantity.  This  facility  may  prove  beneficial  in  forming  the  often  difficult  concept  of  an  algebraic 
"variable." 

Wagner  and  Kleran  (1989,  p.  231)  suggest  several  identifiable  dimensions  of  algebraic  thinking 
(including,  among  others,  use  of  variables,  understanding  of  functions,  symbol  fadUty/flexibility, 
generalizing,  and  ability  to  formalize  arithmetic  patterns).  Two  of  the  research  questions  posed  by  Wagner 
and  Kleran  in  this  context  are: 

1.  What  kinds  of  thought  processes  are  involved  in  various  algebraic  topics? 

2.  What  kinds  of  thinking  processes  are  required  to  apply  algebra  to  problem  solving? 

The  potential  answers  to  these  two  questions  may  well  be  broadened,  and  perhaps  otherwise  changed,  by 
the  style  of  algebraic  problem  solving,  investigation,  and  visualization  enabled  through  mathematical 
modeling  in  a  well  designed  spreadsheet  environment 
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OUT  OF  THE  CUL-DE-SAC? 
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Summery:  Students  frequently  eonttruct  end  erticuUte  mathematical 
relationships  which  ere  tenereX  within  a  mUroworU  yet  ere 
interpreteole  end  meaningful  only  by  reference  to  the  specific 
computational  setting  —  they  construct  situated  abstractions. 
Additionally,  the  computational  setting  can  he  exploited  ay  the  student 
to  provide  scaffolding  onto  which  they  can  hong  their  developing 
idea,  bi  this  ptper  wt  describe  end  iBtutnU  these  Urn  end  drew  out 
some  implications  for  research  and  development  in'  mathematics 
education. 


For  km  year,  now  wc  have  bean  researching  queattona  in  relation  to  mathematical 
learning  in  the  context  of  computational  mlcroworlda  -  largely  but  not  exduaively 
exploratory  Logo+aeed  environment,  (aae  Hoylm  fc  Norn,  1992  foe  a  eummary  of  our  own 
end  other  reeearch  work  in  thie  field).  During  thie  time,  a  conatant  theme  running 
through  our  work  haa  been  to  try  to  unravel  the  relationship  between  ideaa  which  the 
learnt- bring,  to  a  mathematical  situation,  and  thoee  which  art  expreeeed  m  the  course  of 
computational  activities.  In  fact,  we  see  thie  ae  i  more  general  ieeue:  to  make  sense  of  the 
wayi  in  which  the  elements  of  a  learner1!  mathematical  knowledge  coalesce  into  coherent 
mathematical  ideas  and  concept  We  see  the  computer  aa  much  a  means  of  acceasing  these 
understandings  and  ae  a  way  of  enhancing  them. 

We  have  established  a  framework  within  which  to  interpret  children's  mathematical 
behaviours,  and  it  is  this  which  w*  propose  to  outline  and  elaborate  -  as  far  aa  space  will 
allow  -  in  this  paper.  Our  starting  point  was  a  recognition  that  a  desirable  feature  of 
mathematical  learning  environments  -  and  one  which  can  be  more  readily 
operationaliaed  in  computational  setting  than  elsewhere  -  is  far  pupils  to  be  able  to  wc 
(U)  mathematical  ldeaa  before  they  'understand'  them;  more  ptedeely,  to  layer 
understandings  in  the  course  of  use.  In  particular,  we  suggested  that  by  using 
mathematical  ideaa  in  suitably-designed  environments,  it  is  possible  to  discriminate  (D) 
and  generalise  (G)  these  ideas  -  and  ultimately  to  syntheslse  (S)them  with  existing 
mathematical  understandings  (see  Hoylas  1986,  Noes  It  Hoylea,  1987). 


«    1  nS 


Since  we  suggested  this  model  we  hive  concentrated  our  energies  on  two  specific 
aspects  of  the  problem-  Hm,  we  want  to  derive  a  mechanism  by  which  the  process  U  to  D 
and  V  to  S  actually  occurs;  mat  la,  while  we  have  plenty  of  examples  (and  in  situ 
explanations)  of  students  using  mathematical  Ideas  to  discriminate  their  essential 
components  arid  to  fmieraUM 

these  transitions  between  mathematical  states,  in  order  to  recognise  (and  perhaps, 
encourage)  them  in  more  general  contexts.  Second,  we  would  like  to  better  understand  the 
states  themselves:  what  exactly  do  we  mean  when  we  say  someone  has  'discriminated4  the 
elements  of  a  mathematical  concept,  or  when, we  claim  that  they  have  made  a 
'generalisation'? 

In  our  analysis  of  microworld  interactions  we  have  noticed  two  recurrent 
phenomena:  first;  students  frequently  construct  and  articulate  mathematical  relationships 
which  are  general  within  the  microworld  yet  are  interpretable  and  meaningful  only  by 
reference  to  the  specific  (computational)  setting;  and  second,  the  compuUtional  setting  can 
be  exploited  by  the  student  to  provide  them  with  hooks  onto  which  they  can  hang  their 
developing  ideas.  In  this  paper  we  describe  and  illustrate  these  ideas  and  draw  out  some 
implications  for  research  and  development  in  mathematics  education. 

Situated  abstractions 

We  have  coined  the  phrase  tihultd  tbitrsciion  to  describe  the  first  phenomenon,  in 
which  students  constructively  generate  mathematical  ideas  which  are  articulated  in  terms 
of  the  medium  of  construction.  A  situated  abstraction  Is  powerful  enough  to  entirely 
encapsulate  a  mathematical  relationship,  but,  unlike  its  expression  in  mathematical 
formalieation,  it  is  bound  into  the  setting,  it  is  mediated  by  the  technology1  and  its 
associated  language.  We  will  provide  many  examples  below  in  our  presentation  from 
different  settings. 

It  is  dear  that  an  abstraction  such,  as  this  lacks  universality;  in  particular  it  lacks 
precisely  that  element  of  (apparently)  unmediated  abstraction  which  is  present  in  a 
mathematical  (and  only  a  mathematical)  discourse.  But  what  it  gains  is  that,  within  the 
(computational)  medium  in  which  it  is  expressed,  it  articulates  a  general  relationship 
which  is  structured  by  that  environment  More  importantly  —  from  a  pedagogical  point  of 
view  —  it  is  cenitrudtd  by  a  learner  who  may  have  no  access  to  the  semantics  and  syntax 
of  general  mathematical  language:  it  is  the  computational  environment  itself  which 
affords  the  opportunity  to  build  such  abstractions. 


1  The  aHuatfon  doas  not  have  ta  awoke  sw  coav^.itwrtwaw^\m<to*yx— 

-  who,  smarted  at  school  fa  **  Me  of  pep  and  pea>oaidi,  ttal^  Ilu4 'a  prim  matiear  m  one 

whldi  you  can  only  mka  wt*  a  fens  of  pass1). 
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SaflaMwf 

In  obeerving  children  working  in  microwcrlde,  we  an  argue  loosely  that  the  computer 
•offers'  thn  the  opportunity  to  expreae  themethree  mathematically;  well  and  good.  But 
how?  On  wt  be  hm  pttetot  about  tht  BKduniim  whkh  to  in  oparalkmc  Sob*  white 
.go,  wt  pcopottd  that  th.  metaphor  of  uzffoliixt  might  bt  usefully  applitd  to  to  Bad 
of  phenomenon  (aat  Hoytoe,  1991,  Hoylaa  k  No*  19B7).  Woo*  Brurwr  and  Koaa(1979) 
Nte  to  the  idea  of  acaifotding  at  graduated  asetotanoe  provided  by  e»  adult  wWdtoaare 
futt  «nough  eupport  (and  no  moat)  whan  nttdtd  to  that  a  crild  ctn  voyage  into  hie/her 
tone  of  ftaximd  dtvtbfmnt.  More  generally,  cognitive  psychologists  wocidng  within 
thU  tradition  have  shown  that  Uaming  can  be  facilitated  by  providing  help  in  developing 
an  appropriate  notation  and  conceptual  framework  tor  a  ntw  or  compltx  domain, 
allowing  tht  laamar  to  explore  that  domain  extensively,  than  graduaUy  /stag  that 
•upport.  Uarnar  participation  ia  graduaUy  increased  ~  according  to  the  ntede  and 
teaming  pact  of  the  individual- 

We  would  like  to  extend  the  acaffoldlng  metaphor  into  a  computational  eettang,  and 
in  doing  eo,  it  to  important  to  darify  at  total  three  areaa  to  whkh  »  dlfh»  from  the  kind  of 
prorate  deeaibed  by  Bruner  and  hit  coBeaguaa.  Hrat,  the  Utemtum  on  actlfoMlng  to  mainly 
concerned  with  the  aupport  of  skills,  and  we  would  like  to  apply  it  the  u^mmj 
concrete.  Hue  to  not.  of  course,  atraightforward,  aa  learning  to  do  mathematio  to  hardly 
comparable  to  my,  baaket  weaving.  Second,  the  traditional  view  of  acaffoldlng  to  mat  it  to 
universal;  mat  to,  that  having  voyaged  onto  the  scaffolding  eracttd  in  tht  «oe»  o^xiii* 
development,  the  child  to  aaaumed  to  have  'developed1  in  a  atnm  which  te  iiidtptndent  of 
the  context  In  which  the  learning  tekaa  place,  and  the  medium  in  which  it  te  expressed. 
Our  focua,  comWy,  focuaat  predaely  on  the  strung,  on  me  aymbm  ayttem  wMWnwhto 
the  ideaa  art  txprttstd,  and  mora  particularly,  tht  extent  to  which  the  acaffoldlng 

mechanism  to  domain  contingent.   ^ 

Most  importendy,  by  extending  the  notion  of  icaffolding  to  a  computational  context, 
we  are  taking  in  what  way*  a  computer  might  pUy  the  rote  normally  ssoibed  to  a  human 
tutor.  We  need  to  clarify  this  point  What  are  the  new  poeelbilittot  for  Warning 
environment,  and  new  ways  to  conceptually  mem,  given  the  advent  of  eophlettcated 
computer  technology?  Our  concern  to  centred  on  mathematical  expression: 

.  Can  wt  dttcribt  how  acaffoldlng  operant  withm  computational  envirocuntnte 
which  provide  a  fluid  and  flexible  lupport  system  by  means  of  which  a  child  can  build 
situated  abetracttone? 

.  b  it  poeeible  for  the  computer  environment  to  provide  scaffolding  for  the 
construction  of  situated  abstractions  in  ways  which  an,  under  the  amtrdcftht  learner 
and  which  arise  from  distinctive  features  of  the  computer  environment,  rather  than,  aay, 
by  the  provision  of  a  computer-tutor  embedded  in  the  program? 
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Our  experience  kadi  us  to  believe  that  the  scaffolding  metaphor  Uk*n  toftiker  with 
the  notion  of  situated  abstraction  miy  hm  pottntUl  in  developing  a  coherent  theoretical 
framework  for  understanding  children's  mathamatical  conceptual  development  in 
computer-based  envirorirnents.  For  example,  tht  tranaltion  from  seeing  a  mathamatical 
relationship  between  specific  cases  to  vriti^  it  in  explicit  general  form  U  not 
stmightfocward.  We  have  indications  mat  tht  computer  may  allow  pupils  to  "flag"  what  is 
varying  and  sketch  out  what  might  be  the  significant  features  of  any  reUtionahips  as 
mediated  by  the  eoftware  —  rtlationihips  that  men  can  be  constructed  and  tested  out  We 
have  alto  seen  students  using  tht  computer  as  computational  scaffolding  in  order  to 
sketch  out  partial  solutions  to  mathematical  problems,  to  avoid  having  to  shoulder  the 
cognitive  burden  of  solving  tht  problem  in  Its  entirety  and  to  'add  variables'  at  their 
convenience.  We  have  observed  students  construct  an  approximate  or  visual  solution, 
and  then  —  aware  of  its  limitations  —  use  this  as  a  means  to  generate  a  more  analytic 
strategy.  Most  promisingly,  the  scaffolding  metaphor  may  help  in  conceptualising  child- 
computer  interaction*:  in  particular  fading  —  again,  under  student  control  rather  than  as  a 
decision  (implicit  or  otherwise)  of  the  tutor  —  becomes  a  means  by  which  tht  student 
might  be  encouraged  away  from  medium-specificity,  and  towards  the  abstraction  of 
inathematical  structures  and  reUtkmshipa. 

Rather  than  developing  these  arguments  in  the  abstract  we  now  turn  to  a  geometrical 
example  which  will  servt  to  focus  tht  discussion. 

Aa  Example:  Interacting  with  Cabri  Geometre* 

dec  and  Mush*  (age  14)  were  given  tht  two  flap  shown  in  Figure  1.1  where  one  was  tht 
image  of  tht  other  after  a  reflection  Their  task  was  to  find  the  'mirror  lint'  —  tht  lint  of 
symmetry.  They  did  not  know  the  constructions  necessary,  and  so,  not  unnaturally,  they 
dragged  tht  basic  points*,  playing  within  Cabri  to  try  to  generate  some  clues.  Slowly  the 
activity  became  more  focused  and  they  started  a  little  more  systematically  to  drag  the  first 
flag  about  the  screen,  noticing  tht  effects  on  tht  image.  In  using  tht  medium  in  this  way, 
they  gradually  developed  a  sense  of  whin  the  mirror  must  be  —  until,  after  a  short  while, 
they  could  point  to  its  position  with  certainty.  But  this  intuitive  certainty  in  itself  gave  no 
help  aetotov  to  construct  the  mirror  after  all,  to  do  so  would  require  a  language  and  a 
notation  —  not  necessarily  a  mathematical  one,  but  one  which  would  allow  them  to 
express  their  intuition  by  more  than  simply  pointing  to  the  screen. 


2CiMG*flrt**fcaBudfctemf*oc»^ 
^)Caooutiylnv«^«rdG«)mtiySk«icr^ 

^'■O^frafietufeinCibritaHhkhanykej 
mam  and  mved  stout  tie  soean. 
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Having  developed  this  intuition  Oeo  picked  up  the  mouse,  and  started  to  drag  the 
topmott  and  bottom-moat  points  together  (Figure  1-2).  That's  W  they  both  exclaimed, 
drawing  the  lint  joining  these  interacctiona  with  their  fingers  on  the  screen.  They  went 
further  and  dragged  all  the  equivalent  points  together  and  in  this  way,  actually 
'constructed'  the  required  line  (Fig  13  illustrates  the  process).  They  were  completely 
confident  at  thU  point  mat  they  had  articulated  (not  verbally,  but  within  the  Cabri  system) 
the  mirror  line  to  the  two  flag*  -  that  is  thty  had  constructed  a  situated  abstraction: 

The  miner  line  it  whet  you  set  on  the  screen  if  you  tog  points  tmd  their  mmget 
together 


IMefsymutyimienmO 


Figure  1.1  Figure  1.2  Figure  13 

Now  this  is  a  completely  correct  strategy  for  rinding  a  mirror  line.  The  situated 
abstraction  exactly  expresses  where  it  is,  and  the  method  is  precisely  generaliaable  to  all 
reflections.  On  the  other  hand,  it  is  self-evident  that  it  is  only  meaningful  and  —  perhaps 
most  importantly  — .  constructive  using  the  scaffolding  which  operates  within  this 
particular  computational  environment  In  this  case  (it  is  not  always  so  easy)  Oeo  and 
Muaha  were  able  to  dispense  with  this  particular  scaffold.  Once  they  had  'seen'  where  the 
mirror  line  actually  must  be,  they  were  able  to  surmise  that  thty  could  'fix  it1  by 
constructing  the  midpoints  of  the  lines  Joining  two  pairs  of  equivalent  points 

How  far  do  they  construe  this  as  a  general  strategy  which  can  be  applied  with,  say, 
paper  and  pencil?  Constructing  midpoints  might  appear  on  the  surface  to  be  easily 
'transferable':  but  things  are  not  so  simple.  Paper  and  pencil  construction  would  demand 
compasses  (or,  of  course,  measurement!);  Cabri  necessitates  the  opening  of  the  appropriate 
mtnu  item  and  clicking  on  two  points.  It  is  clear  that  these  actions  are  only  'the  same' 
from  a  very  general  mathematical  perspective  —  one  in  which  th*  role  of  the  midpoint  U 
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already  understood  But  the  difftrtnoti  —  and  therefore,  the  difficulties  of  seeing  the 
mathematical  abstraction  in  tht  situated  one  —  should  not  blind  us  to  tht  fact  that  theft 
axe  similarities  as  well,  the  Cabri  midpoint  is  itself  an  abstraction.  It  wrsps  up  much  of  the 
process  of  construction  into  a  single  action  —  we  are  using  abstraction  here  (confusingly) 
in  its  standard  mathenuttkal/computsr-sdsnce  sense.  The  computer,  lor  example,  'knows* 
what  kinds  of  objects  it  "needs'  for  a  midpoint  —  a  line  segment  or  a  pair  of  points.  So 
some  of  the  mathematicsl  ssatnee  of  the  midpoint  comes  reedy-made,  it  becomes  bom  an 
object  and  a  tool  with  which  to  construct  further  objects.  This  duality  is,  of  course,  at  the 
root  of  mathematical  activity,  and  it  is  precisely  this  duality  which  many  have  considered 
to  be  so  problematic  (see,  lor  example,  the  work  of  Douady,  1991). 

Concluding  Remarks 

Now  that  we  have  begun  to  make  sense  of  our  own  findings  within  the 
scaffolding/situated  abstraction  framework,  we  have  to  admit  mat  we  have  started  to 
notice  them  elsewhere.  As  an  example,  Confrey,  Smith,  Piliero  and  Rizxuti  (1991)  report 
that  they  found  a  keystroke  representation  of  functions  (as  undertaken  on  a  calculator)  to 
be  an  efficient  way  for  students  to  come  to  terms  with  the  operational  character  of  the 
function.  One  can  imagine  how  students  build  up  and  represent  functions  using  the  keys 
of  the  calculator  matched  to  feedback  from  the  display  as  scaffolding  for  their  situated 
abstraction.  This  approach  is  completely  general  and  understandable  —  provided  of  course 
you  are  familiar  with  the  meaning  of  the  keystrokes! 

What  can  we  learn  from  this  and  all  our  own  examples?  In  the  first  place,  we  would 
like  to  draw  attention,  to  the  status  of  a  situated  abstraction,  as  lying  somewhere  on  a 
dimension  between  intuition  and  fully-fledged  mathematical  abstraction.  Consider  the 
two  students  trying  to  find  tht  mirror  lint  with  Cabri  Wt  have  seen  how  they  appeared  to 
be  'certain'  of  where  the  lint  should  be,  but  unable  to  articulate  how  tht  position  should 
be  derived  before  they  experiment  with  the  software.  So  what  do  they  know  initially? 
Where  the  line  should  be,  in  the  sense  that  it  either  looks  right'  or  it  doesn't  What  in 
fact  is  'missing'  is  that  they  are  unable  to  develop  a  mathematical  model  from  their 
intuitive  knowledge:  they  know  when  something  is  a  reflection  and  when  it  is  not  but 
they  are  unable  to  construct  the  mirror  (or  indeed  if  given  tht  mirror  and  tht  object  the 
reflection).  Why?  Because  construction  implies  an  explicit  appreciation  of  the 
reUtionships  mat  have  to  be  respected  within  any  situation,  a  mathematical  model  of  the 
situation  (how  else  do  you  know  what  to  focus  on,  and  what  to  ignore?). 

It  is  here  that  we  gain  some  insight  into  the  scaffolding  role  of  the  computer.  For 
without  tht  computer,  such  a  model  can  only  consist  of  some  formal  mathematical 
material  —  'knowledge'  about  perpendiculars,  equal  length  constructions  etc.  In  Cabri, 
that  knowledge  is  wrapped  up  into  a  computational  model  —  in  this  case,  a  model  of 
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be  made  which  are  $itu*Ud  within  the  existing  model,  expressed  through  'stetements' 
(mouse  dick*,  pieces  of  programs  tic)  which  art  already  expretskm*  of  mathematical 
abstractions.  Here,  by  tht  way,  It  a  criterion  for  trtaWial^  m«  pot^  of  m«m«ma^ 
software  —  tht  extent  to  which  it  manage*  to  encapsulate  or  abstract  a  coherent  and  uaablc 
Mt  of  cccnpuUtkx^y-mediated  tool*. 

Knowing  roughly  when  a  reflection  look*  right  it  a  valuable  intuition  from  which 
c»  be  buttt  a  tituated  nu^ematical  aU 
ewi  of  me  tlory.  How  do  we  interpret  meM  ttu^ 

the  evident  gap  between  mete  mediated  articulation*  and  thoee  mat  tomehow  transcend 
the  medium?  Thie  it  not  to  atraitfttomard  a*^ 

think  of  the  ittue  at  one  in  which  'the  tame*  mathematic*  it  expreeted  in  two  •differenf 
medU?  Such  a  view  presupposes  that  mere  is  *  mathematics  which  encapsulate*  the 
tmnot  of  both  situations.  To  consider  this  issue  in  detail  would  force  into  the  uncharted 
waters  of  philosophy  —  we  would  need  to  consider  Just  exactly  what  the  reUtionship  is 
between  concrete  experience  and  nuuSematical  abstraction.  But  even  from  a  psychological 
point  of  view,  it  should  be  dear  that  while  we  might  want  to  consider  a  mathematical 
tssence  shared  by,  My ,  Cabri  geometry  and  Budidean  gecenetry  in  terms  of  coristructions 
and  theorems,  they  are  certainly  not  the  same  for  the  child. 

We  condude  with  two  further  questions:  first,  if  situated  expr  ^sion  of  inathematical 
relationships  and  formal  mathematical  discourse  are  two  sides  of  the  tame  mathematical 
coin,  we  might  call  into  question  the  gamut  of  research  methodologies  which  insist  on 
identifying  transfer  from  one  to  the  other*.  There  it  (now)  more  man  one  way  of 
appreciating  and  expressing  mathematical  relationships,  even  of  constructing  new 
mathematical  object*.  Perhapt  we  »hould  acknowledge  that  mathematical  abstractions  are 
situated,  all  offer  important  insights,  and  to  broaden  our  view  of  what  counts  at 
mathematical  culture9. 

The  second  point  it  a  partial  converse  of  the  first  Turning  away  from  geometry,  for 
example,  can  algebraic  language  be  viewed  itself  as  a  medium  to  scaffold  students' 
conceptual  development?  m  our  opinion  there  is  no  ontologies!  reason  why  not  -  it  is 
just  that  school  algebra  it  usually  not  regarded  as  a  constructive  language!  We  contend 
that  difference*  are  not  to  much  moM  of  leeiru^  but  tie  more  to  o^ 
at  legitimate  mathematics  (this  issue  is  explored  in  more  depth  in  Host  (in  press)).  The 
challenge  then  becomes  one  of  designing  learning  environments  (Involving  computers  or 


4  Sss,  for  txanvte,  jean  Uvt'»  doqm*  crHkpt  of  «w  transfer  awftodotogy:  U*e  J.  <19»> 
CotniUm  tn  mrtif  Cmbrtdm.  UK:  CUP  ... 
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not)  In  order  that  students  can  txploit  then  as  scaffolding  lor  the  articulation  of  situated 
abstractions.  At  tha  samt  time,  wt  need  to  work  on  tht  specificities  of  compuUtional 
emironments  which  offer  way*  out  of  tht  cuMe-sac  within  which  a  strictly  situated  view 
of  teaming  traps  us. 
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TECHNOLOGY  IN  THE  LEARNING  OF  FUNCTIONS: 
PROCESS  TO  OBJECT? 

Carolyn  Kiaran,  MaiJrtce  Garancon,  Iseiey  lee,  Andrt  Boieau 
DapartemantaeMethSmtliQueaaf 

UnrveraKe  du  Quebec  *  Montreal 


Thfc  study  of  afgsbn  Isarning  In  a  computsr  mwtonnmliimtftivqptatytotmjnol 
ths  cognitlvs  shift  that  to  Involved  to  sxtsnding  a  numsricaf,  procsss-orisntad 
psrspsctrv*  of  function*  and  ths*  rsprssantstions  to  a  forrr^orisntsd,  structural  on*.  By 
rneamotastogl+subWcass+tuQyofal+yav^ 

framVw  to  son/*  probhms  in  ths  functton-bsssd,  probismsoMng,  CARAPACE 
envtwnenf,  Dtf  *f»nerfnof>*fe^ 

w  fosownd  ms  subjacTs  svohing  ********  of  dHfstsnt  fmnto  of  tuncton  md  of  ths 
rom  of  ptnmfrs  of csttato  functions  ovsrths  courssof  l2sssstor*).  Outing**  study. 
mart  was  no  axpfc*  taaching;  rathsr  ths  htsrvsntions  took  ths  form  of  a  structursd 
ssqusncs  of  tasks  accompanisd  by  probing  quastions.  Ws  found  that  ths  subfsct* 
nwisricsispproscrmcontirHri  However, 
hsoktnotb*con**w*notto*poasmgsr*^ 

thst  could  bs  sssodatad  with  ths  Information  hs  was  abls  to  dsrhm  from  othsr 
raprsssntations  of  thsss  functions. 


Thera  Is  a  whole  epectrom  ol  poaaibla  way*  to  ttach  al9^;  nawlh^^,  al  ol  lham  can  ba  roogWy 
divided  into  two  groupa,  according  to  tha  basic  approach  thty  promote: 

a)  tha  mora  tradtttonai  approach  based  on  taaching  atgabraic  techrequea  (auch  as  manipulation  of 
tomajlae.advtngaojiaticma^ 

up  approach  m  which  tSe  unifying  concept  of  function  comas  late  with  no  real  oormection  to  tha 
tachnJouasi 

b)  tha  functional  approach:  Tha  unifying  ooncapt  of  function  la  Wroduoad  at  tia  vary  baginning  and 
al  algebra  is  than  fault  up  from  1 

On  the  face  of  it,  twssoond  approach  to 

mora  maanlngful.  Indaad,  many  teechara.  fcirrie^ 

educational  advantagaa  of  this  approach  for  granlad.  However,  now  empirical  findings  (e.g., 
Unchevski  A  Sfard,  1991;  Moachtovfch,  Schoanfaht  A  Arcavl.  in  praaa)  show  that  tha  functional 
approach,  if  adopted  from  tha  vary  beginning,  may  be  quite  dWfteu*  tor  the  atudan*.  This  ftndlnggata 
Ks  support  and  explanation  from  the  freahly  davefoped  theory  **  ptooaas-oeject  duality  of 
mathematical  thmking«or  theory  of  reHfeation  (Sfard.  1901;  Sfard  A  UnchsvsW,  m  press)  which 
implies  that  naw  mathamaticd  objactt,  auch  at  functions,  are  not  reedtiy  aooaaafcla  to  students  and 
may  not  be  waH  undarstood  unW  tha  underlying  mathamatlcal  procoeass  have  been  learned  and 
inteftorfzed. 

The  functional  approach  to  algebra  may  now  become  much  more  faaalbla,  thanks  the  Increasing 
acceaefctlty  of  compuUx-gentratad  graphical  repreeentationa.  As  has  been  pointed  oU tbyi many 
reeaarchers  (e.g.,  Dreyfua.  1991)  visual  meant  may  have  beneficial  effects  on  metr*ameeca!  thinking, 
One  possible  explanation  for  this  phenomenon  Is  that  vwuelzetton  Is  coraWared  to  faoNlate  the 
aoquartion  of  structural  conoaptiona.  Thanks  to  naw  tachncnoglcal  msana,  graphical  lepreaantationa 
may  now  be  ueed  and  anafyxad  avtn  bafora  atgabrafc  tymbceam  has  baan  introduced. 
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The  aim  of  the  sfc  dy  reported  in  this  paper  wm  to  explore  the  feaafctty  ol  trtanctog  a  functional, 
proceee-oriented  approach  to  an  obfect-onsnted  ona  whan  I  la  supported  by  t»  Intensive  uao  of 
graphical  rapraaanUSona.  By  means  of  a  st^gfe-subject  case-study  of  a  14-ye»-oM  who  bad  already 
•pant  20  hours  learning  to  solva  probteme  in  a  function-based.  problem-eoMng.  computar 
errvlrofiment  (Garancc\  Weran.  *  Boiaau,  1903),  but  who  had  not  yat  baan  introduced  to  traditional 
alo^brafc  inar^Uatkm.  wa  folowad  «ia  aubjad 

and  of  the  role  of  parameters  of  certain  functions.  During  tha  study,  there  waa  no  expacit  teaching; 
rathar  the  interventions  took  Via  form  of  a  atnjcturad  sequence  of  tasks  acoornpanted  by  probing 
questions.  Our  objective  waa  thus  not  only  to  saa  how  ahactiva  tr^  ssquacica  w<)uW  ba  In  hs^ 
ouf  sublet  to  davaiop  object-oriented  eonoaptlona  of  functions,  but  also  to  uncovar  aoma  of  tha 
cognitive  procaaaaa  Involved  in  acquting  ftese  conception* 

Thaofstical  Fremeworfc 

Tha  historiceH»ychological  analysis  of  afferent  mathamatfeai  detinfcione  and  rsprecentatlons  shows 
that  abstract  notions  such  aa  numbar  and  function  can  ba  conceived  in  two  fundamantaly  dHfarsnt 
ways:  structurally  (as  objecte)  or  oparationatty  (as  procaaaaa).  Tha  two  approaches  ara 
contrasted  in  tha  loeowing  way: 

Thara  is  a  daap  ontotogical  gap  batwaan  operational  and  stnjcturai  conception*  ...  Seeing  a 
mathamatical  entity  as  an  object  means  baing  capabtoc^rafarringtoit  aa«)twasarsa)trNng-a 
static  structure,  existing  somswhara  in  spacs  and  time.  It  aiao  maana  basig  abla  to  racogniza 
the  kfca'at  a  glance'  and  to  manipuiata  it  as  a  whois,  without  going  Wo  oatais. ...  in  contrast, 
^htarpratlng  a  notion  as  a  procass  impaas  regard**  It  aa  a  potential  rathar  than  actual  antity, 
which  comas  into  existence  upon  raqusst  in  a  sequence  of  actions.  Thus,  whereas  tha 
structural  conception  is  static  instantaneous,  and  integrative,  tha  operational  is  dynamic, 
sequential,  and  (totaled.  (SJard.  1901.  p.  4) 

Tha  process-oriented  approach,  as  wa  envisage  ft  within  the  context  of  teaching  algebra  from  a 
functions  perspective,  involves  essentially  using  a  point-wise  lens  to  view  graphs  and  their  related 
representations.  With  this  approach  studen*  work  with  varfebfc*  and  operate  on  numbers,  replacing 
the  variebiee  by  efferent  numbers  Numerics*  csicuujtim  are  an  This 
tin  contrast  vrfh  an  objed<>n*rfted 

variables  and  the*  expressions  (not  necessarty  using  standard  aJgabrate  aymbesam).  Hera,  the  form  of 
the  lunctionai  expressions  is  a  key  consklaratioa  in  a  proceea-orientod  approach.  tr»  focus  is  on  x-y 
or  Jnptf-output  pair*  which  are  ueod  to  g^ 

gokig,  in  genera),  from  a  non-graphical  representation^  a  graphical  one.  Graphical  interpretatione 
tend  to  ba  local;  even  K  global  interpretations  are  requested,  they  tend  to  ba  Justified  in  terms  of 
process-baaed  explanations. 

Tha  process-oriented  approach  is  embedded  in  the  CARAPACE  computar  environment  (Boiaau  & 
Garancon.  1001;  Bofteeu.  War  an,  &  Garancon.  1903).  CARAPACE  is  a  piece  of  software  that  was 
designed  to  foster  a  functional  approach  to  problem  solving  (Kieran.  Bossau,  *  Garancon,  1903).  It 
Involves  stiJdent-conetnjctod  translation  of  problem  actuations  Into  generaized  statements  (program 
algorithms)  consisting  of  sequences  of  elgrtficantry-named  variables  and  operations.  Tha  triaJ-and- 
anor  gueeess  subsequently  generated  by  the  student  in  attempting  to  aorve  a  probtem  reletad  to  the 
functional  aMuation  are  recorded  in  the  form  of  input-output  pairs  In  both  tables  and  graphs.  Tha 
resulting  points  of  tie  Cartesian  graph  can  be  shifted  dynamicafty  by  moucs-oontered  actions  on  the 
axea  of  the  graph.  WKh  this  approach.  conekJerable  emphasis  Is  piston  the  undent  prooaee  by 
which  additional  Input-output  pairs  ara  generated  and  on  tr»  conoopondtog  proporttos  of  the  sets  of 
points  representing  particuter  functional  relationships,  in  both  tabular  and  graphical  representations. 
One  of  the  pedagogical  decisions,  of  the  CARAPACE  team  has  taken  tha  form  of  extending  the 
process-oriented  approach  to  include  an  object-oriented  approach.  Thus,  the  process-oriented 


115  « 


VokMiwI 


approach  axpanded  to  integrate  both  toe  grapNng  ol  Mlt  of  poMt  cm  b«  mack  to  appMr 
continuous  and  also  the  Into  between  tie*  ahapa  and  t)a  corraapondtog  notational  and  tabular 
representations.  TNt  isade  eveotualy  to  a  etudy  of  tha  roia  of  funcaonai  parameters  and  tha  vartout 
waya  in  which  thay  can  ba  repreeented  and  manipulated  in  thia  ah*  to  an  objoct^oriantad  appfoaoh.  a 
airy  tens  la  uaad  to  view  graphs  and  their  rilatid  repreoentaaons.  The  focus  is  on  lha  global  aapacta 
of  grapha  and  that  Werpretalton.  Students  examine  classes  of  functiona  and  tha  hay  faaturaa  that 
account  for  tha  variation  among  mambara  of  a  class.  In  othar  words,  tia  rote  of  parameters  on  tha 
ahapa  and  propertlee  of  tha  graph.  Tha  kay  iaaua  hart,  and  for  thia  study,  is  tha  natura  of  tha 
cognitiva  shift  that  is  mvofvsd  in  axtanding  a  numaricaJ,  procaas-oriantad  perspective  to  a  form- 
oriented,  structural  ona. 


Thia  study  fa  part  of  a  long-term  raaaarch  program  on  tha  davalopmant  and  usa  of  tha  computer 
environment,  CARAPACE,  as  a  toot  for  introducing  cartain  concaptuat  aspect*  of  algebra.  Soma  of 
our  past  studias  hava  focusad  on:  a)  tha  procaasaa  urad  in  generating  functional  algorithmic 
rapraaantatione  (KJaran.  Boaaau,  &  Garancon.  1969);  b)  tha  kinds  of  stratagiaa  students  adopt  in 
reading  and  using  tabular  representations  (Kieran.  Garancon.  Boaaau,  &  Pefetier,  1986);  c)  the 
processes  used  in  sotvfng  problems  once  the  procedural  representation  has  be«  generated  (Weran. 
Boileau.  &  Garancon.  1992);  d)  the  beginnings  of  a  transition  to  algebraic  eymboMem  (Garancon. 
Keren,  &  Boileau.  1990;  Luckow,  1993);  and  a)  the  strategies  students  usa  In  producing,  Interpreting, 
and  modKytog  grapha  of  functional  attuatione  (Garancon,  Kieran,  1  Boaaau,  1993). 

Tha  study  reported  in  thia  paper  ia  one  that  involved  a  14-year-old  student,  whom  we  ahaft  cal  Km. 
who  was  to  the  eighth  grade.  Ha  marks  in  rriaftematcs  ware  above  t»  daes  average  He  was  one  of 
our  subjects  to  tha  previous  years  study  during  which  time  he  was  Wro^ 
CAFIAPACE  environment  and  to  the  use  of  Cartesian  grapha  aa  a  toot  for  iocating  the  solution  interval 
for  certain  typee  of  word  problems.  A  brief  overview  of  Kim's  probtsm-soMng  approaches  at  tie  outset 
ofthia  study  is  as  fosows.  When  Kim  was  presented  with  a  problem  (eee  figure  la),  he  uauaty  earned 
out  a  numerical  trial  to  order  to  help  darffy  tha  problem  equation  (aee  Figure  lb).  From  thia.  he 
generated  a  program  algorithm  (see  figure  1c)  and  then  went  to  the  table  of  vaiuee  to  both  retry  his 
paper-and-pendl  vatoe  and  enter  a  few  addHtonal  ones.  Then,  he  genarety  examined  the  graphical 
representation  and  often  uaad  thia  to  find  the  problem  solution  (aee  figure  Id).  (Note  that  tha 
headers  of  tha  CARAPACE  screen  shown  to  these  figures,  as  weft  e%  the  program  excerpte.  are  to 
French  because  the  study  was  carried  out  to  that  language;  alt  problem  oueetione  and  protocol 
excerpts  have,  however,  been  tranetated  for  thia  paper.) 

We  conducted  12  one-hour  sessions  wtth  Kkn  during  the  winter  term  of  the  1992-1993  echoot  year, 
usually  at  a  pace  of  two  sessions  per  week,  to  each  session,  tha  interviewer  presented  Kkn  with 
functional  ertuatione-ee  opposed  to  problems  to  be  sotved-which  he  was  to  represent  to  the 
CARAPACE  computer  environment  with  three  afferent  representations:  program  algorlthrne.  tables  of 
vatoaa.  and  Cartesian  grapha.  AM  eeeeiona  ware  video-taped  and  transcribed;  tha  computer  work  was 
recorded  to  dribble  fees. 

The  first  flveanaiona,  which  Included  a  prateet.  focused  on  Mnearfunciona.  The  next  seven  sessions 
were  devoted  to  quadratic  functiona  (problem  situations  dealing  win  area,  ticket  safes,  stopping 
distance  of  a  car,  throwing  a  beJ.  *.)  and  the  cornparieoo  of  o^acVaec  and  fcieer  function  to  vartoue 
representattona.  aa  wei  aa  a  poetteet  (Note  that  we  had  origtoeJy  Wended  to  include  sxponenial 
functions  to  the  study,  but  changed  our  mtoda  whan  we  reaJbed  that  moat  of  our  exponential  situations 
would  involve  the  use  of  percentages,  a  conceptual  area  that  to  an  eerier  study,  was  found  to  be  a 
difficult  one  for  many  atudanta  of  tea  grade  level.) 
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dl^i  I^^^Li^P^'^ 10  »"  »  *»,rl,ed  by  It*  totowtag  thraa 
axamptea.  Tha  first  axampla  coma*  from  SaaatonS: 

ZSHTeSl!  y^!1*?  *«*•"•  *  •«  «on»  monay  durhg  tha  aummar  by  painting 
E**?2*«,l*2r«10  ThayaraohavatTxadcoalawr^^dia™ 

1.  m«aproj^^iw«c*^wh«««holtt»*udinl»c«««a 

2.  Art  fcx  a  graph  from  0k>4  hour*  of  work  utkn  a  Hap  aba  dl 

3.  Daacrtowhalyouaaahtiataftlaotvajuaa. 
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Li^^f'^l^^T'  J?  P**"'  «^*W*10.n  hour,  but  Ml  fttad 
coataara»12.  Pratt*  what  tha graph ot  thto  aajdartt  rx>aat>ta  w  ^  w«iook  Ika. 


9 

ER[C 


117  94 


Volume  1 


figure  2  presents  the  last  version  of  Kim's  program  and  alio  the  graph  of  this  program  for  integral 
values  of  the  input  variable  from  0  to  4. 
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Figure  2 


The  second  example  concerns  the  following  problem  situation  taken  from  Session  7:  The  length  of  a 
rectangular  fieM  is  eight  meters  more  trwi  the  *Wth.  Write  a  program  which  can  cataiale  the  perimeter 
and  the  area  of  the  field."  Kkn  wrote  the  progrem  ehown  in  Figure  3. 
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Figure  3 


Figure  4 


After  Kim  had  written  the  program  presented  In  Rgure  3,  Session  7  proceeded  as  Wows  (I  is  tor  the 
Interviewer;  K  is  tor- Kim): 

I:   Whet  do  you  expect  the  graph  to  took  Ike  for  the  two  of  them? 

K:  Thty  w*  be  a  IttJe  curved  and  they     go  up. 

t:   Would  you  do  a  Me  drawing  to  show  me  (eee  Figure  4). 

i:   OK.  Now  do  the  graph  on  the  computer. 
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E:J£?KSK5)\^  Th*3r<*niino< curvt  at th«n^.  (The  reader wi  not* that 

fc  Vvr*Undofcurveis*? 

K:  fttonotacuvt;r$jutf  atirtfcNIne. 

fc   Do  you  riw  any  idea  why? 

j^«^becaueeatO*wc^  There  is  always  a 

]^J^^m^^^v^^^^^^^im9BgunB).  Now  tef  ma  about  tie 
penmetor. 

!!:lg^!^!!!,bv4-  ™#tT^*^^OTimatHftmii^ti^^ 

arva  m  me  «Mf  Qfy. 

I:   What make* that cnecurve? 

t:  OK,aiKllhatabte()fvakiM,whatmakasthadNfaranoa? 

K:  HscefromW  to  20,  there's  11.  Than  from  20  to  33.  it's  13;  than  15,  than  17,  and  won. 
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AthWaxamplaolthakkxted^  10: 

Entar  tha  following  program:    3  *  xojyee.  • 
x*xpjyjgo 

where  x  it  an  input  and  a  and  bars  outputs.  Predict  th*  graphs.  (Attar  saaing  tha  graphs), 
explain  why  tha  graphs  tra  the  way  they  are  in  terms  of  the  program.  And  it  we  change  the  3  ki 
3 #  x  to  -3,  how  would  tha  graph  look?  And  to  on. 

Findings 

JTSf 1        ,indk>fl  01  *•*  *•  PtfsWant  development  of  Kim's  numarical  approaches 

for  dealing  with  tasks  Involving  various  rapraaantatlons  of  functions.  One  characteristic  of  Kim's 
rwmarteaJ  re^ceMnets  was  Wustratad  m  tha  pravtousfysaan  sxcerpt  from  Session  7  when  we 
notadhow  Kim  used  a  table  of  values  to  explain  why  one  of  tha  grapha  was  Inear  and  tha  other  was 
noMn  terma  of  a  constant  oWaranoa  from  orw  output  vakje  to  trie  rtextver^ 

Durir^suoceeefVe  sessions,  Mm  was  aeked  a  variety  of  qoestione  that  ootid  have  been  answered  by 
referring  to  the  form  of  the  program,  but  never  ware.  Hie  justifications  wera  stways  riumencsl.  For 
axampla  in  Session  10,  hs  was  asked  to  generate  a  program  which  had  a  ma  lor  ita  graph.  He  thought 
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of  a  staple  co«Ttext  (•  helum-fltod  baSoon  rising  titrated  2  rnetersrsecond,  which  ht  rerrismbered 
from  the  previous  session)  which  hi  expressed  with  the  program  mm  *  2  gjyji  ft*  Hs  was  then  ssksd 
to  generate  a  program  whose  graph  would  not  pass  through  ttw  origin;  this  tod  to  *m  *  2  + 1  pjyjirV 
Thirdly,  ha  was  asked  to  gsnsrata  ona  which  cembed  faster  (to  use  his  vocabulary),  to  which  ha 
produced  "m  *  5  +  1  gives  f»l*  When  asked  to  explain  why  this  would  cfcnb  faster,  he  rooted: 
-Because  here  if  you  put  1  Cnm' 2)1  grvss^sixJrm 

In  the  next  question  of  Session  10,  Kim  was  asked  to  write  a  program  which  would  produce  a  curve  for 
Ks  graph.  He  thought  of  a  contort  and  mentety  substituted  e  few  values  (0, 1, 2)  to  see  M  they  resulted 
inanonconstantcWsrsncaforsuccassrvapa^  He  showed  no  sign  of  being  swars 

oi  end  being  abia  to  rely  upon  specific  toons,  such  e*    (or  x  *  x) .  When  he  flnaty  generated  by  triel- 
and-error  a  program  that  yielded  the  curve  shown  in        7,  he  wa*  askad  ih^ 
go  in  the  other  direction.  Again,  he  retorted  to  trial- end-error  numeric*  verlfteaeone 
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Figure  7 
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Figure  • 


If 


In  Session  1 1,  ha  was  asked  to  enter  the  program  *3(x  +  5)  gives  **  and  to  try  to  create  another 
program  without  parentheses  that  would  give  the  sams  graph.  Ha  thought  for  a  whea  and  then  began 
to  wrto  down  a  tab*  of  vetoes  (see  Rgure  S).  He  catoUated  the  dmerences  and  thus  was  attatoccme 
upwtthtbe  program  '15  ♦  x*3pjyjafc'  When  asked  by  tie  Interviewer  I  he  could  go  dkectry  from 
•3(x  +  5)*  to  *i  5  +  x  *  3.'  he  said  he  could  not.  This  example  suggests  quits  dramattcefty  that 
students  who  have  not  yet  Isamed  to  cany  out  some  basic  symbol  manipUalion  might  be  hampered  in 
their  explorations  of  •Kernels  forms  of  expressions  and  In  their  attempts  to  generate  equivalent 
relations. 

One  of  the  o^estk>ns  of  the  last  session  wm 

on  if  ha  ware  not  permitted  to  rety  upon  his  numerical  approaches.  It  involved  a  sat  of  11  program 
sxcerpte  (e.g..  x'x  *105gjyftiy)  and  for  each  one  Wm  was  asked  to  state,  •without  doing  any 
cateuUtione  In  his  heed*,  which  ones  would  have  a  graph  that  terms  a  foe  and  which  would  have  a 
graph  that  forms  a  curve.  For  al  of  those  expressions  having  mora  than  one  occurrence  of  x.  Kim 
responded  that  they  would  produce  a  curve.  Tbut,  over  the  course  of  the  study,  he  had  not  become 
aware  of  the  crude!  dHferancas  between,  lor  example,  x' xand  x+ x,  with  respect  to  their  graphs. 
When  asked  to  draw  a  rough  sketch  of  the  graphs  of  tisee  progrs^,  he  graphed  x  +  xtost  sens  had 
graphed  x *  x;  In  add-on,  ha  stated  that  ha  hadrtoldMrtowtodotiap^phof  x*  x- 106. 

In  s  sub— quent  qu— ton  esttng  him  to  wrtta  s  program  fret  would  eeicuteto  the  ores  of  a  square  when 
the  length  of  the  side  is  suppled  end  to  predct  the  graph  that  would  result,  he  draw  a  heH -parabola  but 
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with  the  concavtty  inversed.  After  viewing  she  compder-oenerated  graph  of  hit  function,  he  was 
asked  to  mooWy  tha  program  to  that  the  graph  wouW  p^i>oooh^  point  (0, 10)  in^**jo(thfoo^i 
the  origin.  Ha  raftad oooa  more on  numerical  trtaJ-and-error,  nd  raafefcg  that  tha  eimpia  addmon  of  10 
to  *•*  would  do  ttw |ob.  Evan  though  there  had  baan  aavaral  Indirect  ettempts  to  focus  his 
attention  on  the  torn  rftheaasstton4dso^ 

ttwrotoofthstwoparamstsfsaandc  (Note  that  tan  had  bssn  no  ttent  on  our  part  to  teajdtJn 
this  study  any  sxpfc*  focusing  on  ths  rofedthspsnaiisterbtiy.a^+fer+c) 

A  rotated  ieauoie  the  quaettandwtw^ 

orwhsthsrha  waa  arways  rsrying  on  rturnerfc*  testing.  Ona  of  tha  posttost  tasks,  on  ths  grouping  of 
cc«rtsxtualzadfurK*or*sto^^ 

same  type.  Ihatia.of  thaay^btypa  w^onrythassndb  vanad.  Ha  dassHtod  Nnoorty  decreasing 
functions  as  belonging  to  a  diflarant  o^)up  from  tha  Ir^kKraa^turctiona 


So  what  dWI  Wm  team? 

1.  Ha  learned  how  to  raad  a  tabto  of  values  and  to  decide  which  on**  did  not  represent  linear 
situations  dua  to  tha  nonconstsnt  drHerencee.  In  ths  prstast.  ha  had  no  global  strstaglss  for  reeding 
tabtoa;  ha  had  to  cafcutst*  input-output  vatuee  in  to  d*^  K  a  tW?W  of  vaiim  mitch^l  or  dW  no< 
match  a  oartsJn  program. 

2.  Ha  teamed  to  raad  s  graph  and  to  decide  H  it  coneeponded  globaly  to  a  program  by  looting  at 
vertical  ottancee  to  eee  tf  they  wsrs  tha  sams  or  changing,  in  tha  prstast,  ha  had  to  uss  coordinatos 
of  points  subatitutad  Into  tttaprogrsm  algorithm  to  sss* 

3.  Ha  learned  to  pradfct  tha  ehapa  of  tha  graph  from  s  progrsm  by  carrying  out  mantaJ  calculations 
Invofvfng,  usuaty,  thraa  valuas. 

4.  He  leerTwxl  to  trarMe  certain  tabieedvakiee  into  foeer  programs. 
VwiatdUKknnotlsam? 

1.  Ha  did  not  loam  to  abstract  from  s  graphical  reprceentation  tha  poeeibfe  ganarat  forms  of  ths 
programs  that  could  hava  produosd  R. 

2.  Ha  cldndlaarn  tha  rc4a  of  tha  paramatars  tor  sir^ 

Kim  daarly  evolved  In  his  global  approachas  to  Intarprating  functions!  situations  and  their 
raprasantattona.  Howavar,  ha  dW  not  raach  tha  tevote  of  concaphiaization  that  wa  r^  atnpadad  ha 
mightattsm.  In  tarma  of  tha  procsss-objed  distinctions  that  wsrs  dsscrtbsd  bristly  In  tha  aarty  part  of 
this  papar,  Kim  had,  at  lha  outsat  of  thia  year*  atudy,  a  Mod  of  tjnowretanding  of  functional  probism 
aoMng  that  could  ba  char aotanzad  as  prooeeSK)nsntsd.  Thia  knowledge  bacams  mora  refined  ovar 
thaoourssof  tha  atucV  to  mat  ha  Issmsd  to  rsad  tha  t^ 

way  aa  to  axtract  information  of  a  mora  global  natura  from  tham.  Navart.alsai,  his  awaransss  of  ths 
formofsnrtsttonaJalonrlthmte 

or  diacuaa  tha  roto  of  tha  parsmstars  drectry  In  run-numerical  torms.  Ona  of  tha  major  issuss  bars  is 
tha  rola  of  symbol  manipulation.  Kim  had  not  yst  Isamad  to  simplify  aJgabraic  expressions  to  s 
csnontosJIorm.  The  enacted  such pifcf  ksowfedga not onryonthadawjlopmantof Kim^awsrsnsss 
of  tha  notattonat  forms  of  venous  faroJsss  of  functions  but  also  on  his  initial  approaches  to  rspfsssnUng 
functions  In  a  proceoursValgorltrvT*:  mannsr  migN  hsvs  bsan  such  sa  to  prcduca  raauto 
dflerent  from  ttoee  fiat  took  ptaca. 

In  a  racsnt  aludy  InvoMng  an  object-oriented  approach  to  tha  teaching  d  grapha  with  eubjecte  who 
had  al  had  soma  prior  fnatructton  In  symbol  manipulation,  Moschkovich.  SchoenleW,  and  Arcavi  (In 
prsss)  found  that  •coming  to  grips  with  tha  object  perspective  takes  time"  (p.  25).  In  that  regard,  tha 
study  dsscrtoed  In  thia  papar  waa  no  exception.  We  found  that  certain  basic  facets  of  an  object 
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conceptualization  of  functions,  such  as  ths  forms  of  t amiss  of  functions  and  tha  rait  of  parametsrs, 
can  take  considerably  longer  to  develop  in  their  a  volution  from  a  procatt  to  an  object 
conceptualization  than  one  might  expect.  This  study  thus  provides  further  evidence  in  support  of 
Sfard's  (1991)  daim  that  an  object  conoaptuafizaaon  comes  neither  eesiy  nor  qufctty. 
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Modeling    Using  Geometry-Based 
Computer  Technology 


Jean-Marie  Laborde 
Grenoble  University 


Abstract 

In  the  recent  past  it  has  been  pointed  out  frequently  that 
modeling  is  an  important  issue  in  the  formation  and  appropriation  of 
scientific  knowledge.  Here  we  will  focus  on  the  central  role  of  basic 
and  more  advanced  geometry  knowledge  for  general  scientific* 
modeling. 

We  will  show  how  software,  based  on  new  computer  hardware 
and  software  technology,  such  as  Cabri-geometre'  or  Geometer's 
Sketchpad,  can  be  used  as  a  tool  to  practice  modeling.  The 
presentation  will  be  illustrated  with  examples  taken  from  maths 
(perspective  drawing,  space  geometry,  function  graphing  in  polar  and 
Cartesian  coordinates,  regression  and  least  square  approximation), 
mechanics  (statics,  composition  of  forces),  optics  (reflected  images  in 
ordinary  and  spherical  mirrors,  refraction,  theory  of  the  rainbow), 
physics  (field  theory,  gravity,  electricity),  and  astronomy  (seasons, 
moon  phases). 
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APPROACHING  INFINITY:  A  VIEW  FROM  COGNITIVE  PSYCHOLOGY 

Rafael  m*tz  E. 

Department  of  Psychology.  University  of  Fribourg,  Switzerland* 
Institute  of  Cognitive  Studies.  University  of  Culiforni*  at  Berkeley 


tn  spite  of  the  important  role  that  infinity  has  played  in  almost  every  branch  of  human 
knowledge,  cognitive  psychology  hasn't  studied  this  concept  deeply  enough.  We  believe 
that  different  concepts  of  infinity,  associated  with  different  qualities  and  features,  make 
active  different  cognitive  processes.  Some  intuitive  aspects  related  to  infinity  in  plane 
geometry  were  studied  by  means  of  certain  situations  based  on  a  theoretical  classification. 
The  population  consisted  of  subjects  aged  8,  10,  12  and  U  years  (n-172).  Results  show  that 
for  some  cases  older  subjects  were  better  equipped  to  deal  with,  whereas  for  other  cases 
(related  to  convergence)  they  had  more  problems  than  the  younger  subjects.  Some 
differences  concerning  intellectual  performance  were  found,  mainly  for  the  groups  of  10 
and  12  years. 

The  tamous  mathematician  David  Hiibert  stated:  The  infinite!.  No  other  question 
has  ever  moved  so  profoundly  the  spirit  of  man;  no  other  idea  has  so  fruitfully 
stimulated  his  intellect;  yet  not  other  concept  stands  in  greater  need  of  clarification  than 
that  of  the  iiulnite..."  (cited  in  Maor,  1987,  p.  vii).  Nearly  50  years  after  Hubert's  death, 
what  has  been  done  in  the  disciplines  that  study  knowledge,  cognition  and  education  to 
respond  to  this  important  challenge? 

Throughout  history  the  controversial  and  elusive  concept  of  infinity  has  played  an 
Important  role  in  almost  every  branch  of  human  knowledge.  In  mathematics  Its  study 
has  presented  many  difficulties  and  in  mathematics  education,  it  is  widely  known  that 
students  face  many  problems  when  they  study  notions  related  to  infinity.  Such  an 
important  and  particular  concept  of  human  mental  activity  should  be  an  interesting 
subject  for  cognitive  psychology.  Paradoxically,  none  of  the  different  theoretical 
approaches  in  cognitive  psychology  has  studied  this  concept  enough  (Fischbein  et  al.  1979; 
Nunez,  in  press).  In  order  to  overcome  this  situation  we  suggest  to  consider  the  cognitive 
activity  that  infinity  in  mathematics  requires  as  an  independent  scientific  object,  as  many 
others  are  (e.g.,  ratio  and  proportion,  functions,  recursion  and  programming).  This  could 
help  us  to  build  a  theoretical  corpus  that  permits  the  creation  of  new  concepts  for  a  better 
discrimination  and  explanation  of  the  phenomena  that  now  aren't  well  identified.  We 
believe  that  different  qualities  and  features  associated  with  endless  iterations  and  with 
other  concepts  related  to  infinity,  make  active  different  cognitive  processes,  and  because 
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of  this  they  should  be  studied  systematically.  According  to  this  idea,  we  have  conceived  a 
classification  of  "different"  infinities. 

Classifying  infinities  from  a  cognitive  viewpoint 

The  following  classification  supposes  that,  from  t  cognitive  point  of  view,  at  the 
very  base  of  the  notion  of  infinity  lies  the  operation  of  iteration.  It  has  been  conceived  to 
study  naive  approaches  and  intuitive  psycho-cognitive  aspects  of  the  concept  of  infinity 
as  pure  as  possible  (i.e.,  trying  to  isolate  the  mathematical  training).  By  intuition  we 
understand  "direct,  global,  self-evident  forms  of  knowledge"  (Fischbein  et  al,  1979,  p.  5). 
For  this  reason  we  have  focused  our  study  on  the  domain  of  plane  geometry,  in  which  it 
is  possible  to  ask  children  about  number  and  sizes  of  figures  without  recalling  specific 
school-learned  knowledge  or  technical  notions.  The  cases  of  the  classification  are 
conceived  as  different  types  of  transformations  applied  to  plane  figures  (e.g.,  polygons).  In 
order  to  simplify  and  to  make  operational  our  approach,  we  assumed  that  a  plane  figure 
can  be  transformed  (its  attributes  being  operated  iteratively)  in  terms  of  number 
(cardinality  (#)),  and/or  in  space  ((S);  vertically  and/or  horizontally,  being  enlarged  (D)  or 
diminished  (Q).  Thus,  this  classification  intends  to  differentiate  the  following  aspects 
related  to  infinity. 

The  first  aspect  considered  is  the  Type  of  infinity  ("big"  or  "small"  infinities).  That 
is,  whether  it  is  conceived  after  a  divergent  (T(D))  or  convergent  (T(c>)  operation  of 
iteration.  From  a  developmental  point  of  view,  important  evidence  shows  that  the  idea 
of  convergence  is  mastered  and  understood  much  later  than  that  of  divergence  (Piaget  & 
Inhelder,  1948;  Langford,  1974;  Taback,  1975).  Moreover,  the  study  of  the  history  of  the 
concept  of  infinity  in  mathematics  reveals  a  similar  tendency  (Nunez,  in  press).  The 
second  aspect  is  the  Nature  of  the  content  of  the  operation  of  iteration  (ir.finite  quantities 
or  infinite  big  or  small  spaces).  That  is,  whether  the  content  is  cardinal  (N(t>)  or  spatial 
(N(s>).  We  believe  that  a  distinction  between  a  cardinal  content  and  a  spatial  content 
should  be  made,  especially  when  talking  about  infinity.  We  share  the  opinion  of  D.  Tall 
who  says  "cardinal  infinity  is  ...  only  one  of  a  choice  of  possible  extensions  of  the  number 
concept  case.  It  is  therefore  inappropriate  to  judge  the  'correctness.1  of  intuitions  of 
infinity  within  a  cardinal  framework  alone,  especially  those  intuitions  which  relate  to 
measurement  rather  than  one-one  correspondence"  (Tall,  1980,  p.  271).  The  third  aspect  is 
the  Coordination  of  type  &  nature  (T<d>N<#>;  T(p>N(s>;  T(c>N<s>).  If  we  consider  that 
there  are  two  attributes  iterated  simultaneously,  this  is  another  aspect  to  be  studied.  In 
our  opinion,  what  is  interesting  is  not  only  to  observe  how  many  attributes  should  be 
coordinated  in  a  given  situation,  but  to  observe  what  are  the  attributes  of  these  elements. 

These  different  qualities  of  the  operations  related  to  infinity  could  be  represented 
in  a  3-dimensional  space  (Nunez,  1991),  a  space  of  transformations  (Figure  1),  where  axes 
are  each  of  the  most  simple  qualities  that  an  attribute  infinitely  iterated  may  have 
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(T(D)N(#);T(D)N(S);  T(c>N(S)).  Points  in  the  space  are  each  of  the  combinations  of 
coordinations  that  hypotheticaUy  make  active  different  processes  from  a  cognitive  point 
of  view.  We  believe  that  such  a  model  facilitates  the  conception  and  the 
operationalization  of  our  hypotheses.  For  instance,  among  other  hypotheses  we  could 
mention  that,  in  general  the  closer  one  gets  to  the  origin  (no  transformation),  the  easier 
to  deal  with  the  transformation;  that  situations  on  axis  T(c>N($)  are  more  difficult  than 
those  on  axis  T(D)N($)  (due  to  the  differences  of  difficulty  levels  between  divergence  and 
convergence  mentioned  above);  that  situations  related  to  infinity  represented  by  points 
on  plane  C  are  much  more  difficult  to  deal  with,  than  those  on  A  or  B  (because  there  is  a 
coordination  of  qualities  different  in  type  and  nature,  which  demands  an  activity  of  a 
superior  level  than  that  demanded  in  plane  A  or  B,  where  at  least  qualities  of  the  same 
order  are  present  type  (divergence)  and  nature  (space)  respectively).  Besides,  these  aspects 
may  vary  according  to  age,  intellectual  or  academic  performance  and/or  gender. 

DfaMMtoM  M«t 
trtMfcrtMtf 


Figure  1 


Method 

Procedure 

The  study  considered  two  parts.  The  goal  of  the  first  part  was  to  explore  with  a 
quantitative  approach  the  different  cases  of  the  classification,  by  meant  of  questionnaires. 
In  the  second  part  we  studied  in  depth,  by  means  of  individual  interviews  (approx.  50 
minutes),  four  of  the  cases  of  our  classification  (cases  2-V,  2-n/HI,  2-ma  and  2-IIIb;  see 
Figure  1),  judged  to  be  most  interesting  ones  after  the  analyses  of  the  results  obtained  in 
the  first  part.  In  this  article,  only  some  of  the  results  of  the  first  part  will  be  analyzed. 
Two  variables  related  to  performance  were  studied:  Intellectual  performance  measured 
by  the  Raven  test  and  academic  performance  (studied  only  in  the  second  part)  measured 
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by  the  marks  obtained  both  in  mathematics  and  in  French  (official  language  at  school).  In 
the  first  part  the  Raven  test  and  the  questionnaires  were  administrated  during  school 
time  in  the  classroom.  The  individual  interviews  took  place  six  months  later  and  were 
videotaped. 

Subjects 

In  the  first  part  participated  172  students  of  two  schools  of  the  city  of  Fribourg,  aged 
S,  10,  12  and  14  years.  Boys  and  girls  were  equally  represented.  Nearly  20%  of  this 
population  participated  in  the  second  part  (N-32;  8  subjects  by  age  group,  half  high  and 
half  low  intellectual-academic  performers  in  each  group). 

Material 

The  cases  of  our  classification  were  operation alized  by  means  of  geometrical  figures 
that  were  transformed  according  to  a  certain  rule  (e.g.,  growing  or  diminishing  in  size,  or 
number).  The  subjects  were  asked  to  explain  what  would  happen  with  the  Hpath  around 
the  figure"  (perimeter)  and  the  "amount  of  painting  needed  to  color"  the  figure,  as  the 
transformation  continues  further  and  further  "without  stopping." 

Results 

The  answers  to  what  happen  with  the  perimeter  and  the  area  were  grouped  in  4 
categories  (Plus  or  more,  remains  Equal,  Less  or  diminishes,  and  Missing  for  answers 
difficult  to  classify  or  no  answers).  The  goal  was  to  analyze?  J\e  general  tendencies  of  the 
distributions  of  the  answers  by  age  and  performance.  At  this  stage  we  were  interested  in 
the  distributions  of  these  categories  rather  than  in  the  correctness  of  the  answer  itself. 
The  reasons  that  led  the  subjects  to  give  the  answers  were  to  be  studied  in  the  second  part 
of  the  research.  According  to  age,  results  of  the  first  part  of  the  research  reveal  differences 
between  the  distributions  of  the  answer  categories  for  5  cases  of  the  classification  (cases  1- 
n,  2-V,  2-II/III,  2-DIa  and  2-mb.  See  Figure  1).  For  certain  cases  the  "correct"  answer  is 
more  frequent  as  the  age  increases.  The  following  is  an  example  rek  *d  to  the  perimeter: 

Case  2-tfIb: 


Figure  2  shows  the  distributions  (percentage)  of  the  four  categories  by  age.  The  bold  line 
represents  the  "correct"  answer.  A  X2  test  between  the  categories  Less,  Equal  and  Plus 
show  that  the  differences  are  highly  significant  X2(6,  N=159)  *  34.92,  p<.0001. 

For  other  cases,  especially  those  asking  about  the  surface  and  presenting  a 
convergent  iteration,  the  frequency  of  "correct"  answers  decreases  with  age,  as  it  can  be 
seen  in  the  following  example: 
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Casc2-n/ffi: 


Figure  3  shows  the  distributions  (percentage)  of  the  four  categories  by  age.  The  term 
"Conv.  (F)"  (for  False  Convergence)  at  the  right  of  the  graphic,  indicates  that  18%  of  the 
14  years-old  subjects  who  responded  Less  said  that  there  will  be  no  area,  or  that  the  figure 
becomes  a  line.  A  X2  test  between  the  categories  Less,  Equal  and  Plus  show  that  the 
differences  are  significant  X2^,  N=155)  -  U.76,  p<.02. 
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Figure  2;  Percentage  of  subjects  by  answer  and  by  age  group  (case  2-tltb;  perimeter).  N«  172. 
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Figure  3:  Percentage  of  subjects  by  answer  and  by  age  group  (case  Ml/  Ittj  surface).  N-172. 

For  other  cases,  although  the  "correct"  answer  is  relatively  stable  according  to  age, 
differences  were  found  concerning  the  frequency  of  "wrong"  category.  For  example,  the 
case  2-V  (see  next  page),  in  which  the  area  of  the  figure  remains  the  same  ad  infinitum, 
the  "wrong"  answers  Less  and  Plus  are  almost  equally  distributed  at  8  years  (ratio 
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less/Plus  nearly  1/1)  but  the  latter  decreases  with  age  and  the  former  increases  with  age 
(ratio  Less/ Plus  nearly  16/1,  see  Figure  4). 


Case  2- V: 


etc. 


Moreover,  for  those  14  year-old  subjects  who  responded  Less,  355%  of  them  said  that  the 
figure  will  become  a  line  without  surface  (Conv.  (F».  A  X2  test  between  the  categories 
Less,  Equal  and  Plus  show  that  the. differences  are  highly  significant  X2(6,  N«157)  »  25.47, 
jx.0003. 


As  far  as  intellectual  performance1  is  concerned,  differences  between  low  and  high 
performers  were  found  only  at  age  10  and  12.  At  age  10  the  "wrong"  answer  Less  to  the 
question  about  the  surface  of  the  case  2-V  (Figure  4),  was  associated  with  high 
performance  whereas  the  "wrong"  answer  Plus  was  associated  with  low  intellectual 
performance  <X2(1,  N-33)  «  3.88,  p<.049).  For  the  same  question  at  age  12,  high  performers 
answered  more  frequently  the  "correct"  answer  Equal  than  the  low  performers  <X2(1, 
N»40)  m  7.93,  p<.0049).  A  similar  tendency  concerning  the  "correct"  answer  was  found  at 
age  12  for  the  question  about  the  perimeter  of  the  case  2-IIIb  (Figure  2)  (X2(2,  N=41)  *  10.53, 
p<.0052).  Finally,  no  gender  differences  were  found. 


The  classification  of  the  situations  and  the  material  we  have  used  revealed  that  for 
certain  combinations  of  features  related  to  endless  iterations  interesting  differences 
between  age  groups  could  be  found.  In  those  cases  in  which  the  complexity  increases 
because  of  the  coordination  of  different  type  and  nature  of  the  transformations  (such  as 

1  For  these  analyses  the  Raven  scores  were  dichotomized  by  age  group  Into  high  and  low  performers. 


Figure  4:  Percentage  of  subjects  by  answer  and  by  age  group  (case  2-V;  surface).  N*172. 
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the  case  2-UIb  on  the  plane  C  of  Figure  1),  age  seems  to  help  in  dealing  with  these 
situations.  Nevertheless,  older  subjects  seem  to  loose  their  developmental  advantage  as 
soon  as  the  effect  of  convergence  appears  in  situations  concerning  surfaces  in  which  the 
level  of  operability  decreases.  Thus,  in  a  case  like  2-n/ffl  (Figure  3)  in  which  measure  and 
estimation  become  difficult,  as  age  increases,  the  fact  that  the  height  of  each  figure 
decreases  progressively  is  much  more  important  than  the  increasing  number  of  figures 
and  the  increasing  width  of  the  figures  together.  The  growing  effect  of  convergence  as  age 
increases  is  comparable  to  a  "black  hole"  that  attracts  (absorbing  and  eliminating)  any 
other  effect  that  might  affect  the  situation.  Even  in  more  simple  cases  like  2-V  (on  plane 
B  of  rigure  1),  where  a  compensation  of  height  and  width  is  possible,  convergence  seems 
to  play  a  much  more  important  role  as  age  increases.  For  certain  of  these  cases,  at  age  10 
and  12,  maybe  when  a  certain  intuition  of  convergence  begins  to  develop,  intellectual 
performance  shows  similar  tendencies  as  age  does.  Gender  doesn't  seem  to  play  any  role. 

These  results  suggest  that  depending  on  the  features  of  the  attributes  that  are 
iterated  to  conceive  infinity  (convergence,  divergence,  cardinality,  space),  different 
cognitive  processes  may  take  place.  The  relation  between  cognitive  development  and  the 
role  of  convergent  iterations  in  the  situations  shown  could  be  interpreted  in  the 
perspective  of  the  concept  of  "epistemological  cUfficultyM  coined  by  the  philosopher  G. 
Bachelard,  which  says  that  it  is  in  the  act  of  knowing  itself  that  appear,  like  a  functional 
necessity,  troubles  and  backwardness,  and  that  these  difficulties  could  be  studied 
throughout  history  and  educational  practice  (Bachelard,  1938).  Anyhow,  disciplines  that 
are  supposed  to  study  cognition,  knowledge  and  education  should  dedicate  more  efforts 
to  clarify  the  question  proposed  by  the  mathematician  D.  Hiibert  more  than  half  a  century 
ago. 
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EPISTEMOLOGY  AND  COGNITION  OF  THE  INTEGRAL: 
ELEMENTS  OF  REPROOUCTIVENESS  IN  TEACHING-LEARNING  SITUATIONS. 


Francisco  Cordero  Osorlo 
Educational'  Mathematics  Department,  CiNVESTAV-IPN,  Mexico. 

We  discuss  In  this  study  some  results  found  In  the  teaching  experience, 
of  Approximately  one  end  a  hat/  year,  with  teachers  end  students,  on  the 
study  of  thinking  of  the  advanced  methemetlcs.  In  particular  we  refer  to 
the  concept  of  the  integral  within  the  freme  of  eplstemologlcml  Analy- 
sis, orientating  the  discussion  towsrd  teaching  situations,  where  we  ex- 
plore links  between  construction  patterns  (accumulation  end  accumultted 
value)  and  visual  arguments  (slanted  behavior). 


SOME  CONSIDERATIONS 

Since  the  studies  of  Placet,  precisely  on  the  notion  of  reflexive  abstraction, 
an  acceptance  exists  that  characterizes  the  mathematical  knowledge  in  terms  of  pro* 
cess  and  objects  (Dreyfuss.1990). 

Within  this  frame  the  mathematical  knowledge  is  considered  as  a  taking  of  proce- 
sses or  of  objects  related  to  the  mathematical  notions.  That  is,  Mathematics  deal, 
for  example,  with  numbers,  variables,  and  functions  that  can  be  considered  as  ob- 
jects,related  and  connected,  and  are  components  of  structures.  While  the  processes 
are  constituted  by  operations  of  these  objects,  they  aretransformed  by  them.  The 
structures  can  or  cannot  be  preserved  under  these  transformations. 

Therefore,  the  complexity  of  the  mathematical  knowledge  consists  of  two  aspects: 
problem  situation  and  the  mathematical  conception  by  the  subject.  Hence,  taking  the 
role  of  process  or  objects  for  many  mathematical  notions  depends,  on  them. 

In  the  learning  of  concepts,  In  this  terms,  we  consider  various  phases,  from 
concrete  operations  in  the  processes  until  their  mental  representation,  which  are 
transformed  into  new  objects. 

A  mathematical  concept  that  has  been  studied  under  this  perspective  of  under- 
standing the  mathematical  knowledge  Is  the  function,  its  main  problem  consists  in  the 
difficulty  of  going  farther  by  considering  the  function  a  rule  of  procedure  and  con* 
ceiving  it  as  a  mathematical  object. 

It  is  precisely  in  these  terms  that  we  want  to  discuss  some  pragmatic  aspects 
oriented  toward  didactic  reflections;  teaching  situations  and  curriculum  considera- 
tions. 


A  DIAGNOSIS 

Investigations  on  the  understanding  of  the  students  facing  the  processes  of  dif- 
ferentiation and  Integration,  report  that  the  students  have  a  marked  tendency  to  re- 
duce the  mathematics  of  these  themes  to  a  collection  of  algebraic  algorithms,  avoi- 
ding graphs  and  geometric  Images.  This  leads  the  students  to  emphasize  the  aspects  of 
the  procedure  over  the  aspects  of  the  concept,  generating  response  behaviors  to  the 
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problems.  The  recognition  of  patterns  and  the  incorporation  of  meanings  does  not  play 
an  active  part  (In  many  occasions  completely  absent)  In  the  argumentations  of  the 
■  students. 

In  a  sample,  on  the  conceptions  and  mathematical  believes,  of  teachers  of  diffe- 
rent higher  education  Institutions  In  our  country,  we  observed  one  symptom,  the 
•need"  and  •possibility*'  In  constructing  a  geometric  model  to  Interpret  a  given  ana- 
lytical situation  or  vice  vert*,  does  not  exist  in  their  arguments.  This  favors  that 
in  the  teaching  (teacher-student)  the  mathematical  objects  (for  example,  patterns 
with  meaning)  are  seen  as  a  meeting  of  procedures  linked  vaguely  with  symbols. 

We  describe  a  study  on  the  concept  of  the  Integral,  which  consisted  In  Identi 
fying  some  basic  elements  In  the  meanings  of  the  Integral,  when  the  student  and  the 
teacher  have  thought  of  Calculus  under  an  ambience  of  continuous  variation.  (Cordero, 

1991.  1992) 


A  STUDY 

Ihis  study  was  performed  in  some  engineering  schools,  where  some  aspects  of 
thinking  of  the  integral  under  specific  situations  of  comparison  and  change  were  ana- 
lyzed. Their  explanations  were  characterized  more  from  the  situations  than  from  the 
mathematical  concept,  finding  a  link  with  their  conceptions  and  mathematical  belie- 
ves. 

From  these  characteristics  we  captured  arguments  of  the  Integral  that  are  not 
found  explicitly  in  the  scholastic  mathematical  discourse.  Such  arguments  are  more  in 
function  of  the  cognitive  structures  than  In  function  of  the  mathematical  structures. 

Later,  the  arguments  were  incorporated  to  a  didactic  exerclM  of  Calculus  -  of 
one  and  various  variables-  In  themes  traditionally  discussed  In  tfw  first  semesters 
of  college,  observing  in  one  first  stage,  the  Impact  of  this  approximation  In  the 
teaching-  learning  process  from  the  discourse  generated  in  the  students,  as  well  as 
studying,  through  their  representations,  their  ways  of  processing  numeric,  parame- 
tric, and  graphic  information  when  facing  the  Idea  of  continuous  variation. 

The  manner  of  operating  the  mathematical  content  In  this  experience  describes  an 
unusual  discourse  in  the  teaching  tradition,  where  we  intend  to  understand  and  know 
the  Mathematics  in  the  phenomenon  (Cantoral.1990),  rather  than  treat  Calculus  with 
-applications"  to  Physics.  In  our  case,  we  are  dealing  with  phenomenon  of  change, 
that  is  we  are  dealing  with  a  mathematical  content  In  a  fluid  movement  system  against 
a  mathematical-structured  system.  In  this  sense,  the  notions  of  prediction,  accumula- 
tion, and  distribution  of  a  fluid  were  relevant. 

Our  objective  Is,  then  to  Identify  the  baste  elements  that  coordinate  the  prece- 
dent notions  to  understand  the  concept  of  the  integral.  We  discuss  only  three  of 
these  elements  In  this  document:  area,  measure,  and  movement. 

Aspects  of  the  study.  We  worked  three  consecutive  semesters,  on  Differential  and 
Integer  Calculus  (In  one  and  two  variables)  and  ordinary  differential  equations,  whe- 
re we  studied  the  meaning  that  students  and  teachers  have  given  to  the  mathematical 
concepts  taught. 

The  task  consisted  basically  In  formulating  activities  that  led  to  knowledge, 
starting  with  the  explanation  of  a  known  mathematical  object  and  used  daily  In  their 
school  activity  until  dllucldating  new  situations  for  them.  In  the  Interviews  we  sea- 
rched for  natural  notions  and  spontaneous  representations. 
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The  thematic  content  of  Calculus  can  be  described  In  the  following  scheme:  rela- 
tion of  dependent  and  independent  variables,  variable  and  Its  variation,  prediction 
and  Taylor  Series,  accumulation  and  Integration,  movement  system  in  Its  static  state 
and  movement  system  in  its  dynamic  state. 

We  analyze  movement  in  Its  most  elementary  forms,  a  simple  displacement,  that 
is,  a  change  in  position  in  addition  to  the  traced  paths.  This  form  of  analyzing  mo- 
vement configurates  a  mathematical  structure,  subject  to  situations  of  comparison,  of 
change  and  of  behavior.  Such  configuration  traces  a  methodology  that  allows  us  to  un- 
derstand the  phenomenon  of  variation  through  two  elementary  operations:  sum  and  sub- 
traction. And  these,  In  turn,  can  be  extended  to  other  two  elementary  operations:  the 
integration  and  the  differentiation. 

We  name,  In  this  experience,  phenomenon  of  change  (FC),  the  phenomenon  of  varia- 
tion that  includes  a  change  In  the  initial  quantity  under  a  process  of  transformation 
and  this  other  quantity  is  the  last  value  In  the  process.  The  FC  can  be  represented 
by  two  different  situations:  accumulation  and  accumulated  value. 

Then,  the  operations  sum  and  subtraction,  differentiation  and  integration  in  the 
context  of  accumulation  and  accumulated  value  situations  derived  strategies  toward 
the  solution  of  integration  problems. In  this  manner,  we  found  it  Interesting  to  dis- 
cuss the  Interaction  of  the  strategies  used  and  the  particular  characteristics  of  the 
objects  with  which  we  operate. 

We  characterized  the  students  by  their  attitudes  toward  the  solution  of  pro- 
blems. Then,  we  designed  Interviews,  considering  the  most  "common-  words  In  their  ex- 
planations, apparently  not  dependent  on  the  given  problem.  The  objective  of  the  In- 
terview was  to  analyze  the  role  these  words  play  in  the  notion  of  the  integral 

concept. 

The  interview  was  normed  by  presenting  the  same  question  in  three  different  con- 
texts. They  were  asked  to  calculate  the  area  of  a  ■rare"  surface  In  three  different 
situations:  without  reference  axis,  the  AB  segment  as  reference  axis,  and  the  carte- 
sian coordinates  X  and  Y  as  reference  axis.  From  the  "common  words"  they  were  asked 
what  they  understand  under:  length,  area,  and  volume,  and  also  under  variable,  varia- 
tion, and  accumulation. 

Some  of  the  typical  verbal  responses  were: 

"a  variable  is  .... 

a.  )  a  representation  of  that  what  varies." 

b.  )  a  point  In  a  plane  that  will  have  movement." 

c.  )  used  to  know  the  change  In  a  determined  quantity  when  a  variable  varies." 

"variation  is  ... 

a.  )  the  movement  of  something." 

b.  )  that  movement  that  allows  us  to  reach  a  variable." 

c.  )  the  pattern  of  behavior  that  the  variable  follows." 

"accumulation  Is... 

a.  )  as  If  certain  things  stopped  moving  and  festered  In  a  single  place." 

b.  )  the  process  of  retention  of  a  specific  being." 

c.  )  a  quantity  that  varies  and  the  new  quantity  obtained  Is  added  to  the  origi- 


nal one.- 


114 


Volume  1 


In  the  explanations  of  the  word  area,  we  found  two  types  or  answers: 
"area  Is  ... 

».)  the  product  of  two  dimensions,  length  by  width. 

b.)  a  surface,  that  is  a  doubla  integral,  but  it  is  also  a  pattern  of  basis  by 
height." 

When  the  students  were  asked  to  calculate  the  area  of  the  region  in  the  Tlrst 
box  the  strategy  was  similar  In  all  students. 

v 


BOX  1  BOX  2 


Til  Insert  a  known  figure,  such  as  a  rectangle,  the  biggest  possible  that 

fits  in  the  region.  Then  in  the  remaining  region  I'll  Insert  small  rectangles  or 
triangles,  depending  on  the  Torm  or  the  region  to  be  cowed,  when  I  finish  I  will 
add  all  the  areas  or    the  known  rigures...". 

In  the  calculation  oT  the  area  or  the  second  box.  where  the  AB  segment  Is  consi- 
dered as  reference  axis,  the  following  strategies  were  round: 

"ir  I  can  more  the  AB  segment,  I  would  more  it  up  until  it  cuts  the  region,  pro- 
voking a  symmetry,  then  t  would  Just  calculate  the  area  of  one  region,  which  I  would 
do  as  In  the  previous  problem..."  # 

"ir  the  AB  segment  Is  an  axis  such  as  X,  then  1  can  consider  distances  from 
the  tegment  to  the  region  and  ir  I  could  only  consider  pieces  or  curves  that  delimit 
the  region,  then  I  could  Imagine  a  function  Tor  each  piece  of  curve  by  Inserting 
rectangles  formed  by  the  values  of  the  function  and  the  width  of  the  function  (the 
piece  of  the  function  belonging  to  the  curve)..." 

"If  the  AB  segment  is  an  axis  such  as  X.  I  would  also  like  to  consider  the  Y 
axis..." 

In  the  last  question,  where  the  Cartesian  Axes  were  considered  as  reference 
axis,  they  recognized  the  use  or  Calculus  but  the  strategies  varied  as  Tollows: 

•ir  we  have  axes  the  calculation  can  be  done  with  the  Tormula     J  rtxWx  and  this 
would  mean  the  same  I  have  been  explaining,    because  Integrating  Is  like  adding  a 
the  ftxMx,  It  Is  adding     this  dx  as  a  constant  and  this  «x)  as  the  variation  of  all 
the   heights  of  our  rectangles,  then  I  Imagine  the  area  as  the  sum  of  all  these  rec- 
tangles from  a  to  x..."  ,  . 

■ir  we  have  axes.  I  can  now  use  Calculus,  then  the  area  A(x)  can  vary  little  by 
little  so  that  the  rectangle  HxWx  looks  like  what  the  area  really  Is..." 


DISCUSSION. 

A  static  geometric  region  was  considered  In  the  analysis,  that  a  priori  does  not 
rerer  to  movement,  thererore  It  does  not  have  to  refer  to  Calculus,  but  the  strate- 
gies were  or  geometric  nature  reflecting  Important  aspects  In  the  conception  oTthe 
Integral: 
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-  The  area  (length  by  width  or  basis  by  height)  Is  considered  as  a  pattern  or  measure 
adapted  to  the  three  situations.  None  yields  an  explanation  or  why  this  pattern  is 
expressed  by  the  product  "basis  by  height". 

-  The  strategy  in  the  calculation  of  the  area,  without  reference  axis  determines  a 
situation  of  status  and  not  of  process,  that  is.  the  pattern  of  measure  resembles  the 
complete  region  in  counter  part  to  describing  an  approximation  that  reaches  the  re- 
gion. Then  the  strategy  is  more  focused  on  actions  of  completing  than  of  reaching. 

-  In  the  calculation  of  the  area,  with  one  reference  axis  the  functional  relation  of 
the  pattern  of  measure  is  recognized,  that  Is.  the  relation  of  basis  and  height  as 
variables,  without  focusing  attention  in  the  variation.  In  this  sense  the  situation 
of  status  is  mantained. 

-  Considering  the  two  axes  as  reference  the  functional  relation  of  the  pattern  of  me- 
asure can  vary,  but  the  status  situation  is  maintained,  whereas  the  taking  of  tht  di- 
fferential element  "f(x)dx"  is  of  the  same  form  and  nature  as  the  region  to  be  calcu- 
lated, besides  "dx"  is  considered  as  something  that  does  not  change;  therefore,  the 
expression  S  f(x)dx  is  more  related,  in  this  context,  to  the  action  of  completing 
than  to  the  action  of  reaching. 

Then,  as  a  conclusion  of  this  analysis  we  observe  that  the  Integral  perceives  a 
status  situation  that,  on  one  hand,  admits  one  representation  without  recognizing  mo- 
vement as  is  the  case  of  adding  the  patterns  of  measure  that  recognize  the  region 
and,  on  the  other.  It  admits  a  representation  with  movement  as  occurred  with  one  stu- 
dent that  had  to  imagine  the  area  as  a  fluid  (a  river  running  under  the  curve)  and 
calculate  its  accumulation. 

Thus,  considering  the  area  under  a  curve,  as  a  geometric  model  of  the  integral 
In  en  ambience  of  continuous  variation  demands  moving  the  static.  This  category  couid 
explain  why  some  students,  Independent  on  using  the  Integral  in  their  school  activi- 
ties, cannot  explain  that  the  expression  X  f(x)dx  -  F(b)  -  F(a)  calculates  the  area 
under  the  curve  y  •  f(x).  The  other  category,  the  relation  of  status  maintained  by 
the  integral  explains  in  the  meaning  plane  the  role  that  it  plays  on  the  phenomenon 
of  continuous  variation  which  expresses  a  change  without  describing  its  evolution. 
(Cordero,  1992). 


IMPLICATIONS  IN  TEACHING 

Considering  the  cognitive  processes,  facing  the  concept  of  the  integral,  the 
most  relevant  points  that  we  have  found  In  our  study  are: 

-  From  the  epistemologlcal  analysis,  we  could  find  a  pattern  of  construction  of  the 
theory  of  integration  configurated  by  the  expression  X  f(x)dx  -  F(b)  -  F(a),  where 
the  difference  F(x*dx)'-  F(x)  and  the  conditions  of  a  differential  function  F*  play  a 
significant  role  in  the  discussion.  While  In  the  frame  of  the  "Niemann"  arguments  the 
fundamental  aspect  are  the  attributes  of  the  continuity  of  the  function  f  on  the  in- 
terval |a,b]. 

-  A  meaning  to  the  integral  was  associated  through  the  notion  of  accumulation.  This 
meaning  acquires  relevance  when  two  aspects  \.T  the  phenomenon  of  continuous  variation 
are  shaded,  through  the  sum  and  the  subtraction,  named  accumulated  value  and  accumu- 
lation. 


Facing  typical  problems  of  the  integral  Calculus,  which  consist  in  calculating  a 
last  quantity  In  a  process  of  increment  (decrement)  through  two  data:  the  initial 


f(x)  ■•(*)♦/  v'(x)dx 
and   f  (b)  -  f  (a)  -  X   f  '(x)dx 
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quantity  Po  and  the  ratio  of  change  P*(t).  We  found  that  the  answer*  are  associated 
to  the  conceptions  of  the  integral:  accumulation  and  accumulated  value. 
-  We  managed  to  capture  functional  explications  of  the  subjects,  whose  main  characte- 
ristic consist  in  relating  the  meanings  and  objects  In  a  local  system,  in  contrast  to 
an  axiomatic  structure. 

On  the  other  htnd,  with  the  •operations*  of  the  graphs  and  from  the  analytical 
forms  we  managed  to  conceive  the  function  not  as  a  formal  expression  through  which 
specific  numbers  are  operated,  but  as  an  Instruction  that  organizes  behavior.  The 
main  part  consists  in  varying  the  parameters  associated  to  she  functions  and  not  the 
variables,  this  leads  to  estimate  and  compare  an  operation  in  two  representations  of 
the  function:  analytical  and  graphical  (approximations  in  this  sense,  see  for  example 
lConfrey.19911  and  I  Far  fan,  19911). 

In  this  sense,  we  find  questions  in  the  Integration  about  behavior  In  two  direc- 
tions: integrating  function  and  integral  function. 

j  f(x)  «  F(x)  *f  f(x),  X  «f(x),  T  f(x)  and  «  F(x).F(ox). 

Then  the  main  part  is  not  in  the  solution  methods  but  in  knowing  patterns  of 
primitives  and  derivatives. 

These  points  have  resulted  to  be  Important  aspects  providing  new  perspectives 
oriented  to  the  didactic  and  ^productiveness  in  the  educational  system.  For  example, 
we  identified  different  representations  facing  the  knowledge  of  the  Integral  and  dif- 
ferent arguments  coming  from  the  study  on  the  subjects.  The  arguments  make  the  noti- 
on-, of  the  concepts  clear,  that  Is,  if  the  argument  is  associated  to  an  Idea  of  ap- 
proximation the  notion  derived  Is  in  the  function  and  its  properties,  as  well  as  the 
limit  While  If  the  argument  Is  associate  to  the  aim  of  behavioral,  the  notion  is  as- 
sociate to  the  variation  of  the  parameters  that  form  the  function,  more  than  the  va- 
riables. And  then,  when  the  arguments  associates  to  the  aims  of  comparisslon  and  pre- 
diction, the  notions  consist  on  looking  at  quantities  that  change,  through  a  sum  or 
subtraction. 

On  the  other  hand;  there  are  different  forms  of  representing  the  mathematical 
knowledge,  we  hare  here  considered  only  two:  graphical  and  symbolical.  Looking  at 
both  representations  through  what  we  have  called  slanted  behavior  could  ™«estthe 
link  between  the  representations,  even  a  representation  not  Included  in  this  docu- 
ment, the  numeric  representation,  could  be  treated  In  the  same  manner. 

Regarding  the  teaching  situations  and  based  on  the  explorations  of  thinking 
toward  mathematical  problems  there  are  different  approximations  ( Cantor  al,l 992);  we, 
here  point  out  new  arguments  that  could  be  translated  Into  didactic  sequences.  The 
new 'arguments  are  normed  by  the  notions  of  slanted  behavior,  a  curricuiar  considera- 
tion that  favors  this  active  role  could  be  the  use  of  calculators  and  software  to  ma- 
ke graphs  (approximations  in  this  sense  can  be  found  lo  ITall,  19901).  The  elements 
of  ^productiveness  can  be  found  in  these  considerations,  because  an  epistemoloay  is 
made  (Artlgue.1992)  that  will  serve  a  as  conductive  string  to  their  reasoning  and  le- 
gitimate the  reflexive  work  that  will  accept  or  refute  in  the  study  of  some  mathema- 
tical questions. 
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ABSTRACT 

R»s/st*nc»  to  scenting  «wf/V»  sokrtfont  to  oQuotion*  probhms  is  ^undbothln 
™hi!tory  ofthJo^voJopnmnt  of  mithomttJc*  **in  ttofnt*  who  •nb^mnkig  tho 

usJtfy  Kcompinhd  «i  by  a  of  th*  oparafW 

S^^JLi^^  soft/**  of*obr*c  «u«km*rh*  a*c* 

Mtudfttt  Th9  ntuHs  riwt  ton*  of  th§  condition*  which  proptt*f  th*  «:copt*x* 

a«Jfra^rt  concamfry ma accapts/ica am/ ra/actfc* 0/ frVa fypa of  tokrtion in tho 
hiitory  of  mothomstic: 

INTRODUCTION 

Studia.  auch  aa  thoaa  camad  out  by  Ban  (1982),  Carrahar  (1990),  Gallardo/Roiano 
(1 990)  and  Raanik  (1 989),  among  otbara,  indicata  tha  ditficuWsa  atudanta  confront  whan  may 
art  facad  with  tha  concaptualization  and  oparatfrnal  manipulation  of  poahiva  of  nagstiva 
numbara.  Tha  raaulta  of  soma-  of  thaaa  atudiaa  ahow  a  aaparation  of  tha  davalopmant  of 
oparativity  of  whola  numbara  and  thair  uaa  m  cartain  contaxts.  Tbua,  fof  axampla,  m  tha  caaa 
of  tha  aokrtion  of  alpobraic  aooationa,  thara  am  aubjacta  that  ahow  raaiatanca  to  tha 
accaptanca  of  a  nagativa  solution  daapita  poaaasaing  fluid  oparativity  with  tha  numbara  (aaa 
GaKardo,  1987).  Taaching  ia  ona  of  tha  murtipla  cauaaa  to  which  this  aaparation  can  ba 
attr ibutad,  ainca  it  ia  ouita  commoato  find  that  school  mathamatlca  curricula  traat  tha  thama 
of  whola  numbara  fundamamairy  aa  an  axtansion  of  natural  numbara,  amphaaWno  tha 
oparativa  and  paying  Kttte  attantion  to  tha  rola  thaaa  numbara  play  m  tha  artanalon  of  tha 
numaclcal  domaina  of  coafficianu  and  solutions  to  algabraic  aquattona. 

In  tha  aaarch  for  othar  fundamantal  cauaaa  of  tha  dtffcuWaa  ancoumarod  m  tha 
concaptualization  and  oparational  *vatopmant  of  poaitlva  and  nagativa  numbara,  hiatorical- 
apiatamological  philoaophicsl  and  paycrwlogical  thaoratical  analyaaa  hava  an  baan  brought  mto 
play.  Such  ia  tha  casa  of  tha  rasaarch  carriad  out  by  Glaaaaar  (1981),  Schubrbo  <1988)  and 
Or ayfuam>ompson  ( 1 988) . In  tha  projact  antitlad  Tha  atatua  of  nagativa  numbara  m  tha  solution 
of  aquations',  tha  rasaarch  atartt  from  a  historical  analysis  of  tha  accaptanca  and  reaction 
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of  negative  solution*  in  the  contort  of  tht  solution  of  algebraic  eoustions.  On*  of  tht  most 
important  conclusions  of  this  analysis  is  that  the  acceptance  of  the  first  negative  solutions 
prasupposee  s  certain  Isvsl  of  dovtlopmsnt  of  the  language  of  symbolic  elgebre  {advanced 
syncopation)  ss  we*  as  fuN  operetivity,  advanced  Isvsls  of  im*rpretstion  of  positive  snd 
nsostivs  numbsfs  and  tns  development  of  sd  hoc  methods  in  the  csss  of  negative  solution 
(Gsisrdo,  Roj*no,  Carrion,  19931.  This  typs  of  conclusion  has  served  as  s  basis  for  ths 
formulation  of  hypothasas  at  an  ontotogfcei  Is  vol  concerning  ths  conditions  in  which  H  is 
fsasibla  to  oo  from  primitive  sieges  of  conceptualization  to  stages  of  consolidation  snd 
formalization  of  tha  notion  of  ralativ*  numbsr  in  tha  abova  mentioned  contaxt.  This  articla 
reports  on  tha  rasutts  of  tha  aacond  part  of  tha  projact  in  which  soma  of  tha**  conjacturas  ara 
put  to  tha  tast  by  maans  of  a  clinical  study  with  studants  12  and  13  yaars  of  age.  who  wara 
being  introduced  to  tha  syntactic  manipulation  of  afgabrs  and  tha  solution  of  aloabraic  word 
problama  at  tha  momant  tha  study  waa  caniad  out. 
THE  CLINICAL  STUDY.  Solution  of  word  problems  *nd  negative  solutions. 

Dats  was  gsthered  in  two  ways:  a  group  of  25  studants  at  2*  grade  of  secondary 
school  in  Mexico  Ctty  war*  *sk*d  to  snswer  qu*stk>nn*irss;  individual  clinical  interview*  w*r* 
recorded  by  video  *nd  analyzed.  Tha  resorts  of  tha  questionnaire  wars  used  to  **l*ct  •  group 
of  stud*nU  for  clinic*!  observation.  The  block*  of  items  pressnted  in  the  interview  dealt  with 
tha  foiowing  themes: 

II  Operetivtty  in  the  domain  of  whole  numbers. 
2)  Translation  of  situations  expressed  in  words  to  symbolic  language. 
31  Use  of  pre-symboUc  snd  symbolic  language  in  tha  context  of  equations. 
4)  Solution  of  word  problems. 

This  articla  gives  tha  results  of  tha  clinical  interview  refsrring  to  tha  block  "solution  of 
problems".  Tha  dimensions  of  analysis  in  this  part  of  tha  interview  were: 
method  or  strategy /problem  solution /Witsrprststion  of  tha  solution. 

Tha  methods  used  by  the  studants  to  solve  word  problems  were  ss  follows. 
PROBLEMS  OF  AGES  Luis  is  22  years  old  and  his  father  40  years  old,  how  msny  ysars  must 
pass  for  his  father  to  be  twice  tha  age  of  his  son? 

Method  of  Two.  (Used  by  four  students).  The  student  finds  tha  probfsm  impossible  because 
"the  2  is  always  there".  This  rafera  to  tha  difference  of  2  in  the  units  of  the  data  given  in  tha 
problem  es  the  ages  of  father  and  son  advance.  Example:  One  student  estsbiished  two  lists  of 
numbers,  increesing  the  agee  starting  with  the  ages  given  in  the  problem:  22  years,  40  yssrs. 
He  writes:  23,  41;  24,  42;  25,  43;  and  so  on.  Hs  notss  that  the  difference  in  tha  figures  of 
the  units  of  each  pair  of  numbsr  a  is  si  ways  2.  Hs  concludes  that  the  problem  does  not  hsvs 
e  solution. 
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frif thorf  of  Quotation.  (Usad  by  thraa  studants).  Tha  ttudant  arrivaa  at  th*  corract  aokition, 
18  tr>d  36,  tht  agat  of  son  and  ftthar  raapactivaly,  but  ha  dupicataa  tha  agas  and  think*  that 
36  and  72  ia  tha  trua  solution.  Thara  vwi  also  cwm  wham  th*  atudant  thought  that  36  x  2 
-  72  and  72  x  2  -  144,  it  also  a  solution  to  tht  proWam. 

MtTt^wH  nf  fla  Diffffnc«.  (Uaad  by  four  atudantt).  Th*  atudant  finds  tht  diffaranca  in  agaa, 
that  it  40  -  22  *  18.  Ha  daducaafrom  this  that  tha  ton  it  16  yaara  oW  and  conaaquantty  tha 
f  sthar  it  36. 

'  MfJhfld  flf  Atfnn»  Diffaranca.  (Utad  by  two  studants).  Tha  diffaranca  batwaan  tha  agaa 
(I8)iadividadinhalf,  9,and  this  vaioaU  than  a<Wad  to  tht  ton' taga,  22.  Tht  antwar  to  tha 
proWam  thus  givan  it  31  - 

far-^^^no  M.thod.  (Uttd  bv  four  studamt).  Tht  ttudant  incraataa  tht  agaa  of  tht 
f sthar  and  tha  aon  and  finds  that  tha  proWaro  cannot  ba  aoivad.  Ha  than  dacida  to  dacraasa 
tha  agat  and  arrivts  at  tha  corract  solution. 

ajflttote  MUfafld-  Wsad  by  two  studants).  Spontanaous  formulation  of  tha  aquation  which 
solvit  tha  proWam. 

Probi  pm  OP  pimr-HASiNfi  GfjQDS.  A  saiatman  hss  bought  15  piacaa  of  cloth  of  two  typas 
tnd  ptys  1 60  coins.  H  ona  of  tht  typts  costa  1 1  coins  tht  piaca  and  tha  othar  1 3  coina  tha 
pttct,  how  many  piacss  did  ha  buy  of  aach  prica? 

Itofag^tmJgilifiQn-  Wsad  by  1 5  studants).  Tha  atudant  looks  for  moKiplat  of  1 1  and  1 3 
that  sdd  up  to  160.  (This  is  aquivalam  to  solving  tha  aquation  11x  +  I3y  -  160.  Tha 
axbtancaofx  ♦  y  -  15  it  Ignortd).  Whan  tha  studant  doas  not  find  tha  muitipiat  ntadad  to 
solvs  tha  proWam.  that  is  11  x  11  ♦  13  x  3  -  160,  ha  usas  an  addition*  intarpratation  to 
axpiain  his  rasults,  for  axampla. 

Studant  1 .  Ha  writaa  66  ♦  91  -  1 57.  and  says,  *ha  bought  6  piacaa  coating  1 1  coina  and 
ha  had  3  coina  laft  ovarV 

Studant  2.  Ha  writaa  154  ♦  0  -  154  and  axplains,  *ha  bought  14  piacaa  coating  1 1  coina 
sach  and  nona  costing  13  coins*. 

Studant  3.  Ha  wrltas  164  +  13  -  167  and  ssys  *ha  owad  7  coina*. 
frttflyj  M.thod.  (uaad  by  ona  studant).  Tha  proWam  of  tha  purchaaa  of  goods  is  modHiad 
such  that  tha  figuras  ara  smsHar  in  ordar  to  facKtata  aoiuUon.  Tha  aquations  which  modal  tha 
probiam  in  this  ess.  sra:  x  ♦  y  -  3;  2x  ♦  3y  -  40.  Tha  studant  assumaa  that  aach  ona  of 
tha  piacaa  of  cloth  hss  s  prica  dlffarant  from  that  tstaWiahad  in  tha  stttamant  of  tha  proWam 
in  oroV  to  adjust  tha  total  prica.  Ha  writaa  1  x2  ♦  1  x  3  -  5,  thus.  40  -  6  -  35.  Ha  than 
ssys  *tha  talatman  bought  3  piacaa:  1  costing  2  coins,  anothar  costing  3  coina  and  s  third 
costing  35  coin*". 

Sh.,innOUiM.thod.  This  It  (In  found  in  th«  modified  v.rsion  (x  +  y  -  3;  2x  +  3y  -  40).A 
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studsnt  drvWss  tht  total  prica,  40,  by  two.  Tha  rasutt  of  tha  division.  20.  is  ussd  with  tha 
othardataof  tho  probtom  2«  3.  ai^  h«  formulatM  tho  turns:  18  +  2  -  20;  17  +  3  ~  20.  His 
anawar  is  #hs  bought  1 8  pfacaa  worth  2  coins  aach  sod  1 7  piscss  worth  3  coins  ssch* . 

It  is  importsnt  to  point  out  that  contrary  to  what  might  bs  sxpsctsd.  ths  modifisd 
vtrslon  of  ths  ststsmant  (with  smaM  numbars)  randars  ths  probism  impossibfs  for  many 
studsnt*.  Tha  conflict  is  accantuatad  sines  ths  solution  is  sought  in  ths  positivs  domain  and 
ths  lack  of  aolustmsnt  bstwaan  ths  data  of  tha  probism  is  mors  notorious  than  in  ths  prsvious 
vsrsionOc  +  y  -  15;  llx  +  13y  -  180)  whsrs  ths  msgnrtuds  of  ths  numbsrs  tsods  to  hkJs 
ths  conflict.  This  obstsds  dissppssrs  whsn  it  is  suogsstsd  to  tha  studsnt  thst  hs  uss  sigsbrs 
to  soivs  ths  probism. 

Atatfecafc  MitfMHf.  <Ussd  by  two  studsnta).  Spontansous  formuistion  of  a  systsm  of  aquations 
to  soivs  ths  probism. 

Lot  us  now  look  st  ths  cats  of  s  studsnt  who.  by  using  ths  procsss  of  substitution  of 
ths  solution  in  a  systsm  of  squstions,  msnsgsd  to  soivs  ths  probism  which  st  first  hs  hsd 
thought  imposaibls.  Tha  studsnt  formutatss  ths  squstions  11x  +  13y  -  160;  x  +  y  -  15. 
Hs  obtaina  ths  solution  x  -  1 7.5.  Ths  following  disiogus  than  snsusd: 
Studsnt:     Totally  impossibis. 
Intsrviswsr:  And  now  how  ara  you  going  to  find  y? 
Studsnt:     It  can't  bs  dons,  totsJy  impossiMs. 
Intsrviswsr:  Lst's  try  snywsy.  (Studsnt  finds  y  -  2.5. 

Spontsnsously  hs  subatitutsa  ths  vaiusa  in  tha 

aquations). 
Studsnt:     It  worksdl 
Intsrviswsr:  What  hsppsnsd  than? 
Studsnt:     Instssd  of  buying,  hs  gsvs  2  and  a  harf  piscss 

of  cloth  to  tha  parson  hs  wss  going  to  saN 

tham  to.  and  bought  1 7.5  of  ths  othsr.  Thst  is. 

ths  buysr  gsvs  ths  ssHar  2  and  a  hstf  piscss 

of  cloth  and  ths  asNsr  gsvs  him  1 7.5  piscss. 

It's  Kfcs  bsrtsr. 
Intsrviswsr:  Why  did  you  say  h  wss  impossibis  bsfors? 
Studsnt:     Bscsuas  it's  impossibis  with  positivs  numbsrs. 

Bslow  thsrs  ara  two  tabtsa  which  summsrits  ths  dimanaions  of  ths  snstysis: 
msthod  or  strstsgy/problsm  aoiutton/mtarpratation  of  ths  solution, 
for  ths  two  problsms  prsssntsd  in  this  articla. 


124 


ERLC 


Volume  1 


PROIUMSOFAGES 


Mtthod  or  Stratagy 

Solution  1 

n arpratatton  of  tha  solution 

Mtthod  of  Two 

Dott  not  txltt 

tmpoaaibla 

Mtthod  of  Duplication 

Positiva 
(ont  of  various) 

Occurs  various  tunas  m  wm 
Bvaa  of  fathar  and  son:  36, 
72  :  72,  146. 

Mtthod  of  Difftrtnct 

Poaitivt 
Ntgttivt 

ImpoasiWa 

18,36. 
4  yaara  ago. 

Mtthod  AKarlng  tha 
Difftrtnct 

Potitivt 

4  yaara 
+  4  yaara 

Mtthod  of  Half 

Potitivt 

Luia  la  31  yaara  old 

Atctnding/Dttctnding  - 
Mtthod 

Potitivt 
Ntgttiva 

36,  18 
4  yaara  bafora. 
-4  yaara 

Algabraic  Mtthod 

Ntgttivt 

x  -  -4 

PROBLEMS  OF  PURCHASING  QG 

ODS 

Mtthod  or  Stf  tttgy 

Solution 

Intarpratation  of  tha  solution 

Mtthod  of  ont  aquation 

Potitivt 

Dtbt 
Surplua 

tmpossibtt 

Additiva  tnd  Sharing  Out 
Mtthod 

Poaartiva 

Changa  of  problam  data  so 
aa  to  adjuat  quantitiaa 
involvad 

Atgabraic  Mtthod 

Ntgttivt 

tntarpraution  of  bartar  of 
oooda. 
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CONCLUSIONS  OF  THE  STUDY 


From  the  analysis  of  the  different  problems  exhibited  in  the  study*  tht  foBowing  was 
concluded; 

1 .  -  It  It  possible  to  solve  tht  problem  without  expressing  tht  solution  in  negative  terms.  The 
problem  off  agea  (method  of  duplication,  method  of  difftrtnot,  ascamJing/descending  method). 

2.  -  Tht  creation  of  specific  methods  from  problem  to  problem  occurs.  Problem  of  ages  (6 
methods).  Problem  of  purchasing  goods  (3  methods). 

3.  -  The  choice  of  tht  appropriatt  mtthod  requires  tht  acceptance  of  a  negative  solution  which 
it  interpreted  in  the  context  of  tht  problem.  Problem  of  ages  (mtthod  of  differences, 
ascending/descending  method,  slgebrsic  method).  Problem  of  purchssing  goods  (algebraic 
method). 

4.  -  When  faced  with  problems  with  negative  solutions  the  student  turns  to  changes  or 
adjustments  in  tht  data  of  tht  problem  statement  as  weH  ss  tht  construction  of  sources  of 
meaning  which  aUow  him  to  give  plausible  interpretations  to  tht  solution  obtained.  Problem  of 
purchasing  goods  (method  off  one  equation,  additive  method,  sharing  out  method). 

5.  -  A  problem  which  can  appear  impossible  to  solve  with  arithmetical  methods,  is  thought  of 
ss  possible  using  algebra,  once  the  negstivt  solution  is  validated  by  being  substituted  in  tht 
corresponding  equation  or  equstions.  Problem  of  sges  (algebraic  method).  Problem  of 
purchasing  goods  (algebraic  method). 


As  we  pointed  out  in  tht  introduction  to  this  article,  historical-epistemological  analysis 
carried  out  with  respect  to  negative  numbers  in  the  solution  of  algebraic  equstions  hss  guided 
this  study  st  an  ontologies!  level  and  hss  allowed  us  to  estsbiish  some  of  tht  conditions  which 
propitiate  the  acceptance  of  the  negative  solution  of  word  problems  by  secondary  school 
students.  We  can  thus  affirm,  at  an  ontotogical  level,  that  for  a  student  to  accept  a  negative 


Tht  thirty  vMyrd  10  ptobhrm  of  which  Z  w««  Mtocltd  for  tht  porpot**  of  thtt  •rbcl*. 
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»olution,  th«  foUowing  *•  nactaaarv:'  tht  utt  of  ad  hoc  mathodt,  tha  conitructlon  of  tourcts 
of  maanino  appcopriata  to  tha  contaxt  of  tha  proWam,  and.  fluid  oparativity  with  poaitivt  or 
ntgativt  numbart.  In  tha  cm  of  toma  probJama  of  •  comnwcW  typo,  tha  um  of  a*gtbr»ic 
languaoa  btcorott  lnd<*otntab»a  for  tht  poaaiWt  arrival  at  tht  naflativa  aotation. 
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THE  NATURE  OF  UNDERSTANDING  OF  MATHEMATICAL  MODELLING 
BY  BEGINNING  ALGEBRA  STUDENTS  ENGAGED 
IN  A  TECHNOLOGY-INTENSIVE  CONCEPTUALLY  BASED  ALGEBRA  COURSE 


M.  Kathleen  Hciri  Rose  Mary  Zbiek 

The  Pennsylvtnit  State  University  The  University  of  Iowa 

This  study  examined  the  effects  of  a  technology-intensive  conceptually  based 
algebra  course  (Computer-Intensive  Algebra)  on  beginning  algebra  students*  • 
understandings  of  mathematical  modelling  ideas.    The  curriculum  focussed  on 
the  use  of  functions  to  study  real  world  situations,  and  students  used  comput- 
ing technology  (function  graphers,  table  generators,  curve  fitters,  and  sym- 
bolic manipulators)  to  produce  graphs  and  tables,  to  generate  curves  of  best 
fit,  and  to  manipulate  symbolic  expressions  of  function  rules.    Written  exam 
questions,  classroom  and  computer-lab  observations,  and  task-based 
interviews  provided  data  which  revealed  the  nature  of  student  understand- 
ings as  they  began  to  encounter  mathematical  modelling  situations. 

Mathematics  classrooms  are  quickly  embracing  technology.  Mathematics 
curricula  that  take  full  advantage  of  computing  technology  are  rare,  however, 
and  there  has  been  minimal  opportunity  to  study  how  students  learn  mathemat- 
ical concepts  in  such  computer-intensive  settings.     In  the  few  existing  studies, 
there  is  consistent  evidence  that  when  mathematics  curricula  (calculus  and 
algebra)  focus  student  attention  on  concepts  and  applications  and  allocate  the 
execution  of  routine  procedures  to  computers  and  calculators,  that  students  seem 
to  learn  the  concepts  and  applications  well  and  that  their  ability  with  routine 
skills  does  not  seem  to  suffer  (Heid,  1988;  Heid,  Sheets,  Matras.  and  Menasian, 
1988;  Judson,  1989).    There  have,  so  far.  been  few  analyses  of  the  nature  of 
student  understanding  of  mathematical  modelling  ideas  in  such  curricula  (Zbiek, 
1992).    This  study  explores  the  beginning  understandings  of  mathematical 
modelling  by  students  who  have  experienced  such  curricula. 

This  study  was  designed  to  examine  the  understanding  of  mathematical 
modelling  which  beginning  algebra  students  can  acquire  when  their  initial 
experience  with  algebra  is  a  conceptually  based  course  that  centers  attention  on 


128 

ERJC  14S 


Volume  1 


families  of  functions,  representations,  and  exploration  of  real  world  situations 
through  related  function  rules. 

METHOD 

Sample 

Two  classes  began  the  study  of  Computer-Intensive  Algebra  in  January  of 
their  eighth  grade  year  and  continued  through  March  of  their  ninth  grade  year. 
Computer-Intensive  Algebra  is  a  technology-intensive  and  conceptually  based 
introduction  to  algebra  which  assumes  student  access  to  computing  tools  and 
which  focuses  on  the  development  of  the  concepts  of  families  of  functions  and 
the  application  of  those  families  to  real  world  situations.  The  five  male  studenta 
and  three  female  students  on  whom  the  study  focussed  were  chosen  as  a 
random  and  representative  (with  respect  to  course  grade)  sample  from  students 
in  those  two  classes. 
Data  collection 

The  understandings  of  mathematical  modelling  attained  by  these  eight 
students  were  examined  through  three  data  sources:  student  performance  on 
selected  items  appearing  on  course  examinations;  student  work  on  a  mathemati- 
cal modelling  activity  that  included  the  data  collection  plan,  the  collection  of 
data,  the  construction  of  suitable  rules,  and  the  use  of  those  rules  in  reasoning 
about  the  situation;  and  hour-long  task-based  interviews  that  occurred  at  the 
end  of  the  course  (March  of  the  ninth-grade  year). 

First,  we  analyzed  student  performance  on  end-of-chapter  examinations.  The 
examinations  included  items  for  which  students  had  access  to  computing  tools 
such  as  calculators,  graphers,  curve  fitters,  table  generators,  and  aymbolic 
manipulators.    Test  items  throughout  the  course  were  designed  to  assess  how 
students  evaluate  given  mathematical  models,  their  use  of  various  representa- 
tions (symbolic,  numerical,  graphical,  contextual)  to  explore  a  model,  and  the 
understandings  students  had  of  the  implications  of  given  or  derived  models. 
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This  study  mtpped  student  progress  throughout  the  course  on  the  aforemen- 
tioned aspects  of  mat  hematic  1 1  modelling. 

Second,  we  gathered  data  (transcripts  of  whole-class  discussions  and 
transcripts  of  student  pairs  working  at  computers)  on  how  the  Computer- 
Intensive  Algebra  students  worked  on  several  long-term  mathematical 
modelling  projects.    The  audiotapes  recorded  whole-class  discussions  and 
particular  comments  could  be  attributed  to  particular  students  through  the 
supplementary  field  notes.    The  field  notes  of  whole  class  discussions  also 
recorded  what  was  being  written  on  the  board  and  what  appeared  on  the 
computer  screen.    In  addition,  several  of  the  targeted  students  were  observed  in 
their  collaborative  work  at  the  computer.    One  of  the  investigators  constructed 
field  notes  recording  the  interaction  between  pairs  of  students,  and  these  field 
notes  were  augmented  by  audiotapes  of  the  discussion  occurring  among  the 
students.    The  results  for  both  types  of  data  were  detailed  descriptions  of 
teacher- student  and  student-student  interactions  in  the  course  of  work  on 
mathematical  modelling. 

Third,  the  investigators  conducted,  transcribed,  and  analyzed  hour-long  task- 
based  interviews  with  the  targeted  students.    Interview  tasks  were  designed  to 
assess  aspects  of  student  understanding  of  the  mathematical  modelling  process. 
Students  had  access  to  a  variety  of  tools  throughout  the  interview:  computer 
with  function  graphers,  curve  fitters,  table  generators,  and  symbolic 
manipulators;  paper  and  pencil;  and  calculator.    Once  again,  audiotapes 
supplemented  with  interviewer  notes  resulted  in  the  creation  of  verbatim 
transcripts  of  the  interviews  including  detailed  descriptions  and  screen  dumps  of 
the  students'  work  with  the  computer. 
Analysis  of  Data 
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Wc  examined  student  responses  to  test  questions  and  task-based  interview 

transcripts  for  evidence  of  the  nature  of  student  understanding  in  each  of  the 

three  following  areas: 

How  students  evaluated  given  mathematical  models.    Student  ability  tt> 

interpret  a  model.   Role  of  the  characteristics  of  families  of  functions  in 

students'  evaluating  and  reformulating  models. 
The  use  students  make  of  various  representations  (symbolic,  numerical, 

graphical,  contextual)  to  explore  a  mathematical  model.    Use  of  the 

interaction  among  representations. 
The  understandings  students  had  of  the  implications  or  limitations  of  given  or 

derived  models.    The  use  of  the  mathematical  model  to  reason  about  a 

situation.    The  confidence  students  have  in  particular  models  and  their 

implications. 

We  examined  class  transcripts  for  explanations  of  the  nature  of  student 
understanding  in  each  of  the  targeted  areas. 


Written  Examinations 

These  beginning  algebra  students  were  able  to  reason  between  and  among 
representations  of  function  rules.    In  particular,  they  were  very  able  to  answer 
questions  about  real  world  situations  that  fell  into  several  major  categories, 

including  the  following: 

Given  the  value  of  an  input  variable  they  could  find  the  value  of  an  output 
variable  (and  given  the  value  of  an  output  variable  they  could  find  the 
value  of  an  input  variable),  no  matter  which  representation  was  given  and 
even  in  cases  when  they  had  not  previously  encountered  the  form  of  the 
function  rule. 

Given  a  mathematical  model  for  a  situation,  students  could  find  the  maximum 

or  minimum  value  for  the  output  variable. 
Given  a  situation  and  a  mathematical  model,  students  could  readily  list  factors 

that  may  have  influenced  the  situation. 
Some  things  remained  difficult  for  the  students  even  after  they  had 
experienced  most  of  the  Computer-Intensive  Algebra  curriculum.    Some  of  the 
students  still  had  difficulty  recognizing  and  resolving  contradictions  among 
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representations;  some  of  them  hid  difficulty  reasoning  symbolically  about  the 
input/output  relationship. 

Classroom  and  compiiter-labwork  observations 

Classroom  and  computer-lab  transcripts  revealed  the  nature  of  students* 
insights  and  understandings  about  mathematical  modelling  as  they  progressed 
through  the  course.    One  set  of  transcripts  provided  information  on  students' 
understanding  of  mathematical  modelling  at  the  end  of  five  months  of  work  with 
the  Computer-Intensive  Algebra  curriculum.    This  project  represented  the  first 
modelling  project  that  the  students  were  asked  to  complete  in  its  entirety.  At 
that  time,  students  were  assigned  a  project  that  required  them  to  determine  the 
best  price  to  charge  for  t-shirts  that  were  to  be  sold  by  the  Student  Government 
for  an  upcoming  "Powderpuff  Football  Game."    Students  gathered  data  so  that 
they  could  generate  a  demand  curve  and  used  information  from  local  stores  to 
generate  a  cost  function.     They  then  used  a  computer  curve-fitter  to  generate 
function  rules  and  used  the  generated  rules  to  make  conclusions  about  the 
situation.    Analysis  of  classroom  and  computer  lab  observations  generated 
several  interesting  conjectures  about  the  beginning  of  student  understanding 

about  mathematical  modelling.    Some  of  those  conjectures  are  listed  below: 

•  After  students  have  spent  a  few  months  considering  relationships  between 
mathematical  models  and  the  real  world,  they  can  readily  generate  long 
lists  of  relevant  independent  variables.    Their  mathematical  understanding 
lags  behind  this  real  world  perception  (see  Zbiek,  1992)  with  the  natural 
curricular  approach  concentrating  initially  on  functions  of  one  variable. 
Some  teachers  handle  this  discrepancy  by  suggesting  that  all  of  the 
additional  variables  are  held  constant  but  seldom  referring  to  this 
restriction  once  the  function  rule  has  been  established. 

•  After  students  have  spent  a  few  months  considering  relationships  between 
mathematical  models  and  the  real  world,  they  seem  immediately  to  assess 
how  well  the  function  rule  describes  the  situation.    The  nature  of  that 
assessment  varies  from  student  to  student,  with  some  students  exhibiting 
a  tendency  to  focus  on  trends  in  data  and  others  having  a  tendency  to 
focus  on  particular  input-output  pairs  for  the  function  rule.  These 
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tendencies  may  also  characterize  the  arguments  particular  students  offer 

to  support  conclusions  they  draw  about  the  situation. 

When  students  begin  to  work  on  mathematical  modelling  problems  in 

computer-intensive  settings,  they  encounter  and  work  on  solutions  for  a 

number  of  different  types  of  "problems." 

Students  differ  in  their  approaches  to  generating  function  rules,  some 
relying  on  goodness-of-fit  measures  and  others  relying  on  an  initial 
commitment  to  a  particular  shape  for  the  function's  graph. 
As  students  analyze  problems  that  may  involve  several  function  rules, 

they  sometimes  give  several  meanings  to  the  variablea  involved. 
As  students  work  through  the  parts  of  the  mathematical  modelling 
process,  they  encounter  and  solve  problems  that  draw  significantly 
on  their  understanding  of  arithmetic  concepts  and  procedures  (e.g., 
the  meaning  of  percent;  closure  of  integers  under  addition, 
subtraction,  and  multiplication;  and  rounding). 
Early  in  their  mathematical  modelling  experiences  students  are  able  to 
reason  about  the  feasibility  of  different  one-variable  models  based 
on  their  graphical  representations.    For  example,  at  this  time 
students  questioned  whether  a  demand  function  had  to  be  linear  and 
whether  a  profit  function  necessarily  had  to  have  a  break-even 
point. 

When  students  encounter  unusual  output  on  a  computer  screen,  they 
may  make  conjectures  about  its  meaning  but  they  do  not  necessarily 
check  the  validity  of  their  conjectures  with  other  available 
information.    This  tendency  to  make  and  use  untested  conjectures 
can  also  be  seen  in  how  students;  check  computer  input  (e.g.,  several 
students  concluded  that  a  function  rule  was  correctly  input  when 
they  saw  that  it  produced  a  table  of  values). 

Task-based  interviews 

One  focus  of  the  analysis  of  the  task-based  interviews  was  to  study  how 

students  made  sense  of  the  mathematical  models  they  had  created,  of  their 

answers  to  questions  that  were  posed,  and  of  contradictions  and  consistencies  in 

their  observations.    Here  are  a  few  of  our  observations  about  sense-making  by 

the  targetted  students. 

•   When  they  are  given  a  mathematical  model  that  is  to  describe  a 

relationship  in  a  situation,  students  vary  in  the  ways  they  try  to  make 
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seme  of  the  model.    Some  students  immediately  try  to  make  sense  of  the  . 
rule  by  trying  to  generate  the  rule  anew  from  the  situation;  some  try  to 
make  sense  of  a  function  rule  by  looking  at  its  component  parts;  some  are 
reluctant  partners  in  the  sense-making  business,  answering  questions 
about  how  a  rule  makes  sense  but  never  volunteering  such  an  observation; 
and  some  make  little  connection  between  the  function  rule  and  the 
situation,  treating  the  situation  almost  tangentially. 
The  techniques  that  students  use  to  make  sense  of  their  answers  include 
using  favorite  computing  tools  and  representations  to  reproduce  the 
answer,  connecting  their  answers  to  other  information  in  a  somewhat  toca! 
way  (checking  their  results  only  against  the  most  recently  generated  other 
results),  and  checking  to  see  whether  their  answers  fit  a  more  global 
picture  of  the  situation  (e.g..  checking  answers  against  a  perception  that 
the  function  should  be  increasing  or  decreasing). 

DISCUSSION 

Eighth  and  ninth  grade  algebra  students  can  begin  to  learn  the  process  of 
mathematical  modelling  within  the' context  of  a  curriculum  that  capitalizes  on 
computing  technology.    In  the  process  of  this  learning  they  draw  on  either  local 
or  global  understandings  of  functions.    For  them,  the  process  of  learning  about 
mathematical  modelling  is  often  the  development  of  a  balancing  act  between 
mathematical  tools  and  representations  and  threads  of  reality. 
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A  THEORY  OF  THE  PRODUCTION  OF  MATHEMATICAL  SIGN 
SYSTEMS  -THE  CASE  OF  ALGEBRAIC  REPRESENTATION 
OF  BASIC  GEOMETRICAL  VARIATION  NOTIONS- 

EugenioFiUoy  -  VfrftniraHoYM 

DepartamentodeMatematkaEducativa  Acadeirua  de  Matemihcas 

CINVESTAV-IPN  UnivetsidadPedag6gicaNaaonal 

The  obiecf  of  this  work  I)  to  present  the  results  of  a  research  concerning  the  appropriation  of  the 
notion^  the  straight  line's  slope,  using  the  theoretical  basis  of  the  gmnl 
approach  HI  of  the  learning  and  teaching  of  algebraic  processes.  This  *e^  £*»pec«ve 
allows  us,  to  advance  the  research  hypotheses  about  of  the  cartesian  representation  of  bajic 
variation  notions. 

1.  Introduction:  A  theory  of  the  production  of  Mathematical  Sign  Systems  (MSS). 

TWs  theory  emerges  from  the  necessity  of  accounting  for  the  discourse  that  occurs 
when  adult-expert  and  child  interact  conjointly  in  a  mathematical  problem  solving- 
situation,  side  by  side  with  the  strict  meaning  of  the  mathematical  text  in  question  I2J.  Or, 
we  need  the  incorporation  of  some  'natural  logic'  that  takes  into  in  account  the 
relationship  between  the  meaning  of  the  mathematical  text  and  the  meanings  that  are 
derived  from  the  presuppositions,  the  immediate  consequences  or  implications  that 
occurs  during  tne  previously  mentioned,  communicative  acts  13a].  In  order  to  accomplish 
this,  we  propose  consolidating  in  a  theory  of  the  production  of  MSS,  the  following 
notions:  MSS  [3b],  sense  14b],  and  use  of  the  mathematical  signs  culturally  adequate  or 
socially  established  [5a].  The  last  is  adquired  by  means  of  cultural  conventions  [5b]. 

The  role  of  a  theory  of  the  production  of  mathematical  sign  systems  would  be  to 
explain  the  apprehension  of  school  mathematical  notions  developed  under  a 
mathematical  sign  system  and  to  describe  the  way  to  a  competent  and  culturally  adequate 
use  of  these  notions. 

Schematically  all  this  will  be  done  through  the  following  steps:  a)  by  the  successive 
appropriation  of  mathematical  sign  systems  with  intrinsic  characteristics.  These 
characteristics  derived  from  the  mathematical  signs  and  the  particular  way  to  operate 
with  them,  see  fig.  1;  b)  the  allocation,  to  the  MSS,  of  the  specific  senses  derived  from  the 
didactical  model  used  during  the  school  teaching;  c)  the  recognition,  ostentation,  and  the 
reproduction  of  the  signs  and  their  operation  established  before  in  an  inferior  MSS  with 
respect  to  the  level  of  the  language  used.  All  these  mechanisms  are  possible  because  of  a 
semiotic  challenge  for  the  user  which  consists  of  assigning  new  senses  to  signs  and 
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operations  used  before  in  a  culturally  adequate  way,  in  an  MSS  previously  introduced 
through  specific  teaching  models. 


A  theory  with  these  characteristics 
complements  the  semiotic  approach  of 
the  teaching  and  learning  processes  that 
had  been  developed  previously. 

From  the  research  accomplished  [6a, 
6b,  6c],  all  with  the  same  methodology 
for  the  experimental  work,  we  have 
hoped  to  obtain  on  one  hand  the 
establishment  of  a  series  of  important 
phenomena  to  be  considered  for  the 
development  of  any  mathematics 
didactic  [4a,  4b],  and  on  the  other,  a 
building  block  for  the  fundamental 
constructs  of  a  theory  used  for  the 
analysis  of  empirical  observations,  Local 
Theoretical  Models. 


MSS3 


MSS1 

Fig.  1 


In  fact,  this  work  was  obtained  from  the  analysis  of  empirical  observations  done  in  a 
previous  work  [6a]  in  the  light  of  the  three  components  of  some  Local  Theoretical  Models. 


2.  The  aims  and  the  methods  of  this  empirical  study. 

This  paper  gives  an  account  of  aspects  of  a  experimental  study  whose  main  aim  is  to 
underline  the  requirements  necessary  for  the  mastery  of  Thales"  Theorem,  the  natural 
obstructions  to  its  learning  and  the  importance  that  these  all  bear  in  the  use  of  a 
Mathematical  Sign  System  where  the  rational  numbers  appearing  are  symbols  whose 
referents  are  both  the  rational  numbers  appearing  in  the  Arithmetical  Sign  System  [6c]  of 
fractions  and  those  appearing  in  the  Geometric  Sign  System  of  the  ratios  of  continuous 
magnitudes.  One  can  clearly  state  that,  until  we  have  a  correct  interpretation  of  the 
situations  presupposed  by  the  Similarity  Theorem,  this  new  mathematical  Sign  System 
stratum  cannot  have  stable  "objects"  with  which  one  could  operate  and  establish  order 
relations  that  would  be  the  usual  concrete  referents  of  the  operations,  and  order  relations 
which  will  appear  in  Trigonometry. 
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The  analysis  centers  in  the  point  of  a  didactical  cut  represented  by  the  learning  of  the 
Thales'  Theorem  [6a]. 

In  order  to  observe  it,  there  was  established  an  experimental  device  where  teaching  was 
programmed  over  a  period  of  two  years,  in  the  first  and  second  years  of  Mexican 
Secondary  School.  There  was  control  exerted  over  the  teaching  strategies  to  which  the 
same  two  groups  of  30  children  were  submitted  over  a  period  of  two  subsequent  years. 

The  methodology  used  in  this  research  was  stratification  of  the  population  by  means  of 
a  diagnostic  test  with  three  axes:  syntactic  skills,  mastery  of  the  solutions  to  equations  and 
a  third  involving  concepts  and  equation  related  to  the  understanding  of  the  geometrical 
situation  of  the  ramp  of  a  straight  staircase  where  the  central  and  culminating  point  was 
the  concept  of  slope  of  a  straight  line  (the  ramp  in  this  case).  This  diagnosis  was  applied  at 
the  end  of  the  first  year  of  secondary  school  when  the  pupils  were  about  13  years  old.  The 
population  under  survey  was  divided  into  three  classes  which  were  derived  from  the 
grouping  of  the  27  classes  produced  from  the  three  axes,  each  axis  being  an  ordinal 
measuring  scale.  Two  subjects  were  chosen  for  each  class  to  undergo  long  duration  video- 
taped clinical  interviews.  In  these  interviews  the  first  object  was  to  confirm  the  written 
diagnosis  and  observe  the  attack  strategy  employed  in  the  solution  of  simple  arithmetic 
equations. 

Subsequently  we  observed  the  difficulties  which  each  student  experienced  in  learning 
the  concept  of  slope  of  a  straight  line  when  the  teaching  approach  was  the  same  as  the 
student  would  be  involved  in  during  the  following  school  year.  The  clinical  interview 
was,  in  itself,  a  didactic  situation  where  the  interviewer  presented  various  aspects  of  the 
concrete  situation,  consisting  of  analysis  of  drawings  of  straight  staircases,  and  tried  to  pin- 
point those  ideas  that  the  student  had  formulated  spontaneously  or  through  teaching 
strategies  employed  in  the  school  year  that  was  just  ending. 

The  following  year  there  were  further  interviews,  with  the  most  interesting  subjects,  in 
order  to  observe  if  the  same  kind  of  obstructions  were  still  present  or  whether  they  had 
evolved.  For  these  interviews  a  teaching  strategy  based  on  the  previous  year  was  devised. 
This  however  allowed  the  student  not  only  to  give  a  general  explanation  on  the  slope's 
constant  value  along  the  stair's  ramp,  but  also  to  give  an  interpretation  (in  arithmetical 
language)  of  the  facts  present  in  the  geometrical  situation,  which  gave  him  the 
opportunity  to  explain  statements  made  in  our  version  of  the  Thales  Theorem-the 
introduction  of  the  concept  of  slope  of  a  straight  line. 
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Among  the  different  cases  observed,  we  can  find  those  who  can  not  exceed  the 
difficulties  stated  by  the  arithmetical  sign  system  of  fractions  and  so  could  not  assign  an 
adequate  social  sense  to  the  signs  and  operations  of  the  Geometrical  Sign  System  of 
continuous  magnitudes,  through  the  didactical  mode!  used. 

But  it  is  also  true  that  there  are  cases  in  which  it's  possible  to  appreciate  clearly:  (A)  how 
the  Arithmetical  Sign  System  of  fractions  constitutes  a  language  stratum  indispensable 
for  the  sense  assignment  [4b]  to  the  new  signs  and  operations  of  ihe  Geometrical  Sign 
System  of  continuous  magnitudes;  and  (B)  why  the  new  notions  -in  this  case  we  are 
talking  of  straight  line  slope  notion  and  correlated  concepts-  which  emerges  in  the  new 
MSS  which  consolidates  the  ASS  of  fractions  and  the  GSS  of  continuous  magnitudes  will 
not  be  stable  until  they  can  be  formulated  and  explained  through  the  referents  established 
in  a  previous  language  stratum,  that  is,  in  the  ASS  of  fractions. 

In  this  paper,  there  will  only  by  the  report  of  the  analysis  of  one  of  these  cases.  Later  on 
some  other  results  will  be  published.  This  is  part  of  a  bigger  Research  Project  that  deals 
with  the  Algebraic  and  Cartesian  Representation  of  Basic  Variation  Notions. 


3.  The  case  study:  toward  the  algebraic  representation  of  the  basic  geometrical  variation 
notions. 

This  case,  one  13  years  old  subject  from  the  high-medium  stratum,  according  to  the 
diagnostic  classification,  shows  stratification  of  the  language  of  MSS  of  the  rational 
numbers  toward  the  conformation  of  algebraic  and  cartesian  representations  of  the  basic 
variation  notions. 

The  given  geometric  problem,  which  initially  any  child  of  the  observed  population 
(and  constitutes  the  Didactical  Cut)  could  not  solve  in  any  socially  established  manner,  is 
about  the  slope  of  a  straight  stair  ramp: 

A  (adult-expert):  Compare  the  fraction  of  rise  and  run  in  A  with  the  fraction  of  rise  and 
run  in  B.  ^What  is  the  relation  between  this  fractions: 


rise  in  A  fist  in  B 
run  in  A         run  in  B 


^Are  they  equal  or  is  one  greater  than  the  other? 
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The  whole  population  answered  that  the  ratio  in  B  was  greater  than  the  ratio  in  A. 
They  gave  a  "natural"  erroneous  geometrical  reading  of  this  problematic  situation. 

For  structuring  the  questions  in  the  interaction  between  the  aduit-«xpert  and  the  child, 
knowledge  of  the  Didactical  Model  is  very  important 

The  parameters  that  are  used  to  define  the  situation  consist  of  the  utilization  of  the 
Didactical  Model  of  the  straight  staircase  and  the  structuring  of  the  series  of  the  problems 
presented  to  the' child. 

The  progression  of  the  interview  was  based  on  the  previously  detected  sense  by  means 
of  the  analysis  of  the  required  formal  competencies  (of  the  ideal  user)  and  his  translation 
by  the  Didactical  Model  in  question  (both  methodological  principles  required  by  the  Local 
Theoretical  Model  for  the  empirical  investigation  of  the  processes). 

This  progression  can  be  analyzed  in  terms  of  a  strategic  sequence  of  steps  toward  the 
solution  of  the  given  problem. 

The  strategic  sequence  of  steps  identified  is  the  following: 

1.  Comparison  of  equivalent  fractions  with  specific  numbers  obtained  from  the 
concrete  context  presented; 

2.  Comparison  of  equivalent  fractions  where  small  numbers  intervene; 

3.  Comparison  of  non-«quivalent  fractions  in  the  Didactical  Model  presented; 

4.  Comparison  of  non-equivalent  fractions  with  small  numbers  in  the  numerator  and 
the  denominator; 

5.  Variation  of  geometrical  ratios  (continuous  magnitudes)  in  the  Didactical  Model 
presented,  confirming  their  equivalence  for  any  pair  of  points  on  the  ramp. 

In  the  case  that  we  are  reporting  the  subject  eventually  manifests  and  adequate  cultural 
use  of  the  equivalence  operation  of  arithmetical  fractions  (to  rectifie  the  initial  natural 
erroneous  geometrical  reading  of  the  problematic  situation): 

T  (girl):  These  are  equivalent.  (T  writes  and  equals  sign  between  the  fraction*  180/360  and 

90/180  obtained  by  measuring  the  diagram  of  the  staircase). 
A  (adult-expert):  And  why  did  you  tell  me  that  you  had  a  greater  slope...?. 
T:  1  thought...  (signaling  to  the  staircase,  reflects,  looking  at  the  given  diagram)  No...  they 

have...  (she  smiles)  "I  made  a  mistake" 
A:  What  mistake  did  you  make? 

T:  That  the  same  slope...  some  lines  don't  have  the  same  slope...  But  this  anywhere  is  the 
same. 
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A:  Or,  if  f  calculate  in  another  point,  let's  see,  in  B',  how  much  was  it?  How  much  do  you 

calculate  here? 
T:  (Writes)  "15M0/  30*10" 
A:  What  is  that?  is  the  slope  en  B,  isn't  it? 

T:  This  is  equivalent.  (T  writes)  "150/300  =  15/30  =  1/2"  "These  are  equivalent" 
A:  Or,  also  in  B  the  slope  is  the  same.T:  In  all  in  all  it's  the  same. 

And  also  the  child  manifests  a  socially  established  use  of  the  notion  of  the  slope  of  a 
straight  line: 

A: ...  You  told  me  that  the  slope  was  grater  because  one  rises  and  advances  more... 

T:  I  told  you  that  it  wasn't  the  same  slope...  but...  it's  the  same  slope.  The  slope  is  the  same  on 
any  part  of  the  staircase  because  the  staircase  is  a  straight  staircase  (T  makes  a  hand 
motion  in  the  air,  to  draw  the  line  that  would  pass  through  all  the  steps  of  the  given 
staircase). 


A:  Or,  what  you  told  me  In  the  beginning  was  wrong?  You  said  that  if  one  was  bigger  or  if  both 
were  bigger,  anyone  would  know  that  the  fraction  was  greater.  It  doesn't  always  happen. 

T:  Well,  to  me...  (T  takes  away  the  page  mat  shows  the  completed  arithmetic  calculations 
and  signals  on  the  diagram  of  the  staircase  two  distinct  points),  the  one  I  have  here  and 
this  one  here,  is  the  same  slope  (T  "draws"  again,  in  the  air,  the  straight  line  in  the 
diagram  of  the  staircase). 


Some  results. 

The  study  indicates  that  the  proportional  variation  with  discrete  magnitudes  is  a 
necessary  antecedent  to  recognition  of  the  continuous  linear  variation  represented  by  a 
linear  equation  and  requires  an  interpretation  of  the  straight  line's  slope  in  arithmetical  j 
theorems,  due  to  the  instability  that  we  observed  one  year  later  in  one  of  the  series  of 
three  clinical  interviews  that  took  place  at  the  end  of  the  subject's  second  year  of  junior 
high  school.  The  instability  occurred  in  spite  of  the  fact  that  during  the  second  year  of 
junior  high  school,  the  student  has  continued  working  with  the  Didactical  Model  of  the 
staircase.  This  indicates  that  it  is  necessary  to  formulate  and  explain  the  notions  that 
emerge  in  the  process  of  abstraction  by  basing  them  on  referents  established  in  a 
previously  acquired  MSS. 

Also,  was  confirmed  that  the  main  obstacles  for  the  appropriation  of  the  notion  of  the 
straight  line's  slope,  were  determined  by  the  sense  that  the  student  had  assigned  both  the 
rational  numbers  appearing  in  the  Arithmetical  Sign  System  of  fractions  (5c)  and  those 
appearing  in  the  Geometric  Sign  System  of  de  ratios  of  continues  magnitudes.  The 
possibility  of  representing  lines  through  the  cartesian  plane,  with  algebraic  expressions 
(linear  equations),  requires  mastery  of  the  continuous  linear  variation.  This  is  essential  in 
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order  to  understand  the  possibility  of  having  two  related  continuous  variables,  such  as 
the  ones  represented  in  the  equations  such  as  y  =  kx  which  vary  in  a  direct  way  and  can  be 
represented  as  straight  lines  through  the  translation  of  analytical  geometry.  Furthermore, 
we  have  also  observed  that  the  possibility  of  solving  arithmetical  problems  on  the 
variation  of  continuous  means,  like  that  which  appears  in  the  problems  of  mixtures, 
requires  the  handling  of  the  concept  of  linear  function  with  a  continuous  variable,  but 
already  as  an  object  to  be  operated  with  objects  belonging  to  the  same  semantic  field  (other 
linear  equations),  in  order  to  generate  other  relations  18]. 

Finally,  in  agreement  with  the  theoretic  perspective  of  the  production  of  MSS,  it  is 
probable  that  the  principle  obstructions  that  the  pupil  confronts  in  his  journey  toward 
competence  in  the  use  of  the  cartesian  representation  of  basic  variation  notions,  are 
located  in  the  senses  that  he  or  she  has  developed  by  the  previous  teaching  sequences  that 
concern  the  variation  of  a  point  throughout  a  rectilinear  trajectory;  the  proportionality  in 
the  different  contexts  of  use;  the  geometrical  ratios  and  the  notion  of  fraction. 
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TTils  paper  is  based  on  the  results  obtained  from  experimental  classroom  studies  and  clinical 
interviews  with  students  between  ages  15  and  16.  The  studies  focused  on  the  students'  solution  of 
arithmetical  and  algebraic  word  problems.  Some  previous  results  can  be  found  in  filloy,  E.  and 
Rubio,  G.  (12]  and  [3J).  The  studies  have  to  do  with  the  application  of  three  Didactic  Models  for 
the  solution  of  arithmetical/algebraic  problems. 

THREE  DIDACTIC  MODELS 
The  three  Didactics  Models  arc: 

1)  The  Method  of  Successive  Analytical  Inferences  (MSAI).-  The  statement  of  the 
problem  is  conceived  as  a  description  of  "a  real  situation"  or  "a  possible  state  of  the 
world";  the  text  is  transformed  by  means  of  analytic  sentences,  i.e.,  using  "facts"  which 
are  valid  in  "any  possible  world".  Logical  transformations  are  made  which  act  as  a 
description  of  the  transformation  of  the  "possible  situation",  until  one  such  inferences 
is  recognized  as  the  solution  to  the  problem.  MSAI  is  the  classic  analytical  method  for 
solving  this  kind  of  problems  using  arithmetic  only.  2)  The  Analytical  Method  of 
Successive  Explorations  (AMSE).-  AMSE  is  a  method  of  solution  which  uses  numerical 
explorations  in  order  to  begin  an  analysis  of  the  problem,  thereby  reaching  a  solution.  3) 
The  Cartesian  Method  (CM).-  Here,  some  of  the  unknown  elements  in  the  text  are 
represented  by  algebraic  expressions.  Then,  the  text  of  the  problem  is  translated  into  a 
series  of  relationships  expressed  in  algebraic  language,  leading  to  one  or  several 
equations  whose  solution,  via  a  return  to  the  translation,  brings  about  the  solution  to 
the  problem.  This  approach  to  problem  solving  is  the  usual  one  in  current  algebra 
textbooks. 


AIMS  OF  THE  PROJECT 

The  project  aims  to  describe  the  kinds  of  difficulties,  hindrances,  and  conveniences 
produced  by  the  use  of  any  of  the  three  methods  when  solutions  to  word  problems 
appearing  in  algebra  textbooks  are  attempted.  We  are  interested  in  discovering  the  kinds 


142 

162 


Volume  1 


of  skills  generated  by  the  use  of  AMSE  that  can  make  the  user  competent  in  the  use  of 
CM.  And  also,  which  skills  generated  by  MSAI  are  necessary  for  a  competent  use  of  CM. 

Our  research  project  contemplates  the  relationship  between  the  solution  of  problems 
and  a  competent  syntactic  use  of  algebraic  expressions,  in  such  a  way  that  we  can:  (a) 
detect  and  describe  the  knowledge  skills  needed  to  set  the  analysis  and  solution  of 
certain  types  of  problems  in  motion;  (b)  find  out  if  the  transference  of  algebraic 
opera tivity  is  propitiated  and /or  reinforced,  in  the  context  of  the  problems,  via  the 
application  of  each  one  of  the  three  methods  for  problem  solution;  (c)  Show  whether  a 
proposal  for  teaching  which  uses  MSAI  and  AMSE  among  its  didactic  methods  might 
not  allow  the  student  to  use  language  strata  which  are  close  to  algebra,  yet  more  concrete 
than  algebra  itself,  in  the  solution  of  problems;  (d)  analyze  how  the  use  of  the  elements 
of  the  Sign-System  of  Arithmetic,  via  MSAI,  could  lead  the  user  to  give  meaning  to  the 
symbols  that  are  found  in  the  algebraic  expressions  we  call  equations;  (e)  make  it 
possible  that  algebraic  expressions  are  given  meanings  external  to  mathematics;  and  that 
with  the  development  of  these  skills,  the  foundations  could  be  laid  for  the  student  to,  (f) 
confer  meanings,  starting  from  the  algebraic  language  itself,  to  the  symbolic  formations 
of  algebra;  and,  (g)  study  the  relationships  between  the  ability  to  carry  out  the  logical 
analysis  of  an  arithmetical-algebraic  word  problem  in  MSAI,  and  the  ability  to  analyze 
and  solve  a  problem  via  the  other  two  methods,  AMSE  and  CM. 


THE  RESEARCH  PROJECT 

The  following  phases  will  characterize  this  experimental  project: 
PHASE  1.  Exploratory  study. 

a)  A  theoretical  analysis  in  order  to  formulate  a  Local  Theoretical  Model  (see  [l])  which 
would  allow  the  empirical  observations  to  be  analyzed  in  terms  of  three  components: 
1)  Formal  Competence,  2)  Teaching  Models,  3)  Cognition.  A  brief  description  of  these 
components  can  be  found  in  J2J. 

b)  An  experimental  process:  the  classroom  activity  of  student  groups  was  monitored 
(1990-1992).  The  groups  were  classified  according  to  three  key  areas  of  competence, 
and,  essentially,  as  to  the  predominance  of  the  following  prerequisites  for  problem- 
solving:  1)  Arithmetic,  II)  Pre-algebra  and  syntax,  and  111)  Semantics. 
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In  the  teaching  component  of  this  phase,  only  MSAI  was  used  in  some  groups,  and 
only  AMSE  in  others. 


[3)  describes  the  theses  that  led  to  this  phase  of  the  work,  which  also  constitutes  the 
framework  used  for  designing  the  next  phase. 

PHASE  2  (1991-1992).  In  this  phase,  five  exploratory  questionnaires  were  used  to 
classify  the  population  which  was  to  be  monitored  in  class.  The  results  were  used  to 
select  cases  for  clinical  study,  in  order  to  observe  in  detail  the  theses  presented  in  [3J  as 
well  as  those  which  arose  as  the  observation  progressed  throughout  the  school  year. 
Essentially,  MSAI  and  AMSE  were  used  together  in  the  teaching  process  so  that,  at  the 
end,  the  students'  skills  with  CM  could  be  analyzed.  This  paper  reports  the  clinical 
study. 


SOME  PRELIMINARY  RESULTS 

I)  Through  the  use  of  certain  strata  of  the  Mathematical  Sign-System  (MSS>  belonging 
to  the  CM,  users  generate  intermediate  senses  linked  only  to  these  strata.  And  this 
allows  them  to  simplify  the  solving  of  certain  Problem  Families.  Once  these  senses  are 
mastered,  the  use  of  this  new  sign-svstem.  with  only  these  strata,  brings  about  the 
simplification  of  certain  problems  (e.g.,  Krutetskii's  [4]  chickens  and  rabbits).  Thus, 
teaching  models  such  as  AMSE  propose  the  development  of  ad  hoc  intermediate  strata 
that  can  be  identified  among  the  more  concrete,  as  well  as  in  the  realm  of  the  abstract 
ones,  necessitated  by  the  CM,  in  order  to  simplify  problem-analysis.  At  the  same  time, 
the  aim  is  to  progressively  generate  senses  for  such  algebraic  representations  as  are 
going  to  be  implemented  by  the  use  of  the  CM.  Each  Problem -Family  determines  the 
representation  levels  required  for  its  solution. 

II)  In  order  to  solve  a  problem  with  MSAI,  as  for  instance,  the  problem  of  chickens 
and  rabbits,  the  required  competence  can  reach  the  almost  expert-level.  That  is  why  the 
natural  tendency  is,  for  instance,  to  use  trial  and  error,  thus  trying  to  circumvent  the 
series  of  successive  analytical  inferences  required  by  the  arithmetical  logical  analysis  of 
the  situation.  These  inferences  call  for  representations  which  permit  an  analysis,  and 
this,  in  turn,  demands  more  advanced  uses  of  such  sign  systems.  In  other  words, 
Arithmetic  and  the  natural  language  are  being  intertwined  and  set  to  work;  and  beside, 
a  competence  is  needed  to  make  a  logical-semiotic  sketch  which  makes  the  solving 
strategy  meaningful.  What  makes  such  an  analysis  and  logical-semiotic  sketch 
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complicated  i*  the  fact  that  for  some  prohlpms.  an  intensive  use  of  thf  work-memory  jS 
required,  and  this  implies  a  training  which  only  expert  problem-solvers  have  attained. 

HI)  When  employing  MSIA,  what  is  generated  is  not  a  unique  representation  of  a 
certain  style;  rather,  this  changes  according  to  each  Problem  Family.  With  the  use  of 
Algebra  and  the  CM,  on  the  other  hand,  certain  characters  (the  algebraic  ones)  are  always 
used  and  by  means  of  which  one  will  write,  arrange,  work;  in  other  words,  the 
representation  is  arrived  at  through  "canonical  forms",  and  this  constitutes  a  part  of  the 
sense  in  the  use  of  such  sign-systems  for  these  problem  situations.  When  using  MSAI, 
on  the  other  hand,  representations  must  be  invented  for  each  problem,  and  this  will 

roqmrp  a  certain  use-capartty  of  the  work-memory  In  order  to  keep  representing  thfi 
action*  pmpP^H  ^  the  solving  logical-semintic  sketch.  whHf  IflVing  flfiVY  Milks  flnd 
signs  for  new  rhnnlts  in  the  mpmnrvl  bv  mMnc  of  which  the  Previous  results  Can  to 
Mustered  and  not  left  "hanging".  AMSE,  as  a  solving  method  for  word  arithmetical- 
algebraic  problems,  requires  that  the  students  learn  how  to  leave  marks  which 
progressively  liberate  memory  units,  thus  allowing  the  user  to  use  such  units  in  the 
progressive  unchaining  of  the  analysis  and  the  solution  of  the  problem.  When  using 
AMSE,  some  students  do  not  leave  enough  marks;  therefore,  in  his  or  her  system  of 
representation,  only  some  of  the  equations  proposed  are  valid  ones. 

Tfrpfip  Intermediate  rpprpsentations  arrange  information  in  chunks  of  more.  CQmPlfiX 

organization,  even  if  one  cannot  distinguish  this  in  the  signs  produced  by  the  user. 
During  the  interviews,  some  students  arrive  at  a  representation  of  the  problem  where, 
most  likely,  they  made  calculations  (as,  for  instance,  by  means  of  a  calculator)  and,  in  the 
end,  they  just  write  the  numerical  solution  to  the  problem.  Then,  they  establish  an 
equality  and  recover  the  operations  (as  dictated  by  one  of  the  AMSE  phases),  so  as  to 
subsequently  produce  an  equation. 

Mf|>w  ^  it  sufficient  to  propose  a  hwp  abstract  representation  to  solve  such 
prohlnms:  lftf> "  »*  ™*  ^ficient  eiffrpr  ~"  arithmetical  methods  are  Pfiing  USBL  ffll 
Instant-  that  the  student  maintains  in  the  WOrk-mfmnfV  everything  thlt  hfi  IS 
producing. 

For  instance,  in  the  case  of  the  problem  where  it  is  asked  when  and  where  the  two 
hands  of  a  clock  come  together,  some  solvers  try  to  progressively  approach  the  point 
which  would  yield  a  result;  yet  they  fail,  because  through  such  an  approach  they  will 
never  find  an  equality  of  the  terms  in  the  two  columns  where  they  codify  the  positions 
corresponding  to  each  hand,  when  adhering  to  the  idea  of  more  and  more 
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approximations.  Since  they  use  a  representation  through  decimal  numbers,  and  the 
sought-after  position  must  be  expressed  in  elevenths,  they  will  never  be  able  to  have  in 
one  column  the  number  appearing  in  the  other  one;  nevertheless,  this  is  the  usual 
solving  strategy.  Here,  the  problem  does  not  have  to  do  with  a  faulty  recording  of 
calculi;  the  difficulty  lies  in  that  an  equation  is  not  being  sought  starting  from  the 
logical-semiotic  sketch  (as  a  representation  of  what  is  happening  in  the  problem).  In 
order  to  advance,  what  is  going  to  be  required  is  a  "mm-*  abstract"  representation,  or  gj 
least  a  better  articulated  representation,  nf  the  problem  solving  process,  such  as  the  one 
Proposed  by  the  AMSE.  wherein  the  aim  is  to  have  access  to  a  process  where  a  sejjgs,  Of 
phases  are  being  implemented  permitting  to  clarify  which  are  the  specific  relationships 
among  data,  in  such  a  way  that  some  of  these  relationships  can  be  later  on  identified  as 
related  one  to  the  Othcrfe).  The  objective,  in  this  case,  is  not  to  find  a  numerical  solution 
to  the  problem,  but  to  establish  the  linear  equation  modelling  it. 

It  can  be  seen,  however,  in  the  corpus  of  diagnoses,  as  well  as  in  the  clinical 
interviews,  that  AMSE  phases  can  be  known  and  yet  these  may  be  meaningless  for 
systematic  use.  As  it  seems,  the  main  concern  among  these  users  is  to  solve  the 
problem,  and  not  to  represent  it  algebraically,  something  which,  sometimes,  they  can  do 
only  after  they  solved  the  problem.  They  always  rescue  operations  from  an  equality, 
notwithstanding  the  fact  that  the  teaching  model  shows,  in  PHASE  3  of  AMSE,  that  this 
can  be  done  after  any  of  the  comparisons  resulting  from  the  numerical  explorations. 

IV)  What  has  been  pointed  out  above  is  a  cognitive  tendency  which  is  observed  in  a 
great  part  of  the  population.  It  consists  in  a  difficulty  to  attribute  a  meaning  to  the 
algebraic  representation  when  students  are  immersed  in  a  dynamics  of  numerical 
resolution.  This  is  seen,  for  instance,  when  the  systematic  use  of  AMSE  is  proposed, 
after  having  showed  how  convenient  it  is  for  solving  certain  problems,  through  a  trial 
and  error  procedure.  What  is  observed  here  is  that  some  students  realise  that  they  have 
performed  such  and  such  operations,  only  after  they  have  reached  a  solution  to  the 
problem;  that  is,  they  realize  there  exist  relationships  among  the  data  when  they 
establish  an  equality  (as  in  PHASE  3  of  AMSE).  This  tendency  to  obtain  an  equation  in 
order  to  follow  the  teaching  requirements,  induces  the  student  to  represent  some 
unknown  quantity  or  magnitude  in  the  problem  merely  as  a  label,  and  not  as  a 
generalized  number.  In  fact,  when  it  is  used,  a  solution  to  the  problem  has  already  been 
obtained  and,  in  the  best  of  cases,  the  value  found  by  other  means  is  associated  to  the 
letter  appearing  in  the  equation.  In  these  cases,  letters  used  in  the  equation  the  student 
has  obtained  possess  a  name  status,  but  these  letters  are  not  associated  with  the  assumed 
numerical  values  which  were  used  to  find  the  representation  of  the  problem  solution 
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V)  Eventually,  trying  to  solve  more  and  more  complex  Problem  Families,  MSAI 
requires  AMSE-type'  representations.  Once  this  stage  is  reached,  representations  are 
established  which  already  show  a  separation  from  the  use  of  MSS  as  used  in  the  MSAI, 
for  in  that  case  the  representation  of  something  unknown  is  being  implemented  to 
operate  with  it,  whereas  in  MSAI  the  unknown  is  merely  going  to  be  represented,  and 
inferences  are  going  to  be  made  which  speak  of  such  a  representation.  Yet,  the  student 
will  never  operate  with  it.  This  is  one  of  the  greatest  differences  between  such  a  use  of 
the  unknown  in  MSAI,  and  the  use  which  is  attempted  to  be  given  in  the  Intermediate 
MSS  as  employed  with  the  AMSE,  not  to  speak  of  the  CM. 

The  latter  is  related  to  the  empirical-type  results  reported  in  [2J  and  13],  which  tell  us 
that  comP  v»TrK  do  not  arw  thP  possibility  of  making  inferences  about  something 
whirh  is  unkP^n  other  casp*  nnf  mnrh  different  from  the  one  just  mentioned,  are 
thrv;*  where  it  is  simpiv  avnMprf  to  operate  with  the  unknown,  i,e„  thf  rf  is  a  resistance 

on  thP  part  of  ^rtain  users  to  impWiPnt  operations  With  something  Unknown,  even 
when  a  use  is  being  made  of  AMSE  in  teaching. 

VI)  Once  MSAI  has  been  used,  the  student,  at  that  moment,  becomes  unable  to 
generate  problems  within  one  and  the  same  Family.  Formerly,  some  users  solved  such 
problems  by  trial  and  error.  When,  however,  such  problems  are  solved  by  means  of 
MSAI,  this  permits  the  users  to  recognize  that  there  exists  a  logical  structure  for  the 
problem,  i.e.,  that  there  is  a  logical  relationship  between  the  quantities  involved,  and 
this  becomes  a  hindrance  to  generate  the  Family.  In  this  natural  tendenry  mm  come  tP 
re*u7»  that  in  ctrh  problems  there  »**  ""-tain  logical  components  which  thfy  had  not 
porrpivpd  anH  whirh  they  dr  ™*  And  this  is  goinr  to  inhibit  thffm  from 

creating  othfr  similar  problems. 

Tfrfr  a  ftpar  rl»P  that  when  solving  a  prnhlpm  a  logical  Semiotif  &tefa±  iS  fast 
performed. 

VII)  From  the  results  so  far  obtained  it  can  be  said  that  not  until  certain  types  of 
problems  are  solved  will  the  natural  tendency  to  approach  them  by  means  of  pure 
MSAI  be  modified.  Subsequently,  making  the  unknown  vary  will  be  implemented, 
until,  at  a  later  stage,  it  is  possible  to  solve  Problem  Families  tthifh  will  require  that  the 
nspr  makes  nse  of  other  representations  whpre  unknown  flUantitifS  IfiUSt  be 
represented.  aPH  then  nsed  tp  inferences  Finally,  it  will  bf  nrTesWV  tO  Operate 

With  thf  representation  of  the  unknown. 
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Thus,  representation  needs  generate  npw  senses  which  briny  on  the  possibility  tfl 
make  more  abstract  uses  of  the  MSS's  employed  to  establish  the  representation  of  th» 
problem,  from  the  loyico-semiotie  <fc*trh  The  essential  difference  between  the 
introduction  of  algebra  and  these  previous  approaches  lies  in  that  in  the  latter,  when 
solving  problems,  the  unknown  is  represented,  although  it  is  not  operated.  Inferences 
are  made  with  a  reference  to  the  representation  of  the  unknown;  but  if  operated,  this  is 
always  done  by  means  of  the  data:  if  a  mention  isf  made  of  unknowns,  this  is  only  in 
terms  of  the  results  of  operations  which  are  being  done  with  the  data. 

As  more  complex  Problem  Families  are  solved,  the  sign  systems  used  become  more 
abstract.  These  (generalization  and  abstraction!  processes  operate  on  Problem  Families. 
either  When  the  Students  find  common  elements  (generalization!,  or  when  they 
perform  negations  about  some  of  the  Family  elements  fin  this  case  we  would  be 
speaking  of  an  abstraction  processl 

Thus,  a  mechanism  explaining  why  mixture  problems  are  harder  than  those  of  other 
Families  would  be  based  in  observing  the  need  to  break  with  the  practice  of  just 
inferring  from  the  representation  of  something  unknown,  in  order  to  find  a  use  for  the 
representation  where  such  unknown  parts  vary.  This  happens,  for  instance,  when,  from 
just  using  a  directly  proportional  relationship,  one  turns  to  use  several  directly 
proportional  relationships,  jointly,  within  the  same  problem.  This  use  of  the 
representation  of  the  unknown  is  the  most  complex  one  to  be  found  in  this  study.  It 
corresponds  to  the  use  of  algebraic  representations  related  to  direct  variations  and  to 
inversely  proportional  variations. 
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TEACHERS'  USE  OF  ALTERNATE  ASSESSMENT  METHODS 

RonTzur.  Karen  Brook*,  Mary  Enderson,  Margaret  Morgan,  and  Thomas  Cooney 
University  of  Georgia 

Summary: 

It  is  becoming  increasingly  clear  thai  teachers'  evaluation  practices  influence  the  nature  of  children's 
mathematical  experiences.  Assessment  practices  send  a  powerful  message  to  students  about  the 
mathematical  thinking,  experiences,  and  content  that  is  valued  This  paper  reports  on  two  projects 
involving  teachers '  use  of  aid  attitudes  toward  alternate  assessment  One  project  involves  implementation 
of  alienate  assessment  on  a  county  wide  scale;  the  other  deals  with  five  individual  te^hen' 
alternate  assessment.  Both  projects  address  teachers'  uses  of  alternate  assessment,  factors  that  facilitate 
and  impede  their  use,  and  the  interaction  of  that  use  with  both  their  beliefs  about  mathematics  and  their 
role  as  teachers  of  mathematics. 

There  is  a  growing  consensus  among  mathematics  educators  about  the  value  of  teaching  mathematics 
from  a  constructivist  perspective.  This  movement  is  consistent  with  various  reform  minded  documents 
(e.g.,  NCTM,  1989;  1991)  that  convey  a  process  orientation  toward  mathematics  teaching  and  learning. 
The  problems  of  realizing  process-oriented  classrooms  are  manifold,  including  the  importance  of  what  and 
how  mathematical  understanding  is  assessed.  Typically,  teachers  and  students  will,  at  some  point,  focus 
on  questions  such  at,  "Will  this  be  on  the  test?"  and  imperative!  like  "Ibis  is  important  Make  sure  you 
know  it  for  the  next  test"  Such  negotiation  is  fundamental  to  determining  what  gets  valued  and  what  gets 
learned.  Crooks  (1988)  emphasizes  that  classroom  evaluation  guides  students'  thinking  in  terms  of  what 
they  should  value  and  what  standards  they  are  expected  to  meet  and  hence  "appears  to  be  one  of  the  most 
potent  forces  influencing  education"  (p.  467). 

It  is  well  documented  that  many,  teachers  bold  or  communicate  a  limited  view  of  mathematics  (Brown, 
Cooney,  A  Jones,  1990)  and  that  students  often  think  of  mathematics  as  a  set  of  a  priori  algorithms  to  be 
executed  in  well  defined  circumstances  (Borasi,  1990).  Further,  teachers'  evaluation  practices  sometimes 
reflect  this  limited  view  as  they  conflate  the  notion  of  an  item  being  difficult  with  the  notion  of  an  item 
assesing  a  deep  and  thorough  understanding  (Cooney,  1992;  Cooney,  Badger,  A  Wilson,  1993). 

Two  projects  involving  teachers'  use  of  alternate  assessment  items  (e.g.,  items  that  require  solutions 
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other  than  a  pie-determined  Dumber)  and  alternate  aatetament  techniques  are  the  focus  of  this  report.  In 
the  first  project  (hereafter  referred  to  as  the  Individual  Teacher  Project  (ITP))  five  teachers  incorporated 
alternate  assessment  items  and  techniques  into  their  teaching.  The  teachers  were  given  items  that  they  could 
use  in  their  teaching  and  were  provided  suggestions  for  generating  their  own  items.  Data  from  this  project 
consists  of  two  interviews  with  each  teacher,  three  observations  of  their  classes,  information  shared  during 
three  project  meetings,  and  copies  of  tests  and  materials  that  the  teachers  sent  us.  In  the  second  project, 
hereafter  referred  to  as  the  Large  County  Project  (LCP),  1 22  fifth  grade  teachers  were  ssked  to  incorporate 
assessment  materials  into  their  teaching  in  an  effort  to  have  a  continuous  achievement  program.  The 
assessment  materials  were  designed  to  compliment  the  curriculum  materials  the  county  bad  designed  in  an 
effort  to  move  teachers  toward  a  more  "hsnds  on"  approach  to  teaching  mathematics.  Data  from  this 
project  consisted  of  a  survey  conducted  in  the  fall  of  1992  on  the  teachers'  use  of  the  assessment  materials 
and  telephone  interviews  conducted  in  March,  1993,  with  the  12  teachers  who  were  willing  to  be 
interviewed.  Data  from  the  iTP  and  the  LCP  were  used  to  address  the  following  three  questions:  In  what 
ways  and  how  do  teachers  use  alternate  assessment  items  in  their  teaching?  What  factors  seem  to  facilitate 
or  impede  teachers'  use  of  alternate  assessment  methods?  and  In  what  ways  and  to  what  extent  does  an 
emphasis  on  alternate  assessment  methods  interact  with  teachers'  beliefs  about  mathematics  and  about  their 
role  as  teachers  of  mathematics?  We  consider  each  of  these  questions  in  turn, 

!■  what  waya  and  how  do  teachers  use  alienate  aaaeasaneat  item  la  their  teaching? 

In  LCP  the  most  common  use  of  alternate  assessment  items  cited  by  the  fifth-grade  teachers  who  were 
interviewed  was  the  identification  of  objectives  and  skills  that  need  to  be  re-taught;  the  most  common 
scenario  was  that  the  .teachers  retaught  a  skill  if  many  of  the  children  in  'he  class  performed  poorly  on  an 
assessment  item.  Although  the  assessment  items  in  LCP  were  designed  for  use  with  small  groups,  half 
the  interviewed  teachers  mentioned  using  them  in  a  whole  claas  format  The  teachers  indicated  that  the 
assessment  materials  were  also  used  as  worksheets,  as  teaching  toots,  as  clssswork  to  be  seat  home  to 
parents,  as  problems  for  the  whole  class  to  discuss,  and  as  aampte  work  for  portfolios.  The  results  were 
used  to  determine  individual  students'  strong  or  weak  points  and  to  structure  lessons.  Five  of  the  twelve 
teachers  interviewed  stated  that  they  did  not  use  the  results  of  the  alternate  assessment  items  in  determining 
grades.  The  other  seven  teachers  said  that  the  results  contributed  to  the  students*  grades. 

In  the  ITP  Carol,  a  middle  school  teacher  in  an  urban  school,  used  open-ended  questions  that  required 


152 


Volume  1 


students'  explanations  sucb  as  -Explain  why  4.25+7.3  cannot  equal  12,28,"  or  -Identify  the  mistake 
Teny  made  when  he  said  that  1.26+3.4  equals  .150?"  She  also  had  her  students  write  about  their  feelings 
towaid  mathematics  and  the  kinds  of  difficulties  they  experienced  in  solving  mathematical  problems, 

Katie,  a  secondary  teacher  in  a  university  town,  provided  her  own  analyais  regarding  the  changes  she 
underwent  (see  table  1).  Observations  of  her  target  class  revealed  that  her  use  of  alternate  assessment  items 

t.hu  i ;      Miiviii  of  her  rtunim  la  hmImi  jadaatf  HMfcffljjdjtf 

Tr*Utkx»]  Quotioo*  1  AHermteTeat  Qwerione 


1.  Rod  the  OCT  of  12  «nd  157 


2.  Round  each  of  the  toOowtag  to  the  Dearest  tenth: 
48.128    b.  1399.92435    c.  4.237S 


l.Why  caot  12betbeOCFof6aDd  187 


2.  Qt*c  a  number  tbtt  woukJ  round  to  each  of  the  following: 
a.  5432         b.  853.8        c.  91.998 


3.  Categorize  each  of  the.  following  numbers  m 
prime  or  composite:  81. 2,  S3,  and  111. 


3.  Buddy  thiflta  that  91  and  93  arc  prime  because  they  end  in  an  odd 
dittt.  fete  aantmt  Buddy  Is  wrona.  Who fc  correct  and  why?  


had  also  influenced  her  teaching  of  mathematics  as  she  prodded  students  with  questions  like,  "Why  is  that 
true?"  or  "How  did  you  get  that  answer?" 

For  Dave,  a  secondary  teacher  in  a  private  school,  it  was  not  unusual  for  25%  of  his  test  items  to 
consist  of  open-ended  items.  His  teaching  mirrored  this  emphasis  as  well.  The  following  items  are  typical 
of  items  Dave  created:  "Is  it  possible  for  an  isosceles  triangle  to  have  a  right  angle?  If  so,  give  an 
example.  If  not,  stati.  why,"  or  "Peter  thinks  he  can  find  an  equation  for  a  parabola  that  has  no  real  x- 
interccpts  (roots),  a  negative  y-interccpt  and  a  vertex  in  the  second  quadrant.  Lucy  disagrees.  Who  is 
correct  and  why?"  Dave  feels  that  open-ended  questions  give  more  information  about  a  student's 
understanding  than  purely  compuUtional  ones  since  he  -could  more  easily  define  a  student's  strengths  and 
weaknesses."  Interviews  with  Dave's  students  indicate  that  they  sense  his  method  of  teaching  is  different 
from  other  mathematics  teachers  they  have  had.  Comments  like,  "My  other  mathematics  teachers  didn't 
ask  us  to  explain  things."  were  typical. 

Lisa,  a  colleague  of  Dave's  in  the  same  school,  used  alternate  assessment  in  all  of  her  classes. 
Approximately  29%  of  her  test  items  were  open-ended.  A  typical  question  is,  "Does  x"/(x'-x*) « 1  for 
all  values  of  x?  Why  or  why  not?"  Lisa  also  has  an  interest  in  portfolio  assessment.  She  conveys  this 
interest  to  her  students,  "I  talk  about  portfolio  assessment  a  lot,  I  say  I'm  looking  at  your  whole, 
everything  you  do,  every  piece  of  work  you  give  me.  everything  you  say  to  me,  every  action."  In  keeping 
with  this,  Lisa  has  her  students  create  portfolios  in  which  they  react  to  each  topic  and  discuss  problems  or 
insights  they  hsd  whtxt  studying  the  topic 

Elizabeth,  a  geometry  teacher  in  an  urban  setting,  used  alternate  assessment  items  primarily  as  bonus 
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or  wtnn  up  activities.  However,  she  gradually  tended  to  use  items  such  as  the  following  oo  bet  tests. 
Ito  teld  thtt  the  miming  ride  of  tbi*  right  triangle  k  17  became  it  ooouiot  a  Fythagorcan  triple.  It  be  correct 
and  why?  13 


What  factors  seem  to  facilitate  or  impede  trackers'  ate  of  alternate  assessment  methods? 

In  the  LCP  survey  the  teachers'  reactions  to  the  close-ended  questions  were  coded  on  s  Likcrt  scale: 
•X  -1.  0,  +1,  +2.  Table  2  shows  the  positive  responses  toward  the  assessment  materials.  In  general,  the 
teachers  felt  the  materials  were  clear  and  concise  and  generally  felt  comfortable  using  the  materials  in  small 
groups  albeit  this  usage  was  rather  uneven  across  the  fifth  grade  teachers,  indicating  significant  interaction 
while  gouped  by  years  of  experience  (a-f,  see  figure  1), 

Figure  1 :  Conceptual  Clusters  of  LCP  Teachers'  Reactions  vs.  Years  of  Experience 
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The  teachers  felt  that  they  had  reasonable  support  although  they  indicated  that  their  best  support  was  from 
their  peers.  They  also  expressed  coocern  that  the  assessment  materials  were  in  a  notebook  separate  from 
the  curriculum  materials-thus  making  the  integration  more  difficult  Although  the  teachers  felt  that  the 
assessment  materials  did  a  good  job  of  testing  the  curriculum's  objective,  in  reality  not  all  of  the  teachers 
bought  into  the  curriculum's  objectives  as  some  relied  heavily  on  texts  and  minimized  a  "hands  on"  Table 
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Avg. 

\p<) 

fc 

ThecftwdurwfwuKtrtc^tDdcoocae 

♦  .46 

.0001 

I  feci  confident  to  uku  the  materie* 

♦  .1 

.2 

15 

1  feel  comfortable  tsetse**  students  to  snail  stouds 

♦  31 

.001 

16 

The  assessment  oeieriefc  an  helpful  to  deterratoina  students'  uDdetstandtot  of  mathematics 

♦  .19 

.05 

V 

fafonnaticp  sained  ftoea  the  sssceiaeot  mucritk  hm  cAvm**\  me  to      my  ei—mnjn  tntmictfon 

♦  M 

.1 

18 

The  ssscssnent  itetMdoa  toodkfcofttstinithecurr^^ 

♦  .21 

.05 

V, 

The  ptrass  of  mv  students  will  be  suoDortive 

♦  .15 

.05 

approach  to  leaching  mathematics.  Teachers  who  made  extensive  uar.  of  the  aaseaament  material  repotted 
that  the  atudenu  liked  working  with  the  materials.  In  general,  the  teachers  felt  that  the  implementation 
process  should  hsve  been  more  gradual  rather  than  being  imposed  on  them  in  a  single  yesr. 
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Table  3  shows  the  negative  responses  toward  the  assessment  materials  that  are  regarded  as  impeding 

factors  toward  its  implementation.  Several  conclusions  seem  warranted.  First,  the  teachers  felt  that  using 

TAV  ^Tucft**'  Native  Reaction*  Toward  tha  Assessment  Material  (n=\22\ 
No. 


Question 


Avs>     (P  < ) 


19 


l^F^mcuX  io  choose  temptes  of  students'  work  tor  ti»  portfolk*  thit  mu^rsic  the  •tuoeott* 
sthtevemcnt  level 


32 


sxm 


20 


The  materia*  Km*  my  creativity  in  classroom  Instruction 


.63 


.0001 


21 


The  to  scd  effort  1 


previous  evaluation  method*  save  me  better  tasistt  too  my  students'  undentstKUoa  of  math 


.56 


.0001 


22 


.0001 


23 


31 


.001 


24 


25 


fausiigmtmaierM^lfcmdutolftiradi^ 


.18 


.05 


Id  u*lr*tt*  materia*,  I.sra  cooceroed  mat  my  sssessoeot  of  students*  responses  will  ad  be 
coosfcacnt  with  tbst  of  my  feUow  teachera 


.12 


.IS 


26  ~  Tj^cqxtnicd  that  the  ma^  I  0001 

the  msterisls  .limited  their  crcetivity  in  teaching-aignaiing  that  the  teachers  saw  the  assessment  as  being 
separated  from  instruction.  Too.  they  were  not  confident  that  they  could  select  appropriate  samples  of 
students'  work  to  put  in  the  portfolios. 

The  1TP  teachers  universally  cited  time  as  a  limiting  factor  in  using  alternate  assessment  Also 
mentioned  was  their  comfort  level,  both  with  mathematics  and.  particularly,  in  creating  their  own  items. 
Thus,  they  noted  that  items  created  for  them  by  the  project  staff  as  being  important  facilitating  factor, 
la  wfcat  waya  tad  to  what  extent  does  an  emphnsU  on  alternate  forma  of  assessment 
interact  with  teachers*  betiefr  of  mathematics  and  their  role  as  teachers  of  mathematics? 

In  interviews  with  the  LCP  teachers,  the  comments  focused  on  procedures  involving  the  assessment 
materials  rather  than  its  substance.  Teachers'  time  was  a  primary  concern  to  many  although  tome  teachers 
minimized  this  concern.  Positive  comments  included  that  it  allows  progress  according  to  student  ability, 
forces  students  to  think,  provides  uniformity  serosa  the  county,  snd  promotes  student  intersctions.  Some 
high  correlations  were  found  (see  table  4)  while  LCP  teachers'  reactions  toward  single  items  were  grouped 
conceptually,  indicating  that  teachers'  attitudes  toward  the  assessment  materials  are  related  to  their  beliefc. 
Table  4:  IVarann  Cbrrelnjnn  Coefficient*  amnny  conents  regarding  the  j  ,*sment,  miafflill 
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With  respect  to  the  HP,  it  is  difficult  to  conclude  that  bow.  the  teachers  saw  mathematics  was  related  to 
wJttlhcr  the  teachers  used  alternate  assessment  items  and  techniques,  it  is  clear,  however,  that  bow  they 
saw  mathematics  was  related  to  the  types  of  items  they  gave  their  students.  For  example,  Carol  strove  to 
make  her  students  feel  successful  in  the  classroom  snd  to  develop  s  positive  attitude  toward  doing 
mathematics;  hence,  she  frequently  used  bands  on  msterisls.  Yet  ber  tests  bad  a  strong  computational 
orientation. 

Carol,  Katie,  and  Elizabeth  struggled  in  their  attempts  to  create  open-ended  items  much  more  than 
Dave  and  Lisa.  It  is  not  clear  whether  this  circumstance  relates  to  their  beliefs  about  mathematics  (Dave  and 
Lias  communicate  s  broad  view  of  mathematics)  or  to  the  fact  that  Dave  and  Lisa  teach  together  in  a 
relatively  riak  free  environment  in  which  they  are  free,  indeed,  encouraged,  to  experiment.  At  the 
beginning  of  the  project  Dave  and  Lisa  were  already  familiar  with  the  NCTM  Standards  and  hence  "bad  a 
jump"  on  the  otiier  teachers.  While  it  is  striking  to  note  that  the  public  school  teachers  (Carol,  Katie,  and 
Elizabeth)  were  more  likely  to  emphasize  computational  outcomes  as  they  struggled  to  create  and  use 
sltemste  assessment  items,  it  is  also  interesting  to  note  thst  Carol  and  Katie  exhibited  more  change  in  their 
teaching  than  did  the  other  teachers  and  demonstrated  considerable  professions]  growth  in  doing  so. 


Green  (1971X  ;n  analyzing  teachers'  beliefs  systems,  allows  for  the  possibility  of  beliefs  existing  in 
clusters,  isolated  from  one  another.  We  see  evidence  of  this  in  this  study,  particularly  with  the  IX?.  For 
many  of  these  teachers,  assessment  is  seen  aa  something  quite  different  than  teaching.  For  the  teachers 
who  saw  the  assessment  msterisls  as  sn  encroachment  on  their  time,  they  asked  the  question  of  why  they 
slso  had  to  do  assessment..  But  for  other  LCP  teachers,  time  was  not  so  much  of  an  issue  or  st  least  this 
concern  was  minimized  because  of  the  perceived  importance  in  using  the  assessment  msterisls.  These 
teachers  saw  considerable  harmony  between  the  assessment  msterisls  and  their  normal  way  of  teaching 
mathematics.  Neither  did  this  isolation  or  non-isolation  relate  to  a  school's  economic  standing.  Indeed, 
some  of  the  more  vocal  concerns  were  from  teachers  who  taught  in  high  profile  schools,  whose  students 
generated  high  test  scores  on  the  tTBS,  and  whose  parents  were  very 
involved  in  school  affairs-or  at  IcaM  "watched  over"  the  school. 

The  FTP  provides  s  somewhst  different  twist  oil  the  notion  that  beliefs  sbout  msthemstics  influences 
instruction  (Thompson,  1984;  1992).  Here  the  evidence  points  to  the  fsct  thst  s  teacher's  beliefs  sbout 
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mathematics  arc  primary  (Greco,  1971)  and  the  manifestation  of  that  in  terms  of  test  and  class  questions  is 
derived  from  the  primary  beliefs.  Perhaps  this  should  be  no  surprise.  But  it  is  also  the  case  that  where 
teachers  demonstrated  considerable  professional  growth  (in  terms  of  moving  toward  the  Sttndtfdl).  the 
entry  point  for  this  change  came  from  a  concern  about  assessment  While  this  may  be  a  chicken  and  egg 
question,  it  certainly  raises  the  question  of  whether  assessment  must  always  be  relegated  to  the  caboose  of 
reform  o*  whether  in  tact  in  could  serve  as  the  engine  for  driving  reform. 
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MATH  TALK  IN  A  HETEROGENEOUS  GROUP 

Ann  Gordon 
University  of  Illinois  at  Chicago 
Robert  A.  Reeve 
University  of  Melbourne,  Australia 
Abstract 

Changes  in  the  mathematical  discourse  of  four  third-grade  students  in  *  guided  learning  group, 
and  the  teacher  behaviors  accompanying  these  changes,  are  described.  Less  capable  students  who 
possessed  relatively  weaker  mathematical  competencies  than  their  more  able  peers  constructively 
influenced  the  discourse  of  their  peers  under  particular  conditions  of  adult  guidance.  The  positive 
discourses  was  sustained  over  time  by  the  group.  The  less  capable  students  in  this  study  monitored  and 
regulated  tht  activity  and  provoked"sense-makingm  exchanges  among  all  students.  These  outcomes 
suggest  that  mthematical  discourse  can  be  enhanced  by  adult-led  heterogeneous  ability  learning  groups. 

There  is  mounting  pressure  to  change  instructional  practices  for  teaching  mathematics 
foUdonal  Council  of  Teachers  of  Mathematics,  1989).  Recommendations  for  change  suggest 
^moving  away  from  an  emphasis  on  memorizing  procedures  toward  an  emphasis  on 
mathematical  thinking,  lite  social  atmosphere  believed  to  be  most  conducive  to  thinking 
generally,  and  mathematical  thinking  in  particular,  is  one  in  which  students  have  an 
opportunity  to  talk,  reflect,  and  work  together  under  particular  forms  of  guidance  from  their 
teacher  (Brown,  Campione,  Reeve,  Ferrara,  &  Palincsar,  1991;  Lampert,  1990;  O'Connor,  1991; 
Stevenson  U  Stigler,  1992).  The  goal  is  for  mathematics  classes  to  be  places  in  which  all 
students  participate  in  sustained  discussion  and  collaborative  activities-places  in  which 
opportunities  for  students  to  communicate  mathematically  are  maximized  (Pimm,  1987). 

The  press  for  more  interactively  oriented  learning  environments  of  necessity  means  that 
children  of  widely  varying  competencies  will  interact  with  each  other.  Yet  relatively  little  is 
known,  either  theoretically  or  empirically,  about  the  cognitive  effects  of  interactions  between 
more  and  less  capable  learners  in  these  increasingly  heterogeneous  settings,  nor  how  teachers 
can  maximize  mathematical  talking  and  thinking  in  these  environments.  The  purpose  of  the 
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work  reported  here  1$  to:  <1)  examine  mathematical  talk  and  opportunities  for  mathematical 
thinking  mat  emerge  in  interactions  between  more  and  less  capable  learners  in  a  small  guided 
learning  group,  and  (2)  investigate  the  conditions  that  support  these  interactions. 

It  is  generally  believed  that  there  are  cognitive  benefits  for  less  capable  students  in 
heterogeneous  groups.  This  belief  is  consistent  with  Vygotskian  theory  that  predicts  that 
learning  is  enhanced  when  a  zone  of  proximal  development  is  created  by  the  presence  of  a 
more  capable  individual  (Vygotsky,  1987).  The  focus  of  most  studies  based  on  Vygotskian 
theory  has  been  on  describing  the  cognitive  development  of  the  less  capable  learner  and  on 
identifying  critical  guiding  behaviors  of  the  more  capable  that  are  believed  to  facilitate  this 
development  (LCHC,  1983;  Rogoff  &  Gardner,  1984).  Although  it  has  been  suggested  that 
interactions  in  heterogeneous  groups  may  be  mutually  beneficial  for  both  more  and  less 
capable  learners  (Palinscar,  1992),  the  ways  in  which  less  capable  learners  create  zones  of 
proximal  development  among  their  more  capable  peers  have  not  been  specified. 

Methods 

The  data  for  the  proposed  project  were  collected  as  part  of  a  larger  study  (IV  -  58) 
designed  to  enhance  mathematical  understanding  in  elementary  school  children  using 
collaborative  and  guided  practice  piccedures  (Reeve,  Gordon,  Brown,  &  Campione,  1990). 
This  two-year  study  took  place  in  two  inner-city  parochial  schools  on  the  south  side  of 
Chicago,  attended  primarily  by  minority  students.  All  the  students  in  the  participating  classes 
were  assigned  to  one  of  four  performance  levels  based  on  their  Total  Mathematics  score  on  the 
California  Achievement  Tests  (Forms  E&F).  Groups  were  then  created  by  randomly 
assigning  one  student  from  each  performance  quartile  to  each  group.  The  resulting  groups, 
balanced  by  gender,  were  thus  composed  of  four  students,  one  from  each  of  four  distinct 
performance  levels.  Half  of  the  groups  were  taught  using  collaborative  and  guided  practice 
procedures.  A  major  goal  of  the  project  was  to  examine  ways  in  which  students  appropriate 
mathematical  constructs,  as  reflected  in  their  talk.  The  role  of  the  adult  in  these  groups  was  to 
move  children  out  of  an  "other-directed"  framework  into  a  "self-directed"  framework-a  kind  of 
cognitive  socialization  in  which  the  teacher  was  the  socializing  agent.  Three  "reflection 
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boards"  were  used.as  «  medium  for  externalizing  thinking  throughout  the  pJoblem-solving 
activity.  The  remaining  groups  participated  In  one  of  two  control  activities:  unguided 
cooperative  learning,  or  paper-and-pendl  practice  with  routine  teacher  comments.  All 
students  worked  to  solve  three  term  "combine"  problems  in  which  the  first,  second,  or  third 
addend  was  the  unknown.  We  used  mis  problem  type  because  it  proved  sufficiently  difficult 
to  Induce  students  to  reflect,  for  example,  on  part-whole  relationships: 

Bill  is  counting  the  cars  he  passes  on  his  way  to  school.  He  counts  81  cars  altogether. 
He  counts  28  red  cars,  34  blue  cars,  and  some  black  cars.  How  many  black  cars  does  he 
count  on  his  way  to  school? 
One  of  the  7  intervention  groups  was  selected  for  the  current  study.  The  group  met  21  times 
over  the  course  of  7  weeks.  The  data  source  was  protocols  and  written  work  from  these 
sessions. 
Sub)eci3 

For  the  purpose  of  the  current  analysis,  the  two  students  drawn  from  the  lower  two 
quartiles  of  their  class,  TyronL  and  undaL  were  considered  "less  capable"  (denoted  hereafter 
by  the  superscript  L>,  while  the  students  drawn  from  the  higher  two  quartiles,  Rochet  and 
Clark",  were  considered  "more  capable"  (denoted  by  the  superscript  M).  All  the  students  in  " 
this  group  were  familiar  with  one  another  and  had  been  classmates  for  at  least  one  full  school 
year.  They  all  had  the  same  Instructional  background  in  mathematics. 

TyronL  was  mildly  neurologically  impaired.  His  speech  was  sometimes  difficult  to 
understand,  his  physical  movements  became  noticeably  spastic  when  he  was  ill  at  ease,  and  his 
handwriting  was  large  and  poorly  controlled.  His  classmates  openly  referred  to  him  as 
•  stupid"  and  "weird".  Tyrants  total  battery  score  on  the  California  Achievement  Tests, 
administered  to  his  class  in  March  of  the  previous  school  year,  was  in  the  7th  percentile 
nationally.  His  weakest  performance  was  on  the  mathematics  subtests  (2nd  percentile)  and  his 
best  was  on  the  Language  subtests  (15th  percentile). 

LindaL  was  an  engaging,  willful,  and  active  child.  Her  performance  in  class  was 
consistent  with  that  of  students  described  as  learning  disabled.  Although  seemingly  quite 


bright,  UndaL  frequently  appeared  distracted,  had  difficulty  carrying  out  tasks  that  required 
written  work,  performed  poorly  on  paper-and-pendl  tests,  and  was  a  terrible  speller.  LindaL's 
total  battery  score  on  the  California  Achievement  Tests  was  in  the  5th  percentile  nationally. 
Her  weakest  performance  was  on  the  Language  subtests,  where  she  obtained  a  minimum 
score,  and  her  best  was  on  the  Reading  and  Mathematics  subtests  (11th  percentile  nationally). 

RochelM  and  C!arkM  performed  markedly  better  in  school  and  on  standardized 
measures  of  mathematics  than  did  either  TyronL  or  UndaL.  RochelM,  for  example,  was  an 
academically  profident,  cooperative  and  popular  student  with  a  mild  speech  dysfluency.  She 
sometimes  stuttered  when  directly  questioned,  but  communicated  carefully  and  condsely 
when  initiating  conversation,  or  volunteering  to  respond  to  a  question  in  dass.  RochelMs  total 
battery  score  on  the  California  Achievement  Tests  was  in  the  49th  percentile  nationally.  Her 
weakest  performance  was  on  the  Mathematics  subtests  (26th  percentile)  and  her  best  was  on 
the  Language  subtests  (78th  percentile).  While  clearly  one  of  the  more  successful  students  in 
her  dass,  RochelM  maintained  a  low  profile-she  was  a  little  remote  and  not  easy  to  "see". 

As  soon  as  a  question  was  asked,  and  sometimes  before  the  question  was  completed, 
CIarkM  had  his  hand  up.  His  impulsive  behavior  and  insistence  on  being  recognized,  irritated 
many  of  his  peers.  His  dassmates,  however,  did  believe  that  darkM  knew  what  he  was 
talking  about-they  said  ClarkM  was  "smart".  ClarkM's  total  battery  score  on  the  California 
Achievement  Tests  was  in  the  45th  percentile  nationally.  His  weakest  performance  was  on  the 
Mathematics  subtests  (20th  percentile)  and  his  best  was  on  the  Language  subtests  (73rd 
percentile). 

Results  and  Condutions 

Findings  indicated  that  learners  were  exposed  to  a  variety  of  opportunities  to  think  and 
learn  as  a  result  of  discourse  with  their  less  capable  peers.  Less  capable  students  stimulated 
mathematical  discussions  in  their  more  competent  peers  in  the  following  ways: 

0)  TTlC  tog  Capable  Students  monitored  and  regulated  the  activity  of  the  mot*  c*pM* 
They  noticed  omissions,  inconsistendes  and  novelty,  and  insisted  on  corrections.  They  made 
task  components  more  explidt  by  requiring  that  peers  break  down  the  problem-solving 
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activity  into  step*.  Their  participation  generally  slowed  down  the  pace  of  the  activity,  which, 
rather  than  being  a  cost,  resulted  in  more  reflection  on  the  part  of  high  performers. 

(2)  fflf )~«  r.oa%  tiudffltt  gcaaked  -ffnif"™""r  "chitng"-  They  offered 
contrasting  (correct  or  incorrect)  answers  that  played  the  role  of  naturally  occurring  counter- 
suggestions.  On  the  13th  day  of  the  Intervention,  for  example,  the  group  struggled  with  how 
to  represent  and  solve  a  relatively  new  type  of  problem.  A  comment  by  LlndaL  initiated  an 
exchange  in  which  Clark",  after  an  initial  protest,  thought  about  an  alternative  approach: 
ClarkM:       For  the  [pause!  I  draw  a  circle.  Draw  a  drcle. 

Linda1-:       Can  I  say  something? 

RochelM:     Okay,  what 

Linda1-:        We  can't  drew  no  circle. 

RochelM:      Yes  we  can. 

ClarkM:       Yes  we  can. 

RochelM;      We  did  that  before. 

ClarkM:       Maybe  you're  thinking  about  those  boxes. 

Linda1-:  Yeah. 

While  RochelM  appeared  to  hold  to  the  view  that  what  worked  before  should  work  again, 
ClarkM  thought  twice,  literally,  instead  of  rejecting  Linda^'s  comment  out  of  hand. 
Furthermore,  now  that  two  approaches  were  put  on  the  table,  a  comparison  was  possible.  On 
other  occasions,  Tyronl-  and  Und*<-  questioned  rote  and  abbreviated  performance  by  RochelM 
and  ClarkM,  which  resulted  in  discussions  in  which  the  rationales  behind  performance 
decisions  were  made  explicit. 

m  Qangta  in  the  tea  sagaMt  ttildmti  promoted  reflection  Progressive  changes  In 
the  abilities  of  the  less  capable  students  on  the  target  task  were  visible  to  their  high  performing 
peers.  For  example,  on  the  5th  day  of  the  intervention,  the  following  exchange  took  place 
when  Linda1-  answered  for  TyronL: 

Teacher:      You  know,  answering  for  him  is  not  going  to  help  him. 
Linda1-:       He  needs  it! 
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Teacher:      You  have  your  idea,  Clark  has  his  idea,  and  I  want  to  hear  TyronL's  idea. 
Linda1".       He  doesn't  have  one. 
But  four  days  later,  when  a  similar  event  occurred,  UndaL  said,  "You  don't  have  to  tell  him. 
He  know  how  to  count!" 

The  more  capable  became  better  able  (and  more  wiliing)  to  reveal  their  own  strengths 
and  weaknesses,  to  display  uncertainty,  and  to  consider  alternative  solutions: 

ClarkM:       What's  the  information?  Um,  there  was,  urn,  20,  there  were  20  costumes. 

Um,  wait  a  minute!  —  Just  put  'there  were  8  vampires/  or  you  can  put  the 
whole  thing. 

The  particular  kinds  of  interactions  among  students  that  were  observed  in  this  study 
appeared  to  result  from  conditions  intentionally  established  by  the  teacher.  The  teacher: 
(a)  established  a  constructive  collaborative  social  climate  by  modeling,  and  requiring  practice  in, 
respectful  responses  to  all  student  comments;  (b)  promoted  student-student  discourse  by 
explicitly  inviting  comments  from  all  group  members,  limiting  her  own  participation,  and 
turning  questions  back  to  members  of  the  group;  (c)  engaged  the  group  in  metacognitive  thinking 
by  asking  reflective  questions,  and  consistently  using  student  ideas,  particularly  those  of  less 
capable  participants,  as  opportunities  to  initiate  talk  about  mathematical  procedures  and  ideas. 

These  results  illustrated  that  students  of  all  proficiency  levels  can  engage  in 
mathematical  discourse  under  specific  conditions  of  guidance,  and  suggested  that  less  capable 
students  may  be  an  important  and  overlooked  classroom  resource.  How  the  interactions 
reported  here  compare  to  interactions  among  more  capable  students  in  homogeneous  groups, 
or  in  heterogeneous  groups  with  more  wiucly  varied  ability  levels,  for  example,  remains  to  be 
studied. 
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EPISTEMOLOGICAL  CHANGES  IN  COMMUNITY  COLLEGE 
MATHEMATICS  STUDENTS 
Jan  LaTurno  and  Kathleen  Metz 
University  of  California,  Riverside 


ABSTRACT 


The  study  examined  community  college  students'  beliefs  concerning  the 
nature  of  mathematics.  182  students  were  administered  a  Likert  survey 
designed  by  the  authors.  With  rare  exceptions,  students  manifested  a 
limited  view  of  mathematics,  e.g.,  as  numbers  and  their  manipulation  in 
well-structured  problems.  We  found  no  significant  differences  between 
students  from  remedial  and  relatively  advanced  classes.  A  semesterAong 
constructivist  intervention  in  a  remedial  arithmetic  course  failed  to  result 
in  significant  differences  concerning  their  belief  about  the  content  of 
mathematics,  a  result  we  argue  may  be  due  to  the  students'  interpretation 
of  the  course  activities  as  outside  the  bourj\:  f mathematics. 

There  is  a  growing  literature  examining  the  nature  of  students'  epistemological 
beliefs  and  the  effects  of  these  beliefs  on  students*  learning.  For  example,  Songer  & 
Linn  (1991)  argue  that  students  who  hold  a  more  dynamic  view  of  science  will  be  better 
able  to  integrate  their  newly  acquired  knowledge.  Schoenfeld's  (1989)  finding  that 
most  high  school  students  believed  if  they  had  not  resolved  a  math  problem  within  five  - 
minutes,  it  was  time  to  give  up,  reveals  an  impoverished  model  of  the  nature  of 
mathematical  problems  and  activity.  More  generally,  Rcsnick  (1991)  argues  that  a 
major  focus  in  the  classroom  should  be  an  "enculturation"  into  mathematics  as  a  way  of 
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thinking  and  valuing. 

Oar  study  extends  this  line  of  inquiry  to  community  college  students.  The 

literature  of  students*  epistemology  has  largely  ignored  community  college  students,  a 

population  of  older  students  who  tend  to  have  a  weak  academic  background  with  many 

experiences  of  failure. 

The  purpose  of  the  study  is  two-fold.  First  we  aim  to  examine  the  beliefs  these 

students  hold  about  the  nature  and  structure  of  mathematics.  Second,  we  aim  to  develop 
instructional  interventions  that  can  foster  the  development  of  community  college 
students*  epistemological  perspective,  especially,  their  conceptualizations  of  the  defining 
boundaries  of  the  domain  of  mathematics,  its  structure,  and  the  nature  of  mathematical 
activity.  For  the  intervention  phase  of  the  work,  we  choose  the  most  extreme 
population  within  the  community  college  math  classes,  adult  students  who  had  not  yet 
mastered  the  rudiments  of  arithmetic.  We  assume  that,  in  addition  to  repeated 
experiences  of  failure,  these  students  have  been  exposed  to  a  very  limited  view  of  the 
nature  of  mathematics  and  mathematics  activity. 

METHODOLOGY 

Subjects 

The  subjects  of  this  study  were  drawn  from  a  ommunity  college  in  Los  Angeles 
County.  The  population  of  the  college  was  predominantly  minority  and  lower  S.E.S. 
All  students  in  six  courses  participated  in  the  study:  four  sections  of  a  basic  arithmetic 
course  (with  no  prerequisite),  a  geometry  course  (with  a  prerequisite  of  elementary 
a!gebra),  and  a  general  math  course  for  non-math  majors  designed  to  transfer  to  four- 
year  colleges  (with  a  prerequisite  of  intermediate  algebra). 
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Research  Design 

Students  in  each  of  the  six  classes  were  administered  the  survey  instrument  on  the 
first  day  of  their  respective  semester-long  course.  Two  of  the  basic  arithmetic  classes 
were  also  administered  the  instrument  a  second  time  at  the  end  of  the  course.  One  of 
these  sections  functioned  as  the  control  group.  The  other  section,  taught  by  the  first 
author,  functioned  as  the  experimental  group  for  the  instructional  intervention. 
Survey  Instrument 

A  Likert  scale  was  designed  to  identity  students'  epistemological  beliefs.  The 
scale  consisted  of  33  statements.  A  set  of  statements  corresponded  with  each  of  the 
aspects  of  our  conceptual  framework:  the  nature  of  mathematics,  the  structure  of 
mathematics  and  its  relation  to  other  domains,  as  well  as  their  beliefs  about  learning 
mathematics.  The  statements  from  these  sets  were  presented  in  randomized  order. 

Within  each  set,  statements  were  included  from  naive  and  sophisticated 
perspectives.  For  example,  concerning  the  nature  of  mathematics,  students  evaluated 
statements  such  as  "Mathematics  is  a  precise  science  that  always  has  a  logical  and 
definite  answer/*  "Thinking  mathematically  almost  always  means  reasoning  with 
numbers,"  and  "The  thinking  of  mathematicians  often  involves  creativity."  Each 
epistemological  aspect  is  scored  separately  in  terms  of  a  mean  score  derived  from  the  1 
to  5  Likert  ratings  (after  adjusting  for  directionality  of  the  statements).  This  paper 
focuses  on  the  analysis  of  beliefs  concerning  the  nature  of  mathematics. 
Instructional  Intervention 

The  instructional  intervention  was  implemented  in  one  of  the  basic  arithmetic 
sections.  The  intervention  consisted  of  the  entire  semester  of  classes,  held  twice  a  week 
over  a  16-week  period.  Students  were  informed  that  if  they  stayed  in  the  section,  they 
would  be  part  of  a  research  project,  which  would  involve  video-  and  audio-taping  (no 
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students  opted  to  change  sections). 

The  intervention  sought  to  modify  the  students'  beliefs  by  transforming  the 
arithmetic  curriculum  into  ill -structured  problems,  situated  in  semantically  rich 
contexts  of  interest  to  the  students.  Problems  were  collaboratively  defined  by  students 
and  instructor  and  pursued  by  small  groups  or  the  class  as  a  whole.  Plans  for  data 
collection  and  analysis  were  scaffolded  by  the  instructor.  Concepts  were  introduced 
opportunistically  as  the  students  saw  a  need  within  their  process  of  problem  resolution. 
Procedures  were  both  invented  by  the  students  and  negotiated  between  students  and 
instructor.  Examples  of  the  kinds  of  problems  that  the  students  undertook  include 
investigations  about  people  in  their  community,  such  as  the  typical  duration  of  a 
marriage,  and  the  design  of  a  park.  Across  the  semester,  the  instructor  avoided  any 
explicit  discussion  of  the  mathematical  enterprise  in  order  to  not  bias  the  results  of  the 
second  survey.  The  control  consisted  of  a  traditional  arithmetic  course.  This  group 
learned  the  requisite  subject  matter  by  a  combination  of  text,  direct  instruction,  and 
practice. 

RESULTS  AND  DISCUSSION 

Two  way  analysis  of  the  variance  by  class  and  gender  reveal  insignificant 
differences.  Basic  and  relatively  advanced  classes  all  manifested  low-level  beliefs  about 
the  nature  of  mathematics.  This  finding  is  not  surprising,  given  that  the  students* 
epistemology  literature  has  found  naive  perspectives  even  on  the  part  of  university 
students  (Hammer,  in  press). 

Analysis  of  pre-  and  post-survey  scores  indicated  that  the  gain  of  the 
experimental  group  over  the  control  group  did  not  reach  significance  (Table  1).  These 
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initial  results  suggest.that  the  students'  epistemologies  may  have  been  robust,  too  robust 
to  change  in  a  single  semester. 


Experimental 

Control 

Male 

n-11 

Y-  0.20 
s  -  0.46 

n-13 

Y-  -0.03 
s-0.60 

n-24 
Y-  0.08 
$-0.53 

Female 

n-11 
X-0.15 
s  -  0.30 

n-11 

Y-0.06 

s-0.28 

n-22 
Y-0.11 
$  -  0.29 

n-  22 

Y-o.;7 

s  -  0.38 

n-24 
Y-0.01 
s  -  0.47 

Table  1 :  Sample  size,  means,  and  standard  deviations 

of  changes  in  average  score  for  study  samples 


Examination  of  student  verbal  feedback  during  the  course  and  in  written  form  at 
the  end  ^of  the  semester  led  us  to  conjecture  an  aspect  needed  in  a  more  successful 
intervention.  Our  purpose  was  to  expand  students'  conceptions  of  the  nature  of 
mathematics.  We  aimed  to  work  toward  this  goal  by  framing  the  course  across  a  rich 
range  of  problem  formulation,  problem  solving,  and  mathematical  reasoning. 
However,  many  students  failed  to  reconceptualize  the  nature  or  boundaries  of 
mathematics  accordingly,  but  rather  were  concerned  that  the  course  was  not  focusing  on 
mathematics,  as  manifested  in  such  comments  as,  "When  are  we  going  to  start  doing 
real  math?"  Despite  extensive  involvement  in  mathematical  sense  making  that  did  not 
involve  numbers,  student  responses  at  the  end  of  the  course  indicated  only  23% 
disagreed  with  the  statement  "Thinking  mathematically  almost  always  means  reasoning 
with  numbers,"  and  only  9%  disagreed  with  the  statement  "Mathematics  is  mainly  the 
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study  of  numbers  and  how  to  apply  them  to  problems.** 

We  question  whether  participation  in  a  classroom  framed  in  terms  of  the  culture 
of  mathematics  may  be  sufficient  to  change  students*  epistemological  perspective. 
Students  may  simply  interpret  the  course  content  as  arbitrary  selections  on  the  part  of 
the  instructor  and  the  nature  of  the  activities  as  solely  teaching  techniques.  We  suggest 
future  studies  examine  the  effectiveness  of  combining  an  active  engagement  in  authentic 
mathematics  with  explicit  meta-analysis  of  the  bounds  and  nature  of  the  mathematical 
enterprise. 
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Fernando  Hitt 
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Summary 


From  our  intuitive  experience,  it  is  known  that  reasoning  is  related  to  mental 
images.  In  particular,  if  a  subject  posses  a  mathematical  concept,  it  should  be 
represented  in  soma  way.  The  subject  has  at  that  moment  an  internal 
representation  of  the  concept.  In  this  work  we  study  internal  representations 
of  the  concept  of  function  teachers  have,  through  the  external  representation 
they  present  in  a  given  task.  Fourteen  questionnaires  were  designed,  different 
tasks  related  to  the  concept  were  asked  to  teachers,  using  different  external 
representations  of  tha  concept  of  function. 

Introduction  and  objectives 
Studies  involving  questionnaires  which  concerned  with  the  concept  of  function  have 
been  carried  out  with  mexican  mathematics  teachers  at  pre-university  level  since  1 988.  On 
the  groundsof  these  findings  and  those  from  Vinner  (1983).  Markovitz  et  al  (1986),  Vinner 
and  Dreyfus  (1989).  Dubinsky  and  Harel  (1992),  the  next  stage  in  our  research  was  to 
explore  the  problems  teachers  havo  to  understand  the  concept  of  function.  We  take  es  a 
guide  Johnson-Laird's  idea  (1983.  p.  x)  that  •human  beings  construct  mental  models  of  the 
world,  and  that  do  so  by  employing  tacit  mental  processes". 

n  what  follows,  we  will  refer  to  mental  representations  as  internal  representations, 
and  to  any  kind  of  symbolic  or  graphical  representations  as  externa)  representations.  These 
latter  are  materialized  outside  the  sub|ects'  minds.  Generally,  mental  representations  (that 
is.  internal  representations)  students  and  teachers  have  are  not  completely  Integrated. 
Whenever  teachers  are  posed  a  problem  using  an  external  representation,  for  example  of 
a  given  function,  they  appeal  to  their  internal  representations  to  answer.  What  kind  of 
internal  representations  are  favored  by  teachers  to  answer  in  a  given  task?,  which  of  them 
yield  errors?. 
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Our  study  is  intended  to  approach  these  questions  by  taking  Into  account  different 
performances  teachers  showed  on  paper  when  they  were  given  a  specific  task. 

We  are  focusing  on  Marr's  idea  (1 985)  related  to  systems  of  internal  representations, 
when  he  states  that: 

Modem  representational  theories  conceive  of  the  mind  as  having  access 
to  systems  of  internal  representations;  mental  states  are  characterized 
by  asserting  what  the  internal  representations  are  obtained  and  how  they 
interact,  (p.  104) 

Methodology 

According  to  our  aim,  fourteen  questionnaires  were  designed.  The  sti:dy  was 
carried  out  with  30  mathematics  teachers  (pre-university  level).  Two  questionnaires 
per  week  were  given. to  the  teachers  during  7  weeks.  The  questionnaires  and  tasks 
were  related  to:  Identification  of  functions  (C1  ^Identification  of  points  of  Domain, 
Image  and  Image  set  (C2),  Tabulation  and  graphic  (C3),  identification  of  functions  and 
the  writing  down  of  a  definition  (C4),  The  calculations  of  the  function  at  given  points 
(C5),  Translation  from  the  algebraic  to  the  graphic  representation  (C6),  Translation 
from  the  graphic  to  the  algebraic  representation  (C7),  Construction  of  functions  with 
some  properties  (C8),  Identification  of  functions  which  are  equal  (C9),  Articulation 
between  representations:  pictoric,  symbolic-algebraic  and  physical  context  (C10)t 
Articulation  between  representations:  physical  context,  symbolic-algebra  lea  nd  pictoric 
(C1 1 ),  Operation  with  functions  (CI  2),  Proof  or  construction  of  non-examples  (C1 3), 
Decision  about  the  truth  or  falsity  of  definitions  of  function  (CI 4). 

It  was  found  that  the  percentage  of  correct  responses  increased  along  the 
answering  of  the  questionnaires,  but  the  intuitive  ideas  induced  by  strong  Internal 
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representations  turned  up  and  some  of  them  yield  errors.  For  the  purposes  of  this 
manuscript  we  analyze  a  few  questions  of  the  questionnaires. 

Analysis  of  answers 
In  C4  we  posed  the  open  question:  What  is  the  definition  of  function?.  18 
teachers  answered  using  the  "Rula  of  correspondence",  10  teachers  answered  In 
terms  of  "Sets",  and  one  gave  a  wrong  definition  (two  images  belonging  to  one  point). 
In  questionnaire  14  the  teachers  were  given  definitions  of  function  which  can  be 
found  In  the  mathematics  textbooks  they  used:  In  terms  of  variables,  irj  terms  of  sets 
(ordered  pairs),  in  terms  of  a  rule  of  correspondence,  in  terms  of  INPUT-OUTPUT. 

Infon  tants  were  asked  to  decide  which  definitions  were  true  and  which  were 
false  and,  which  of  them  they  used  for  teaching  purposes.  14  teachers  said  thay  used 
the  definition  in  terms  of  "Rule  of  correspondence";  13  In  terms  of  "Set  of  ordered 
pairs";  3  in  terms  of  "variables".  Also,  1 1  teachers  said  that  the  definition  of  function 
in  terms  of  "variables"  was  false  and  11  teachers  said  that  the  definition  of  function 
In  terms  of  "INPUT-OUTPUT"  was  false. 

Now,  if  teachers  prefer  a  definition  of  function,  can  they  correctly  decide  If  a 
proposed  graph  represents  a  function?. 

In  C1  we  presented  26  graphs  and  the  informants  were  asked  to  decide  which 

of  them  represented  a  function  and  why.  The  second  item  was  4  >  ,29  teachers 
said  that  this  curve  did  not  represent  the  graph  of  a  function  (there  was  only  one 
error),  the  arguments  of  the  teachers  were  distributed  as  follows:  two  teachers  used 
a  definition  of  ordered  pairs,  10  teachers  wrote  that  there  were  more  than  one  image 
In  certain  points,  six  teachers  explicitly  used  a  vertical  lino  cutting  the  curve  In  more 
than  one  point,  one  teacher  said  that  it  was  not  the  graph  of  a  function  (without 
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justification).  When  teachers  were  given  conic  curves  like  those  showed  in  Figure  1, 
the  six  teachers  who  used  e  vertical  line  followed  the  same  strategy,  answering 
correctly.  Are  errors  related  to  conic  curves  due  to  the  existence  v,  en  analytical 
expression?  It  seems  that  the  answer  is  affirmative.  That  is,  it  seems  that  the 
existence  of  an  analytical  expression  is  part  of  the  internal  representations  of  the 
concept  of  function  teachers  have.  Moreover,  it  seems  that  that  belief  Is  stronger  in 
some  teachers  than  the  formal  definition  of  function  they  have. 
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9  err.,  1  abst.  10  err.  2  abst.  12  err.  0  abst.  9  err.,  0  abst.  8  err.,  1  abst. 
Fig.  1.  Errors  end  abstentions  linked  to  conic  curves 
When  presentir  3  a  conic  curve  to  one  third  of  the  population,  the  existence  of 
an  equation  related  to  the  curve,  mede  an  appeal  to  en  internal  system  representation 
connected  to  an  algebraic  expression  (formula).  In  other  words,  the  teachers  did  a 
false  recognition  of  a  representation  of  e  function,  by  means  of  the  analysis  of  the 
shape  of  the  curve.  The  teachers  who  used  en  ergumcntetion  with  e  verticel  line 
answered  correctly  the  questions  related  to  the  conies.  These  teachers  have 
Integrated  the  Idea  of  the  process  of  using  vertical  line  into  their  Internal  system 
representation. 


ill  x 


3  err.,  4  abst.         3  err.,  3  abst.         4  err.,  1  abst.         1  err.,  5  absT 
Fig.  2.  Errors  and  abstentions  linked  to  different  functions 
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It  is  known  from  the  history  of  mathematics  that  the  idea  of  analytical 
expression  was  Immersed  in  the  definition  of  function  given  by  Bernoulli,  Euler  and 
Lagrange.  Moreover,  it  seems  that  In  their  definition,  the  idee  of  continuous  function 
was  involved  in  their  mental  representation.  We  tried  to  verify  if  that  is  case  in  the 
Internal  representations  teachers  have.  Questionnaires  C8  and  C9  concerned  with  this 
issue. 

The  questions  in  C9  {equality  of  functions)  were  designed  to  compare  teachers' 
performances  in  simple  direct  tasks,  and  In  complex  tasks  in  the  questions  of  C8 
{construction  of  functions).  Then,  for  example,  item  2  in  C9  asked  if  f(x)  -  2  was 
equal  to  g(x)  »  VA,  for  every  x  c  R.  There  were  26  correct  answers.  In  contrast,  in 
problems  designed  to  compare  those  performances  in  C8,  most  of  the  teachers  failed. 
In  question  12  of  C8,  subjects  were  asked  to  construct  three  functions  of  real  variable 
satisfying   |  f,(x)  |  -  |  f2{x)  |  ~  |  f,(x)  |  «  2.  The  results  were  as  follows:  four 
teachers  gave  no  answer;  one  teacher  gave  three  erroneous  functions;  six  teachers 
constructed  the  three  functions  correctly;  10  teachers  constructed  the  two  first 
functions  correctly  and  for  the  last  one  they  lust  repeated  one  of  tha  functions  (for 
example,  f,(x)  *  2  ,  f2<x)  =  -2  y  f,(x)  -  V4  or  f  ,(x)  -  V8);  nine  teachers  presented 
correctly  the  first  function  and  they  tried  to  construct  two  more  different  functions. 
Formally,  these  nine  answers  might  be  considered  as  correct.  For  example,  these 
teachers  wrote  f,(x)  =  (6x  +  2)/(3x  +  1)  y  f,(x)  =  (4x'-4M2x'-2).  Then,  since  f2  is  not 
defined  In  x  =  -1/3  and  f,  is  not  defined  In  x  =  ±  1,  the  three  functions  ara  different. 
But,  if  we  compare  their  answers  with  those  produced  In  question  18  (see  below),  it 
is  evident  that  in  a  complex  task,  they  really  believe  that  a  different  writing  in  an 
algebraic  expression  produce  a  different  function. 
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Now,  we  analyze  the  answers  given  to  quastion  18,  which  asked  for  two 
functions  of  real  variable  such  that  <f°f)<x)  -  f<f(x»  -  1.  No  one  teacher  could  give 
a  correct  answer  constructing  two  different  functions.  There  were  21  enswers  to  the 
first  function  <f,(x)  *  1).  But,  for  the  second  one,  the  teachers  gave  the  same 
function,  written  differently.  For  example,  1 2  teachers  wrote  f,<x)  «  senJx  +  cos2x. 

Summarizing,  teachers'  favorite  definitione  of  function  were  those  given  in 
terms  of  "Rule  of  correspondence"  and  that  of  "ordered  peirs".  It  is  surprising  they 
rejected  the  definition  in  terms  of  relation  between  variables,  which  it  seems  is  close 
to  their  mental  representation  of  function. 

These  results  show,  firstly,  that  most  teachere  did  not  construct  e  function 
using  mere  then  one  rule,  and  secondly,  that  most  teachers  did  not  consider 
discontinuous  functions. 

We  can  see  that  teachers  "could  not  brake  the  function".  That  is,  they  could 
have  broken  tha  function  if  they  have  constructed  a  continuous  or  discontinuous 
function  using  two  algebraic  expressions.  It  seems  that  In  the  case  of  the  history  of 
the  concept  of  function,  mathematicians  like  Bernoulli  or  Euler  had  a  mental 
representation  of  the  function  concept  related  to  continuous  functions  and  to  analytic 
expressions  (or  formula).  It  seems  that  our  teechers  have  en  internal  system 
representation ,  like  Bernoulli  end  Euler  had,  linked  to  continuous  functions  exclusively 
constructed  by  one  analytic  expression. 

It  seeme  that  when  feeing  e  given  complex  tesk,  there  le  en  organization  of 
knowledge  end  possibly  the  Intuitive  ideas  or  obatecles  emerge  et  that  very  moment 
producing  e  correct  or  Incorrect  enswer.  Teechers  fevored  not  en  Isolated  Intarnel 
representation  but  one  kind  of  system  of  interne!  representation. 

Are  these  teachers  inducing  the  students  to  construct  e  similar  internal 
representation? 
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PERSISTENCE  ANO  TRANSFORMATION  OF  A  STUDENTS  ALTERNATIVE  STRATEGY  IN  THE 
DOMAIN  OF  LINEAR  FUNCTIONS 


Chlu  M.,  Ktssel,  C.,  UbUQj^  Moschkovich,  J„  MuAoz,  A/ 
EMST 
University  of  California 
Berkeley  CA  94720 

Summary 

The  goals  of  this  case  study  are  to  describe  the  alternative  strategy  a  student  used  for  determining  the  y- 
intercept  of  a  tine  or  an  equation,  show  how  this  strategy  persisted  when  the  student  was  confronted  with  the 
standard  strategy,  and  show  how  the  strategy  was  revised  rather  than  erased,  as  learning  proceeded  This  student, 
supported  by  tutoring  and  a  computer  environment  for  graphing  equations,  generated  a  'counting  horizontally' 
strategy  for  finding  the  y-intercept  of  a  linear  function.  We  examine  the  evolution  of  this  strategy  and  show  how  it 
co-existed  with  the  standard  "counting  vertically0  strategy. 

Introduction 

Research  on  student  conceptions  and  strategies  in  mathematics  has  documented  particular  student  ideas 
and  described  how  they  are  at  variance  with  expert  ideas.  However,  it  has  not  resolved  crucial  questions  regarding 
the  nature  and  transformation  of  student  conceptions  or  strategies  (Smith,  diSessa,  &  Roschelie,  in  press). 
Analyses  of  student  conceptions  which  describe  errors  and  misconceptions  have  focused  largely  on  the  "mis*" 
aspect  of  student  ideas  and  have  supported  the  perspective,  either  explicitly  or  implicitly,  that  learning  occurs  as 
these  misconceptions  are  erased  and  replaced  with  "correct"  or  "expert*  knowledge  (Moschkovich,  1992a;  Smith, 
1992).  If  we  take  the  constructivist  perspective  seriously,  however,  some  aspects  of  student  conceptions  and 
strategies  must  be  reasonable,  applicable  in  some  contexts,  or  refineaWe.  Some  alternative  strategies  which  at  first 
glance,  seem  to  be  simple  mistakes  or  the  result  of  misconceptions  may,  in  effect,  be  useful  or  have  the  potential  to 
be  revised. 

This  study  provides  evidence  supporting  two  claims  about  the  nature  and  transformation  of  student- 
generated  strategies  and  conceptions.  The  first  claim  is  that  students  generate  conceptions  and  strategies  because 
these  are  useful  and  applicable  even  if  only  in  limited  contexts  (Smith,  diSessa,  &  Roschelie,  in  press).  The  second 
claim  is  that  students  do  not  necessarily  discard  these  strategies  and  replace  them  with  the  correct  ones  as  learning 
occurs  (Moschkovich,  1992b;  Smith,  1992).  This  study  shows  an  instance  of  a  strategy  that  is  applicable  and  useful 
in  some  problem  contexts  but  not  others,  presents  an  example  of  the  co-existence  of  alternative  and  standard 
strategies,  and  describes  how  one  student  revised  an  alternative  strategy. 

'This  pap*  was  a  coHaboratvt  tf for t  Authors  appear  m  alphabetical  order. 
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In  this  discussion,  we  define  a  strategy  as  the  set  of  actions  taken  to  solve  a  particular  problem  and  a 
conception  as  the  set  of  connected  and  coherent  ideas  underlying  a  specific  strategy  (or  several  related  strategies); 
A  description  of  a  strategy  includes  the  problem  context  in  which  a  student  applies  the  set  of  actions.  We  assume 
that  strategies  arise  from  underlying  conceptions,  that  conceptions  underlie  strategies,  and  that  both  conceptions 
and  strategies  are  integrally  related  to  and  dependent  on  the  problem  context  and  the  social  context  in  which  a 
student  is  working. 

As  an  illustration  of  a  strategy,  consider  the  problem  "Given  the  graph  of  the  line  y  *  x  find  the  graph  of  the 
line  y  «  x  +  4."  In  order  to  solve  this  problem,  one  could  use  the  standard  "counting  vertically"  strategy  which 
entails:  a)  starting  at  *he  origin;  b)  counting  4  units  up  on  the  y-axis;  c)  identifying  the  final  point  (0,4)  as  the  place 
where  the  graph  of  the  second  equation  will  cross  the  y-axis.  On  the  other  hand,  since  in  this  case  the  slope  is  1 , 
one  could  also  use  a  "counting  horizontally,"  rather  than  vertically,  strategy  as  follows:  a)  selecting  a  starting  point 
on  the  line  y  ■  x;  b)  counting  4  units  horizontally  to  point  P;  c)  drawing  a  line  through  point  P  parallel  to  y  *  x. 

Strategies,  like  other  student  actions  and  activities,  are  context  dependent  and  reflect  underlying 
conceptions.  For  example,  the  values  of  the  slope  of  each  tine  in  the  problem  presented  above  are  part  of  the 
problem  context.  Likewise,  the  presence  or  absence  of  a  grid  (or  the  line  y  =  x)  is  also  part  of  the  problem  context 
since  a  student  may  use  a  strategy  that  relies  on  the  grid  (or  the  line  y  *  x).  In  this  case,  this  student's  use  of  a 
"counting  horizontally"  strategy  reflects  the  conception  that  the  graph  of  y  =  x  +  b  was  a  horizontal  translation  of  b 
units  of  the  graph  of  y  «x. 


In  this  study,  we  examined  six  hours  of  videotape  of  an  eighth  grade  student  (AK)  and  a  tutor  (CK)  working 
through  a  curriculum  dealing  with  linear  functions  and  their  graphs,  over  a  period  of  six  weeks.  This  studentftutor 


at  U.  C.  Berkeley.  The  curriculum  was  designed  to  familiarize  students  with  the  domain  of  linear  functions  as 
represented  by  equations,  tables,  and  graphs.*  The  tasks  were  framed  by  an  investigation  of  slope  and  y-intercept 


(Schoenfeld,  1990),  which  allowed  him  to  manipulate  algebraic  and  graphical  representations  of  functions. 


'Thit  curricu1  jti  was  develop*  by  A.  Arcavl,  M.  Gamoran,  J.  Moschkovich,  and  C.  Yang  and  it  oVew  on  materials  designed  by  various 
people  m  the  Functions  Group  at  U  C  Berkeley  including  S.  Magidson. 


Methods 


pair  was  the  first  of  four  pairs  in  a  larger  study  of  tutoring  and  learning  conducted  by  the  Functions  Group  in  its  lab 


in  the  y  »  mx  +  b  form  of  a  linear  equation.  AK  had  continual  access  to  in-house  software  called  GRAPHER 
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An  entire  unit  of  the  five  unit  curriculum  was  designed  to  support  the  discovery  of  the  standard  "counting 
vertically"  strategy  for  locating  y-intercepts.  However,  the  curriculum  was  informal  and  flexible  enough  to  allow 
students  to  make  conjectures  and  construct  alternate  strategies.  The  tutor  did  little  didactic  teaching;  instead,  she 
probed  the  student's  understanding,  occasionally  intervening  with  leading  questions  aimed  at  directing  the  students 
attention  to  contradictions  in  his  work  (Schoenfeld,  Gamoran,  Kessel,  Leonard,  Orbach  &  Arcavi,  in  press).  Iri  our 
analysis,  we  focused  cn  the  segment  ,a  which  y-intercept  played  a  prominent  role,  tracing  the  change  in  AK's 
strategies  through  selected  y-intercept  episodes.  This  data  was  analyzed  microgenetically  in  the  spirit  of 
Schoenfeld,  Smith,  and  Arcavi  (in  press)  and  Moschkovich,  Arcavi,  and  Schoenfeld  (in  press). 

Results  and  discussion 

In  the  following  sections  we  describe  the  alternative  strategy  for  determining  the  y-intercept  developed  by 
AK.  Using  examples  from  the  videotape  transcripts  we  show  how  this  student-generated  strategy  arose  and 
persisted.  We  believe  the  alternative  strategy  persisted  despite  its  limited  applicability  because  it  was  useful  and 
mtfe  sense  to  the  student.  We  also  describe  how  the  student  refined  and  revised  his  alternative  strategy.  He 
refined  the  ^counting  horizontally"  strategy  by  specifying  the  contexts  in  which  it  was  or  was  not  applicable  and  he 
revised  it  by  comparing  it  to  another  strategy.  In  particular,  AK  did  not  abandon  his  alternative  strategy  simply  as  a 
result  of  the  curriculum's  or  the  tutor's  emphasis  on  the  standard  strategy.  Thus,  the  alternative  strategy  was  not 
merely  replaced  by  the  standard  strategy;  instead  these  different  ways  of  determining  and  using  the  y-lntercept  co- 
existed. 

The  dominant  strategy  developed  by  AK  involved  "counting  horizontally."  This  is  in  contrast  to  the  standard 
■counting  vertically"  strategy.  While  the  standard  strategy  was  the  one  presented  and  emphasized  in  the 
curriciium,  AK  persisted  in  using  his  alternative  "counting  horizontally"  strategy,  even  though  it  was  applicable  only 
in  limited  contexts  when  m  « 1.  AK  used  several  variations  of  the  "counting  horizontally"  strategy  described  above. 
He  started  counting:  a)  from  the  end  point  of  the  segment  of  a  line  of  the  form  y  -  mx  that  appeared  on  the  grid,  b) 
from  another  point  on  that  segment  in  Quadrant  I,  or  c)  from  the  origin.  We  will  refer  to  all  of  these  variations  as  one 
strategy  under  the  label  "counting  horizontally." 

Emergence  of  the  "counting  horizontally"  strategy 

The  student  developed  a  "counting  horizontally"  strategy  to  determine  the  y-intercepts  of  linear  functions 
near  the  end  of  the  second  tutoring  session.  Asked  to  graph  several  equations  of  the  form  of  y  »  x  ♦  b,  including  y  . 
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x  and  y  «  x  +  4,  AK  first  drew  the  line  y  .  x.  Then,  beginning  at  (10.10),  he  counted  horizontally  four  units  to  the  left 
of  the  line  y  «  x.  He  then  drew  a  line  -.ough  (4,8)  which  was  parallel  to  the  tine  y  «  x.  thus  correctly  graphing  y  «  x 
+  4.  in  later  problems  he  modified  this  by  beginning  to  count  from  a  point  on  the  line  y  *  x  rather  than  from  the 
corner  of  the  grid. 

Several  factors  such  as  the  tutor's  style,  the  sequence  and  focus  of  the  curriculum,  and  the  presence  of  a 
grid  on  the  page  contributed  to  AK's  construction  of  this  strategy.  The  pedagogical  stance  of  the  tutor  provided  AK 
the  freedom  to  generate  this  strategy.  Instead  of  presenting  the  standard  "counting  vertically"  strategy  through 
explicit  instruction,  she  allowed  AK  to  construct  a  solution  on  his  own.  Moreover,  the  tutor  did  not  reject  or  correct 
AK's  initial  "counting  horizontally"  strategy.  The  curriculum's  sequence  of  tasks  also  supported  the  construction  of 
this  alternative  strategy  through  the  frequent  use  of  the  reference  line  y.«  x  and  through  problems  focusing  on  the 
effect  of  changing  y-intercepts.  As  a  result.  AK  typically  described  lines  as  variations  of  the  reference  line  y  «  x. 

Finally,  the  available  material  resources  such  as  the  reference  line  y  «  x,  the  10  x  10  grid,  and  the  grid 
points  facilitated  AK's  construction  of  this  strategy  (Stevens.  1991  and  1992).  When  using  the  10  x  10  grid,  AK 
described  the  effect  of  changes  in  y-intercepts  as  moving  the  lines  diagonally  from  "the  upper  left  to  the  lower  right" 
and  focused  on  the  edges  of  the  grid,  rather  than  the  x-  and  y-axes,  as  the  reference  objects  for  describing  line 
movement.  In  one  instance  during  this  problem,  AK  started  at  (10,10)  and  counted  the  grid  points  along  the  edge  of 
the  grid  to  determine  the  horizontal  distance  between  y  =  x  and  y  =  x  ♦  4,  "it's  going  to  be  4  away."  Since  the 
horizon^  distance  between  lines  with  slope  1  equals  the  vertical  distance,  this  method  works  for  generating  the 
correct  y-intercepts  whenever  m  .  1.  The  tutor's  pedagogy,  the  curriculum,  and  the  material  resources  all 
contributed  to  AK's  construction  of  this  successful  alternative  strategy  for  finding  y-intercepts. 

"Counting  vertically"  or  standard  strategy 
Tnis  was  the  first  task  in  which  AK  was  asked  to  give  the  equation  of  a  line  with  a  slope  different  from  1  and 
a  y-intercept  different  from  0.  AK  was  abSed  to  find  the  equation  of  a  graphed  line  (y  *  2x  ♦  6)  given  both  its  graph, 
and  the  graph  and  equation  of  y  >  2x.  AK  generated  the  equation  y  equals  eight  x  after  noting  that  the  graph  of  y  « 
2x  ♦  6  passes  through  (1.8).  The  tutor  then  asked  him  if  that  equation  worked  for  other  points  on  the  line,  and  he 
said  "no." 

Returning  to  his  horizontal  strategy.  AK  then  drew  the  reference  line  y  *  x  and  counted  eight  dots  near  the 
top  of  the  grid  to  announce  "It's  y  equals  eight  plus  x  .  "  The  tutor  again  reinforced  her  prior  assertion  that  the 
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solution  must  "work  for  all  of  these  points."  The  tutor  then  focused  AJCs  attention  on  the  vetical  distance  between 
the  fines.  AK  counted  six  dots  and  said  *y  equals  six  times  x?"  When  the  tutor  told  him  to  consider  the  graph  of  y  « 
6x,  AK  switched  to  "y  equals  x  plus  $wT  AK  then  graphed  the  equation  y  *  x  ♦  6  on  the  computer  and  noticed  that 
the  "slant*  of  the  line  was  wrong.  Finally,  AK  changed  the  "slant*  to  2  and  specified  the  effect  of  the  number  2  as 
corresponding  to  the  "slant"  or  "angle"  of  the  line  a  d  the  effect  of  the  number  6  as  making  the  line  go  "up  and 
down."  In  summary,  during  this  problem  AK,  with  guidance  from  the  tutor  and  feedback  from  the  computer, 
articulated  the  standard  "counting  vertically"  strategy  for  finding  y-intercepts. 

Persistence  and  transformation 
AK  returned  to  and  elaborated  on  the  "counting  horizontally"  strategy  during  a  later  problem  in  the  fourth 
tutoring  session.  He  extended  the  problem  contexts  in  which  he  used  this  strategy  and  explicitly  considered  the 
contexts  in  which  it  was  applicable.  AK  had  initially  used  the  "counting  horizontally"  strategy  by  starting  to  count 
from  the  the  endpoint  of  the  line  segment  of  y  *  x  drawn  on  the  grid,  the  point  (10,10).  During  this^problem  he 
extended  the  strategy  to  include  counting  horizontally  from  other  points  on  the  line  segment  y  « x  besides  the  end 
point.  AK  was  working  on  generating  several  lines  from  given  equations.  After  successfully  employing  the  "counting 
horizontally"  strategy  to  graph  y  *  x  +  3,  he  then  also  graphed  the  equation  y  « x  +  7  by  counting  seven  units  to  the 
left  of  the  line  y  =  x.  He  then  noted  that  the  horizontal  distance  between  the  line  y  =  3x  and  the  line  y  r  x  was  the 
same  at  several  points  along  the  two  lines,  including  the  distance  between  the  origin  and  the  x-intercept  of  the 
second  line. 

AK  then  considered  the  application  conditions  of  the  "counting  huiizuntaV  strategy.  Recognizing  the 
importance  of  the  line's  slope,  he  said,  "Since  I  know  it's  on  the  same  slant,  if  it  were  on  9  different  slant,  it  [the 
"counting  horizontally"  strategy]  would  be  harder,"  beginning  an  examination  that  he  would  continue  in  the  next 
problem.  Finally,  the  two  strategies  co-existed  as  he  also  used  the  standard  strategy,  saying,  "I've  got  this  other 
way  to  figure  it  out"  and  counting  three  dots  up  from  the  origin  to  attain  the  same  solution.  Thus,  AK's  "counting 
horizontally"  strategy  evolved  as  he  came  to  recognize  both  the  scope  and  the  limitations  of  the  contexts  in  which  it 
was  applicable.  At  the  same  time,  the  alternative  strategy  was  not  erased  by  the  introduction  and  use  of  the 
standard  strategy;  Instead  it  continued  to  co-exist  along  with  its  vertical  counterpart. 
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Comparison  to  the  standard  strattgy 

In  the  next  pr*Hem  AK  compared  the  -counting  horizontally"  and  "counting  vertically"  strategies,  evaluating 
how  easy  each  was  to  use,  how  each  made  sense,  and  the  contexts  in  which  each  was  applicable.  To  find  the 
equation  of  the  graph  y  *  x  ♦  5  he  first  successfully  applied  the  "counting  horizontally"  strategy  and  then  also  used 
the\ounting  vertically"  strategy.  He  then  noted  that  the  initial  horizontal  strategy  was  'a  little  bit  harder  way  to 
count;  an  assertion  he  reiterated  two  times.  In  addition,  he  considered  how  each  strategy  made  sense.  Although 
he  initially  argued  that  the  "counting  horizontally"  strategy  Is  "an  easier  way  to  think  about  it;  he  concluded  that  the 
•counting  vertically"  strategy  made  sense  as  well  since  "the/re  five  apart,  too." 

Even  after  the  standard  strategy  had  been  introduced  by  the  tutor,  AK  found  a  problem  context  in  which  his 
strategy  was  more  useful  than  the  standard  strategy.  AK  compared  the  two  strategies  for  finding  the  equation  of  a 
line  he  traced  on  the  computer  screen,  approximately  y*  x  + 15.  AK  noticed  that  counting  up  the  y-axis  didnt  work 
well  on  the  10  x  10  grid,  since  (0,15)  was  off  the  graph,  but  he  could  easily  apply  his  "counting  horizontally-  strategy: 
•You  can't  do  that  [use  the  "counting  vertically"  strategy)  if  it's  way  up  here."  Thus,  AK  compared  the  two  strategies 
in  terms  of  the  contexts  in  which  they  are  useful  and  found  an  instance  in  which  the  "counting  horizontally-  strategy 
was  more  useful  than  the  standard  one.  He  also  argued  that  the  "counting  vertically-  strategy  was  easier  to  use  but 
that  it  was  not  useful  or  applicable  in  all  situations. 

Refinement  and  revision 

In  the  following  problem  AK  refined  and  transformed  the  "counting  horizontally"  strategy  by  specifying  the 
contexts  in  which  it  was  or  was  not  applicable.  In  particular,  AK  did  not  abandon  his  alternative  strategy  simply  as  a 
result  of  the  curriculum's  emphasis  on  the  standard  strategy.  Even  when  he  encountered  limitations  to  the  strategy. 
AK  responded  by  refining  his  "counting  horizontally'  strategy  rather  than  replacing  it.  For  example  in  one  problem 
where  m  =  2,  AK  graphed  the  equation  y  =  2x  ♦  7  by  counting  3 1/2  units  to  the  left  of  y  -  2x,  moving  horizontally  in 
half-unit  increments.  This  corresponds  to  viewing  y  «  2x  ♦  7  as  y  -  2(x  ♦  3.5)  and  generating  the  graph  of  y  »  2x  ♦ 
7  by  shifting  the  graph  of  y  «  2x  horizontally  3.5  units  instead  of  vertically  7  units. 

After  graphing  several  lines  on  the  computer.  AK  noticed  that  "anything  [any  linear  function  whose  y- 
intercept  is  0]  will  always  go  through  the  origin . . .  like  2x,  5x,  10,  anything  without  plus  or  minus."  AK  then  related 
this  information  to  his  horizontal  strategy,  "you  know  I  can't  do  it  that  way  ['counting  horizontally'  strategy]  because 
it's  a  different  slant."  He  elaborated,  'it  doesn't  work  this  way  ['counting  horizontally"  strategy]  because  it  only  goes 
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a  half  each  time  [comparing  y  *  2x  and  y  «  2x  +  7]."  He  also  said  that  his  "counting  vertically'  strategy  always 
worked  even  in  when  the  slope  is  not  1,  "you  can  always  get  it  that  way  [moves  pen  up  and  down,  "counting 
vertically-  strategy]/  Although  this  episode  suggests  that  AK  might  have  abandoned  his  "counting  horizontally* 
strategy  by  this  point  in  the  tutoring  sessions,  this  was  not  in  fact  the  case.  On  the  contrary,  AK  continued  to  use 
both  strategies  in  several  subsequent  problems  and  while  playing  a  computer  game  at  the  the  end  of  the  five 
curriculum  units. 

Conclusions  and  implications 

This  study  contributes  to  current  research  and  theory  on  misconceptions  and  conceptual  change  in  several 
ways.  It  provides  data  to  support  the  claim  that  students  generate  strategies  and  conceptions  because  they  are 
useful.  We  also  show  how  student-generated  strategies  can  be  revised  rather  than  replaced.  The  examples 
presented  illustrate  the  power  and  usefulness  of  alternative  strategies  and  further  our  understanding  of  the  nature 
and  transformation  of  student  strategies  and  conceptions. 

There  are  two  implications  of  this  study  for  classroom  instruction.  First,  it  is  important  for  teachers  to 
recognize  that  standard  or  textbook  strategies  are  not  the  only  correct  ones  and  that  the  student-generated 
strategies  can  also  be  mathematically  interesting  and  productive.  Tnese  alternative  strategies  need  not  be  treated 
as  'misconceptions-  to  be  rooted  out,  but  rather  as  sensible  constructions  to  be  explored.  Secondly,  student- 
generated  strategies  need  to  be  respected  and  taken  into  account  during  classroom  instruction.  This  study 
suggests  that  alternative  strategies  will  not  fade  simply  because  students  are  shown  the  standard  strategies. 
Students  need  to  be  motivated  to  change  their  own  strategies.  The  traditional  instructional  goal  has  often  been  to 
replace  student  generated  strategies  with  standard  ones.  In  contrast,  this  study  suggest  that  instruction  should 
assist  students  in  identifying  both  the  power  and  limitations  of  their  own  strategies  and  comparing  their  strategies 
with  the  standard  ones  in  terms  of  criteria  like  generalizabitity. 
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Body  Motion  and  Children**  Understanding  of  Graphs 

Cornelia  Tiernev.  Ricardo  Nemirovsky,  Tracey  Wright,  Edith  Ackerman 
TERC,  Cambridge  MA 

TTits  paper  is  a  partial  report  of  a  study  on  children 's  understanding  of  graphical 
representations  for  a  continuous  variation.  Three  children  were  interviewed  through 
several  sessions  working  with  a  motion  detector  that  generates  computer  graphs  in  real 
time.  We  worked  with  graphs  of  position  vs.  time  and  velocity  vs.  time.  This  paper 
analyzes  the  initial  encounter  of  the  children  with  the  motion  detector  set  on  the 
distance  vs.  time  graph—  what  they  did,  the  tasks  that  they  posed  to  themselves,  their 
language,  and  the  significance  of  their  learning. 

As  part  of  the  Students'  Conceptions  of  the  Mathematics  of  Change  project*  we  are 
conducting  a  study  on  children's  understanding  of  graphical  representations  for  continuous 
variations.  In  this  particular  set  of  interviews  with  elementary  school  students,  we  are  looking 
at  the  domain  of  motion.  In  this  paper,  we  summarize  the  activity  of  three  children  in  their 
initial  work  with  a  motion  detector  and  then  discuss  three  aspects  of  these  interviews  that 
particularly  drew  our  attention.  To  exemplify  these  aspects  we  will  use  excerpts  from  an 
interview  with  one  of  the  children,  Eleanor.  In  a  longer  paper,  we  will  include  episodes  from 
interviews  with  other  children. 

The  motion  detector  we  are  using  consists  of  one  small  object— the  "button"  —whose 
position  is  measured,  a  sensor  or  "tower",  and  a  computer.  The  children  hold  the  button  or 
place  it  on  a  moving  object  such  as  an  electric  train.  For  the  interviews  reported  in  this  paper 
we  have  set  the  interface  so  that  the  computer  monitor  displays  in  real  time  a  graph  of  the 
changing  distance  between  the  button  and  the  tower.  Beyond  a  distance  of  five  meters  the 
detector  does  not  measure  and  the  computer  graph  flattens.  The  motion  detector  measures 
only  the  distance  to  the  tower. 


funded  by  the  National  Science  Foundation,  Grant  MDR-9155746.  All  opinions  and  analysis 
expressed  herein  arc  those  of  the  authors  and  do  not  necessarily  reflect  the  views  of  the 
funding  agency.  The  motion  detector  that  we  have  used  was  provided  by  Upman  Co.( Israel). 
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The  Interviews 

The  interviews  consist  primarily  of  conversations  between  the  interviewer  and  the  child 
as  the  child  uses  the  motion  detector,  during  which  the  interviewer  is  trying  to  understand  the 
child's  learning.  In  planning  these  sessions,  we  do  not  know  ahead  of  time  what  will  be  rich; 
they  are  deliberately  open-ended.  Although  we  plan  a  possible  sequence  of  tasks  for  the 
interviews,  each  interview  is  a  unique  event.  Thus,  it  is  not  "repUcable"  research.  Our  goal  is 
to  understand  how  the  child  is  making  sense  of  the  situation.  We  are  not  limiting  our  interest 
to  what  she  knows;  we  also  look  at  what  interests  her,  how  she  goes  about  rinding  out  more, 
and  how  tardy  she  holds  her  beliefs.  We  ask  the  children  to  talk  aloud  about  what  they  are 
thinking.  The  interviewer  responds  naturally  with  expressions  of  interest  and  also  intervenes 
at  times  with  restatements,  questions,  or  to  focus  the  child's  attention  on  aspects  of  the 
situation  or  on  the  child's  own  statements  or  actions.  The  interviewer  cannot  learn  what  the 
child  trunks  without  affecting  how  she  is  thinking. 

We  videotape  the  interviews.  We  meet  as  a  group  to  view  them  together.  The 
questions  we  pursue  when  we  analyze  the  videotapes  arise  out  of  the  data  we  observe.  The. 
question  for  this  paper  is  simply:  Ylhat  is  the  nature  of  what  children  do  when  first  working  with  a 
motion  detector? 

Summaries  of  Three  Interviews 

Joe,  age  8,  Dina,  age  9,  and  Eleanor,  age  10  first  worked  with  the  motion  detector  in  the 
second  of  a  series  of  hour-long  individual  motion  interviews  with  the  interviewer,  Tracey.  In 
the  first  interview  they  had  drawn  representations  to  instruct  Tracey  to  move  a  hand-held  toy 
truck  and  an  electric  train  in  ways  each  one  established.  All  three  children  came  to  include 
instructions  whether  to  go  fast  or  slow,  where  to  start  or  stop,  and  when  to  change  direction. 

In  their  second  sessions  described  here,  the  children  began  working  with  the  motion 
detector.  The  interviewer  posed  no  particular  tasks  to  Eleanor  and  Dina,  encouraging  them  to 
take  charge  of  the  investigation.  Because  Joe  had  become  engrossed  primarily  in  controlling 
the  motion  of  the  train,  she  posed  a  task  to  direct  his  attention  back  to  the  motion  detector . 

All  three  children  began  by  investigating  what  motions  elidted  a  response  from  the 
motion  detector.  Each  of  them  soon  concluded  that  the  line  on  the  screen  gets  higher  when 
you  move  away  from  the  tower  and  lower  when  you  move  toward  it.  They  then  made  use  of 
their  findings  to  explore  something  of  interest  to  them. 

log  begins  his  investigation  by  moving  his  arm  with  the  button  near  the  computer,  up 
and  down,  around  in  a  drde,  left  and  right.  Isee.  If Amove  it  backwards  or  farther  away,  it  goes 
higher.  He  moves  way  back,  and  considers  the  effect  of  getting  out  of  range  and  of  turning  Ihe 
button  away  from  the  tower.  Then  he  asks  if  he  can  put  the  button  on  the  electric  train.  It 
would  be  pretty  cool  to  have  the  button  on  the  train.  With  the  train  he  investigates  how  to  make  a 
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horizontal  line  as  near  as  possible  to  the  top  of  the  computer  screen,  but  the  button  goes  out  of 
range.  The  computer  knows  that  it  is  going  to  go  too  high  and  go  out  of  the  picture.  He  sol  ves  this  by 
shortening  the  train  track  and  then  marking  the  place  on  the  track  where  the  button  on  the 
train  gets  out  of  range.  Once  it  gets  to  here  it  fust  goes  straight  (Once  the  train  gets  to  here,  the 
graph  goes  horizontal.) 

Dtoa  spends  little  time  figuring  out  how  the  motion  detector  works.  From  the 
beginning  she  moves  mostly  away  from  and  toward  the  sensor,  making  high  and  low  lines  on 
the  screen.  She  began  the  interviews  with  the  idea  that  high  lines  on  a  graph  show  faster 
speed.  She  had  developed  this  idea  during  her  first  session  making  graphs  for  Tracey  to 
interpret.  In  working  with  the  motion  detector,  she  puts  together  her  assumption  that  high  on 
the  graph  means  "fast"  with  her  experience  that  further  away  makes  a  higher  line.  That  would 
kind  of  be  at  a  low  speed. ...  because  I  think  that  low  is  slow.  When  Tracey  asks  what  could  you  do 
to  make  it  even  "faster",  she  responds,  Get  further. 

From  the  beginning  and  throughout  this  process,  Dina  evaluates  the  overall  graphs 
aesthetically.  In  comparing  her  first  two  graphs  she  says  the  other  one  is  more  attracting  because 
of  all  the  bumps..  When  one  of  the  designs  looks  to  her  like  an  "N"  she  begins  to  see  the  designs 
as  pictures.  She  decides  to  draw  different  pictures  and  letters.  Through  planning  how  to  draw 
a  box,  she  recognizes  the  constraint  Can  you  get  this  to  go  back?  (to  the  left)...  /  don '/  think  you 
can.  She  takes  account  of  that  constraint  in  planning  other  drawings.  She  recognizes  that  she 
can  make  an  "N"  and  an  "M"  but  not  an  "a"  ( it  would  only  be  a  bump)  nor  a  T  (it  would  be  like  an 
upside  down  U. 

Elfianoj;  approaches  the  motion  detector  systematically,  posing  questions  about  certain 
patterns  on  the  screen  that  result  from  her  motions.  She  works  almost  completely 
independently  of  Tracey,  watching  the  computer  screen  as  she  investigates  moving  with  the 
burton  in  various  ways.  Once  she  has  established  the  parameters  of  the  motion  detector,  she 
begins  to  explore.  I'm  going  to  try  and  make  a  pattern.  She  envisions  an  image  that  she  tries  to 
draw  and  in  the  process  asks  and  answers  more  questions  about  the  way  the  motion  detector 
works.  She  finds  that  she  cannot  make  the  graph  go  backwards  (right  to  left)  or  draw  a 
vertical  line. 

Perspective-Taking 

Eleanor's  exploration  with  the  motion  detector  can  be  characterized  as  a  process  of 
perspective-taking.  Piaget  and  Inhelder  (1967)  initiated  a  series  of  studies  about  children's 
understanding  of  how  "others**  perceive  an  object  from  a  different  viewpoint  than  their  own. 
Their  work  was  further  developed  and  broadened  by  many  researchers.  Flavell  (1990) 
distinguished  between  two  "levels"  in  perspective-taking.  In  the  first  one  the  child  is  aware 
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that  the  "other"  sees  the  object  or  the  landscape  differently  from  how  she  does,  but  she  is  not 
able  to  describe  or  articulate  what  is  the  other  seeing.  In  the  second  level  the  child  is  able  to 
specify  how  the  object  looks  from  the  viewpoint  of  the  other.  In  our  study,  Eleanor  is  not 
dealing  with  an  object  but  with  her  own  body  actions  within  a  certain  space  (walking,  running, 
moving  her  arms,  etc.)  and  the  "other"  is  the  motion  detector.  The  motion  detector  "sees" 
certain  aspects  of  the  body  actions  and  not  others.  It  shows  what  it  sees  through  a  graphical 
representation  that  is  responsive  only  to  selected  features.  By  exploring  the  graphical 
responsiveness  of  the  motion  detector,  Eleanor  discriminated  what  aspects  of  her  motions  the 
morion  detector  senses,  among  all  that  are  possible  to  "see".  Eleanor's  learning  embedded  a 
transition  from  the  first  to  the  second  level  of  perspective-taking,  from  awareness  of 
differences  to  their  articulation.  She  constructed  a  perspective  from  which  she  could  anticipate 
the  motion  detector's  way  of  representing  her  motion. 

As  with  any  other  process  of  perspective  construction,  Eleanor  not  only  discriminated 
what  aspects  of  her  body  motion  were  noticed  by  the  motion  detector,  but  also  how  they  were 
expressed  in  the  computer  graphs  as  part  of  a  whole  system  with  its  own  consistency  and 
inner  constraints.  We  identified  three  different  threads  woven  into  her  perspective 
construction:  (1)  Interplay  between  seeing  the  computer  graph  as  a  response  to  her  motions 
and  seeing  the  computer  graph  as  a  pattern,  (2)  Incorporating  the  inner  constraints  of  the  tool, 
and  (3)  Using  the  qualities  of  one  domain  (graph  or  body  motion)  to  describe  the  other  one. 

The  Computer  Graph  as  a  Response  to  Actions  and  as  a  Pattern 

Eleanor's  use  of  the  motion  detector  involved  frequent  shifts  of  focus.  One  focus  was  on 
the  relationship  of  her  body  actions  and  spatial  relationships  in  the  room  to  the  graph  (So  if  you 
get  closer  to  it,  it  goes  down  low );  another  focus  was  on  the  graph  in  relationship  to  a  pattern  that 
she  envisioned  (for  example  a  regular  wave).  These  shifts  marked  a  change  of  attitude;  from 
trying  to  figure  out  how  the  tool  responded  to  her  movements,  to  doing  something  with  it  and 
analyzing  the  graph's  congruence  to  the  pattern  she  had  imagined. 

Initially  Eleanor  explored  the  relationship  between  her  actions  and  the  computer  graph: 
Eleanor  begins  her  investigation  with  the  motion  detector  by  setting  a  sequence  of  tasks 
for  herself.  Lc t  me  move  it  farther  away.  She  walks  backward  away  from  the  tower.  The 
line  goes  up  and  then  flattens.  Maybe  this  is  the  farthest  it  can  go.  What  if  I  move  it  up 
higher?  She  reaches  up  high  and  the  line  remains  at  the  same  height.  She  walks  forward 
toward  the  tower..  The  closer  to  the  tower  it  getsf  the  lower,  I  think.  She  walks  backward 
away  from  the  tower.  And  I  think  it  gets...  It  gets  higher  until  this  line.  She  walks  in  and 
points  to  the  screen  where  the  line  has  flattened.  /  don't  think  it  makes  any  difference  if  you 
go  like  that .  Standing  near  the  tower,  she  holds  the  button  way  up  in  the  air  and  then  way 
down  to  the  floor.  She  asks  to  move  the  tower  because  perhaps  the  tower  cannot  see  the 
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button  through  the  table  Because  it  might  not  be  able  to  see  it  if  I  put  it  down  here..  Maybe  it 
can't  see  the  button  under  the  table. 


Next  Eleanor  shifted  to  analyzing  the  graph  as  a  pattern— how  parts  of  it  differ  from  each 
other  and  how  the  whole  differs  from  the  pattern  that  she  had  intended: 

OK,  I'm  going  to  try  and  make  a  pattern.  She  alternately  walks  forward  and  reaches  out  her 
hand  toward  the  tower  and  the-.i  walks  back  and  pulls  her  hand  away  from  the  tower. 
After  a  few  in  and  out  moiions  she  doesn't  back  up  as  far  each  time.  The  graph  is  a 
series  of  sharp  zigzags  diminishing  in  height  as  it  moves  from  left  to  right.  As  she 
moves  back  and  forth,  Eleanor  watches  the  graph  forming.  When  she  sees  that  the 
zigzags  are  diminishing,  she  comments:  Actually  this  is  not  exactly  the  same  pattern. 
Eleanor  goes  a  shorter  and  shorter  distance  away  from  the  tower.  When  the  graph 
finishes,  Eleanor  and  Tracey  comment  on  the  wavy  pattern....  (T:  And  the  whole  thing  has 
kind  of  a  shape,  too,  doesn't  it?).  Yeah,  it's  all  like  zig-zags  through  that  side,  but  I  mean  they're 
all...  She  does  a  zigzag  motion  with  her  finger.  They  look  like,  kind  of  like  mountains  or 
something.  At  first  I  was  going  to  have  it  stay  on  this  line,  (tracing  her  finger  on  a  horizontal 
line  from  the  top  of  the  highest  zigzags)  but  they  got...  hey  kept  on  getting  smaller. 

Tracey  then  posed  a  question  that  moved  Eleanor  to  shift  the  focus  back  to  the  graph  as  it 

related  to  her  body  actions: 

(Why  did  they  get  smaller?)  Because  I...  I  didn't  walk  as  far.  Maybe  lean  mark  where  I  walked 
to,  and  then  like...  (TtSure)  E:  Maybe  I  can  like  just  put  this  like  right  here.  She  places  a  little 
note  pad  on  the  floor.  To  make  the  next  graph  Eleanor  walks  six  times  at  a  regular  pace 
up  to  the  tower  and  back  to  step  on  the  pad  on  the  floor.  The  seventh  time  she  steps 
back  beyond  the  pad. 

Again,  Eleanor  analyzed  the  graph  for  its  consistency  within  itself  and  compared  it  with  her 
plan: 

That  one  (peak)  went  up  a  little  too  high,  but.  .  .  (Touching  each  of  the  peaks  on  the 
graph) That  one  (the  overall  zigzag  partern)a«s  kind  of  more  the  same,  but  a  little  bit  different. 

Incorporating  the  Inner  Constraint*  of  the  Tool 

Some  aspects  of  Eleanor's  learning  were  not  about  the  relationships  of  the  graphs  to  her 
actions  or  to  the  patterns  that  she  envisioned,  but  about  discovering  and  taking  into  account 
constraints  of  the  motion  detector's  methods  of  displaying  information.  Eleanor  uncovered 
constraints  of  the  motion  detector  when  she  thought  of  a  pattern  that  it  could  not  make.  She 
reflected  both  on  differences  among  the  possible  and  impossible  patterns  and  on  the 
relationships  between  the  actions  and  the  patterns.  She  imagined  what  patterns  she  would 
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like  to  make,  compared  them  to  what  she  was  able  to  make,  and  then  went  back  to  analyzing 
the  actions. 

Eleanor  wondered  about  the  impossibility  of  the  computer  graph  showing  a  vertical  line: 
Let's  sec  (running  her  fingers  straight  up  and  down  on  the  screen).  I  wonder  if  you  could 
get  it  to  go  straight  up?  Not  like  diagonal  (tracing  her  finger  over  a  slanted  line  on  the 
graph).  Probably  you  couldn't  because  if  it  would  go  straight  up  it  would  have  to  just  be  the 
same  time,  because  it's  moving  along  (running  her  fingers  from  left  to  right  across  the 
screen)  no  matter  what  you  do.  (T:  Moving  along  in  time?)  So  you'd  have  to  kind  of  stop  the 
time  and  go  like  that  (tracing  straight  up).  And  go  like  this  (moving  as  if  to  rush  away  from 
the  tower).  Because,  because  it's  moving  along  this  way  (to  the  right)  the  same  time  it's  going 
that  way  (straight  up).  (T:  Do  you  think  you  can  make  a  steeper  line  than  this?  )  hAaybe,  maybe 
if  you  do  it  faster.  (T:  OK,  shall  we  try  that?  )  Eleanor  starts  by  running  a  short  distance 
toward  the  tower  and  back  and  then  stands  still  moving  her  arm  quickly  forward  *nd 
bade  Thai's  almost  straight  up....  Even  though  you  can't  make  it  go  like  straight  up,  you  can  get 
pretty  close  if  you  do  it  faster. 

Using  the  Qualities  of  One  Domain  to  Refer  to  the  Other  One 

As  Eleanor  began  to  anticipate  and  explain  the  computer  graphs,  her  talk  and  gestures 
combined  in  complex  ways  the  qualities  of  the  graph  with  her  body  actions.  At  times  she 
described  each  with  the  qualities  of  the  other. 

This  language  manifests  her  fusion  of  the  action  with  the  graph: 

(T:  What  does  this  pointy  thing  mcan?)Wcll,  the  point  is  where  I  like  went  the  other  way. 
Because  I  went  towards  it  going  down  (tradng  a  finger  along  a  downward  sloping  line 
on  a  zigzag)  and  then  away  from  it  going  up  (tracing  a  finger  along  an  upward  sloping 
line  on  a  zigzag). 

She  ascribes  the  graph's  motion  ("go  down  low")  to  the  person: 

At  the  bottom,  I  think  if  you  go  down  too  low,  you  will  like— it  gets  a  flat. 

She  ascribes  a  person's  motion  ("forwards")  to  a  motion  of  the  line  on  the  graph: 

Tracey  points  to  one  of  the  upward  slanting  lines.  (T:  So  the  line  up  was  when  you 
were  walking  how?)  When  1  was  walking  backwards.  And  the  line  forwards  was  that  way 
(pointing  at  a  line  on  the  screen  with  downward  slope). 

As  the  session  progressed  Eleanor's  talk  reflected  more  and  more  meanings  for  certain 
woi  ds.  In  the  rich  conversation  with  Tracey  they  both  used  context  to  sort  out  the  ambiguities 
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Discussion 

We  understood  Eleanor's  initial  interaction  with  the  motion  detector  as  a  process  of 
perspective  construction;  she  tried  out  different  kinds  of  body  motions  and  compared  the 
tool's  response  to  her  expectations.  As  a  result,  she  developed  ways  to  plan  and  interpret 
graphs  that  were  consistent  with  the  ones  produced  by  the  motion  detector.  Within  this 
process  of  perspective  construction  we  identified  three  aspects  that  she  enacted:  constant  shifts 
between  seeing  the  computer  graph  as  a  response  to  actions  and  seeing  the  computer  graph  as 
a  pattern,  incorporating  the  inner  constraints  of  the  tool,  and  fusing  the  qualities  of  the  graph 
with  the  qualities  of  the  body  actions. 

Understanding  the  nature  of  what  children  do  when  first  working  with  a  motion 
detector  has  ramifications  for  how  we  think  about  how  children  make  sense  of  graphs. 
Eleanor,  as  well  as  the  other  children  that  we  have  interviewed,  showed  us  how  graph 
learning  can  be  a  richer  experience  when  explored  on  the  basis  of  dynamic  responsiveness  to 
body  actions.  Given  the  complexity  inherent  in  body  motion,  it  is  remarkable  that  the  motion 
detector  enabled  children  to  develop  a  consistent  focus  on  particular  elements  of  their  body 
motion.  This  was  especially  true  because  they  held  the  button  in  their  hands  and  got  feedback 
in  real  time.  This  tool  also  created  an  opportunity  for  children  to  take  a  qualitative  approach  to 
graphing  as  opposed  to  more  traditional  point-to-point  process.  By  focusing  on  the  general 
shape  of  the  whole  graph  or  on  particular  elements  within  the  graph,  children  became  invested 
in  issues  of  scaling.  Their  sense  of  scale  grew  out  of  exploring  what  "out  of  range"  meant  in 
the  graph  and  the  room,  as  well  as  using  landmarks  connecting  positions  in  the  room  with 
locations  on  the  graph.  Beyond  the  particularities  of  using  the  motion  detector  we  believe  that 
this  work  informs  the  place  of  qualitative  graphing  in  the  elementary  school  curriculum. 

References 

Piaget,J.andInhelder,B.  (l%7).The  Child's  Concept  of  Space.  New  York:  Norton 

Flavell,  J.  H.  (1990).  Perspectives  on  perspective  taking.  Presented  at  The  Annual  Symposium  of 
the  Jean  Piaget  Society,  Philadelphia  PA 


213 


198 


Volume  1 


Language    and  Mathematics 


2H 

199 


Volume  1 


MAKING  SENSE  OF  GRAPHS  AND  EQUATIONS  DURING  PEER  DISCUSSIONS:  STUDENTS' 
DESCRIPTIVE  LANGUAGE  USE 

JudtMoschkovfch 
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This  study  examined  students'  use  ot  descriptive  language  during  exploration  of  the  domain  <rf*^f^fens. 
araleir  graph] -  The  analysis  otthe  videotaped  peer  discussions  focused  on  the  differences  between  the 
%Xy9^e™  Sties  registers,  teuton  of  meaning to ^ 
SS  ol  students'  language  .«e.  This  paper  summaries  seized  ^'omthej^y  feratav  to* 
three  pairs  ol  students  used  relational  terms  and  phrases  to  desert  the  transition  and  rotation  ol  knes. 

Hrodudlon 

This  study  explored  the  process  of  learning  mathematics  through  peer  discussions  by  focusing  on 
students'  use  ol  descriptive  language.  Through  their  discussions  and  computer  exploration  of  graphs  and  equations 
the  students  negotiated  the  meaning  for  terms  such  as  "steep."  "steeper,"  "less  steep,"  "moves  up."  and  "moves 
'  down"  and  the  chofce  of  reference  objects  lor  describing  line  movement.  While  their  use  of  descriptive  language 
was  initially  ambiguous  and  reflected  the  everyday  meaning  of  terms,  live  ol  the  six  students  came  to  use  these 
terms  in  a  manner  more  consistent  with  the  mathematics  register. 

The  construction  of  mathematfcal  knowledge  was  examined  in  light  of  two  themes  in  current  theory  and 
research-learning  through  social  interaction  and  the  relationship  between  language  and  learning  mathematics.  The 
study  began  with  the  assumption  that  knowledge  is  socially  constructed  through  interactions  with  other  people 
and  that  this  construction  is  mediated  by  language  (Vygotsky,  1978, 1987).  Following  Solomon  (1989),  I  view 
competence  as  knowing  how  to  act  in  specific  situations  involving  lines  and  their  equations,  including  knowing  how 
to  use  language.  While  Vygotskian  theory  and  research  have  emphasized  adult  guidance  and  the  mechanism  of 
internalization  in  the  teaching/learning  process  (Vygotsky,  1978,1981;  Wertsch,  1981, 1984, 1985),  investigators 
have  stressed  the  need  to  include  an  analysis  of  peer  work  as  well  (Forman  and  Caiden.  1985;  Forman  and 
McPhail,  1989). 

While  interaction  with  peers  can  be  censored  one  possible  context  for  supporting  learning,  the  details  of  how 
paar  discussions  function  as  a  context  tor  developing  conceptual  knowledge  remain  largely  unspecified. 
Researchers  have  begun  to  address  how  conversations  between  peers  might  support  conceptual  learning  in 
mathematics  (Forman,  in  press)  and  to  explore  the  relationship  between  language  and  learning  mathematks 
(Cocking  and  Mestre,  1988;  Durkin  and  Shire,  1991 ;  Pimm,  1997;  Richards.  1991 ).  Many  ol  these  studies  have 
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focused  on  on*  aspect  of  mathematical  discourse,  the  mathematics  register1.  Durkin  and  Shire  (1991),  Pimm 
(1987),  and  Waikerdine  and  Sinna  (1978)  have  explored  how  the  vernacular  and  mathematical  registers  differ  and 
how  discontinuities  between  these  two  registers  sometimes  present  difficulties  for  students.  O'Connor  (n.d.)  has 
described  how  students  negotiate  and  define  the  use  of  particular  terms  in  the  mathematics  classroom.  In  light  of 
this  work,  the  study  focused  on  the  differences  between  the  everyday  and  mathematical  registers  for  this 
domain  and  the  negotiation  of  meaning  for  relational  terms. 

Subjects  and  MMhods 

The  subjects  for  this  study  were  three  pairs  of  ninth  and  tenth  grade  students  from  an  exemplary  pilot 
first-year  algebra  course.  These  students  participated  in  videotaped  discussion  sessions  with  a  peer  of  their 
choice.  Before  volunteering  for  the  discussion  sessions  these  students  had  participated  in  two  curriculum  units, 
each  six  weeks  long,  focusing  on  linear  and  quadratic  functions.  The  two  chapters  included  modeling  of  real  world 
situations,  use  of  graphing  calculators  and  computer  software,  and  student  group  work  with  some  whole-class 
discussions. 

The  discussion  sessions  were  conducted  after  school  in  a  classroom  and  lasted  from  two  to  six  hours 
over  a  period  of  two  to  four  days.  In  these  sessions  the  students  explored  slope  and  intercept  using  Superpfot, 
graphing  software  which  allows  students  to  graph  equations.  To  structure  discussion  of  different  conjectures  and 
predictions,  the  students  followed  an  instructional  sequence  similar  to  the  classrooms  method  for  classroom 
discussions  in  science  (Hatano;  1988;  Inagaki,  1981 ;  Inagaki  and  Hatano.  1977).  The  problems  were  designed  on  the 
basis  of  student  conceptions  suggested  in  previous  research  (Moschkovich,  1989;  SchoenfekJ,  Smith,  and  Arcavi, 
in  press)  and  in  classroom  observations  (Moschkovich,  1990).  The  introduction  to  the  discussion  sessions  included 
an  explanation  of  terms  used  in  the  worksheet  (steep,  steeper,  less  steep,  origin,  move  up  or  down  on  the  y-axis, 
etc.)  using  examples.  Transcripts  of  the  videotaped  discussion  sessions  for  the  three  case  studies  were  analyzed 
by  coding  instances  where  a  student  described  a  line,  described  its  movement,  or  compared  two  lines. 

Students'  Descriptive  language  Use 

Learning  to  participate  in  mathematical  discourse  and  learning  to  use  the  mathematical  register  for  a 
domain  is  not  simply  a  matter  of  learning  vocabulary  definitions,  Instead,  it  involves  learning  how  to  use  language 

'A  register  is  "a  set  of  mear»ngs  that  is  appropriate  to  a  particular  function  of  language,  together  with  the  words  and  structures  which 
express  these  meanings  •  (Haiiiday.  1978)  A  register  is  a  set  ol  words  and  expressions  that  have  a  particular  meanirg  within  a  particular 
activity.  The  malhemata  register  is  the  set  ot  meanings,  words,  and  structures  appropriate  to  the  practice  ol  mathematics.  Some 
word*  may  overlap  between  the  everyday  and  n*  mathematics  register,  but  they  have  a  cfcllerent  meaning 
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appropriately  while  solving  and  discussing  problems  in  different  contexts.  In  the  case  of  linear  equations  and  their 
graphs,  the  mathematics  register  includes  more  ttian  technical  terms  such  as  "slope"  and  "intercept".  Even  though 
neither  the  discussion  problems  nor  the  teachers  used  these  technical  terms,  the  students  still  negofiated  the 
meaning  of  the  less  technical  versions  used  in  the  problems.  The  students  did  not  simply  learn  to  use  the  technical 
terms  slope  and  yintercept.  Instead,  they  learned  how  to  describe  lines  and  their  movement  in  a  manner  more 
consonant  with  the  mathematics  register  by  refining  the  everyday  meaning  of  terms,  by  choosing  reference 
objects  to  describe  the  movement  of  lines,  by  focusing  on  vertical  translation  for  the  form  y=mx+b.  and  by 
separating  rotation  and  translation  as  independent  properties  of  lines^. 

The  language  used  io  describe  lines  mathematically  differs  from  the  everyday  language  used  to  describe 
spatial  objects  and  the  relationships  between  them.  As  students  are  encouraged  to  discuss  this  mathematical 
topic  and  allowed  to  use  their  own  language,  the  differences  between  the  two  registers  become  more  obvious.  For 
instance,  the  term  "steeper"  has  a  different  meaning  in  everyday  language  than  it  does  in  the  mathemafics 
register  in  that  the  prototype  (Lakoff,  1987)  of  a  steeper  hill  seems  to  be  a  hill  which  is  also  higher.  Steepness  and 
height  do,  in  effect,  co-vary  in  everyday  life;  that  is,  steeper  hills  will  tend  to  be  (or  seem  to  be)  higher  (or 
viceversa).  This  is  similar  to  the  way  we  interchangeably  use  the  words  "older  and  "bigger"  in  reference  to 
children,  so  that  these  words  have  to  be  "renegotiated"  in  reference  to  a  huge  five  year  old  or  a  small  six  year 
old.  While  in  everyday  use  one  is  neither  careful  nor  concerned  with  the  separation  of  the  two  properties  of  lines, 
steepness  (m)  and  location  along  the  yaxis  (b),  in  mathemafics  discourse  these  two  properties  ol  lines  are  seen 
as  inherently  and  crucially  independent. 

The  excerpt  below  is  taken  from  the  discussion  of  a  pair  of  students  who  had  difficulties  with  the 
meaning  of  the  term  "steeper  and  used  it  to  include  translation.  This  meaning  for  the  term  "steeper  was  first 
evkient  while  these  students  were  discussing  Problem  3a.  In  this  problem  students  were  asked  to  predW  whether 
changing  the  equation  y.x  to  y=x+5  would  make  the  new  line  steeper  or  not,  and  then  to  decide  whether  their 
prediction  was  right  after  graphing  the  two  lines  on  the  computer. 
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St.  If  you  *t«rt  with  Ui»  tou»tlon  gmx 
thtft chMf«  It  U  thf  courtlon  ysr»5, 
whit  w«uU  lh»t  grip*? 


A  rtakc  tM  iirtc  IK  Kir 


8.  hBvt  th«  Mm  gp  in  lh»  y  •*>• 

Why  or  *hy  net?      |  *a|     |  | 

C  one  the  line  Botfi  ueeper 

•no  mow  uq  on  tn»  g  txu   

Why  or  why  not?       |  **[   1  *°  | 


B  H 

Whg  «r  why  not' 

a  E3 

Why  v  why  MtT 

wny  or  why  n&P 


The  discussion  of  the  meaning  of  the  term  "steeper  is  most  striking  after  they  had  graphed  the  equation . 
y=x+5  on  the  screen: 

HE:  (Reading)  After  graphing,  is  it  steeper? 
FR:  Isn't  it  steeper?  No. 

HE:  If  s  not  steeper,  is  it?  (Moves  hand  to  the  screen.) 
FR:  Are  we  talking  about  the  same  thing? 
HE:  Yeah... 

FR:  I  think  it's  steeper  right  here  (points  to  the  y-intercept  of  the  line  y*x* 5.)  Cause  look  at  it ...  1 .2  and  1 ,2 
(counting  up  to  5  on  the  y-ax/s  and  then  to  5  on  the  x-axis,  the  axes  are  labeled  with  a  slash  every  two  units.) 
This  is  the  same. 

HE:  (Mumbles,  then  places  a  pen  where  the  line  y=x  would  be.)  Ifs  going  up. 
FR:  So  ifs  no,  right?  The  answer  is  no . . . 

HE:  1  guess  so  cause  it  just  moved  up  (mo  wry  the  pen  up  and  parallel  to  where  the  line  y*x  would  be) 
FR:  Can  you  make  it  deeper.... steeper? 

HE:  (Demonstrating  with  the  pen)  Steepef  it  might  go  like  that  (rotating  the  pen  counterclockwise  from  the  line 
y«x)  or  tike  that  (moving  the  pen  up  to  (0.5)  and  also  rotating  the  pen  counterclockwise.) 
FR:  Steeper  like  that  (moves  pen  below  the  x-axis  so  that  it  takes  the  place  of  aline  which  is  steeper  than  y** 
and  also  has  a  negative  y-intercept.)  This  way  right? 

HE:  Steeper  is  like  this  (the  pen  is  in  the  position  of  a  line  steeper  than  the  line  y*x)  but  more  like  this  (moves  the 
pen  up  and  down  the  y-axts) . .  Ifs  no?  Do  you  agree?  Yes,  no? 
FR:  Yeah ...  Are  you  sure?  Do  you  agree?  So  this  is  "YES"  also . . . 

.  HE:  So  we're  going  up  on  the  y  axis . . .  and  "make  the  line  both  steeper  and  move  on  the  y  axis'  (referring  to 
Question  Q. . .  You  don't  want  it  steeper  you  just  want  it  to  move  up  on  the  y  axis ...  so . . .  yes  or  no?  (Looks 

FR;  Mhm ...  no. 
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At  first  HE  said  the  line  on  the  screen  was  steeper  than  the  line  y«x.  while  FR  was  certain  that  the  line 
was  not  steeper.  When  they  explicitly  began  to  disuss  the  meaning  of  the  word  -steeper;  FR  seemed  to  think  that 
a  line  is  steeper  at  the  y-intercept.  When  FR  asked  HE  whether  one  can  make  a  line  steeper,  HE  demonstrated 
that  a  'steeper  line  can  be  either  a  line  which  is  only  rotated  counterclockwise  from  the  line  y=x  or  a  line  which  is 
tirst  translated  up  the  y-axis  and  then  rotated.  FR  explicitly  used  a  line  that  was  translated  down  to  the  yaxis 
to  exemplify  'steeper.-  and  HE  represented  a  "steeper"  line  as  first  a  line  steeper  than  y=x  but  which  was  also 
translated  up  or  down.  Even  while  looking  at  the  line  y.x+5  on  the  screen  (and  apparently  knowing  where  the  line 
y.x  would  have  been  located)  these  two  students  alternated  between  using  "steeper"  to  refer  to  both  translation 
and  rotation,  and  using  "steeper-  to  refer  only  to  rotation.  Tr*  gestures  which  accompany  their  dialogue  are 
especially  striking  on  the  vkJeotape,  since  they  leave  no  room  for  doubt  that  they  are  referring  to  translation  as 
well  as  rotation 

Students  in  all  three  pairs  used  the  term  "steeper"  to  include  translation  at  some  point  in  their  discussions 
and  had  to  negotiate  the  meaning  of  this  term.  One  of  the  students  who  used  the  term  'steeper"  to  include 
translation  explicitly  said  that  she  had  understood  the  term  to  mean  "higher."  In  sum,  the  data  from  the  peer 
discussions  for  these  three  pairs  show  that  there  were  discontinuities  between  the  everyday  and  mathematics 
registers  for  terms  and  phrases  such  as  "steeper,"  "less  steep,"  "move  up,"  and  "move  down."  The  instances 
whero  students  explicitly  discussed  and  negotiated  word  meaning  involved  this  set  of  phrases,  which  were  all  used 
in  the  discussion  problems,  as  well  as  terms  and  phrases  generated  by  the  students  such  as  "moves  left,"  "moves 
right."  "moves  to  the  sides,"  and  "through  the  origin." 

Students  negotiated  "wo  aspects  of  their  descriptions,  the  meaning  of  individual  terms  (as  seen  in  the 
excerpt  above)  and  the  choice  of  reference  ob,ects  for  describing  movement.  They  negotiated  the  starting  and 
the  ending  reference  objects  for  describing  where  lines  started  and  ended:  whether  their  descriptions  used  specific 
reference  objects  such  as  the  axes,  the  origin,  the  line  y=x.  and  salient  points  on  the  lines  (such  as  the  x-  and  y- 
intercepts);  or  more  general  references  such  as  up,  down,  right,  left,  and  side  (or  sides),  which  can  be  ambiguous. 
Some  students  used  the  x-  and  the  y-axis  as  a  reference  for  descrtoing  the  steepness  of  lines.  For  example,  when 
MA  and  Gl  initially  disagreed  about  whether  the  steepness  of  a  line  they  had  graphed  had  changed,  MA  used  the 
x-axis  as  a  reference  object  to  argue  that  this  was  the  reason  why  the  line  was  less  steep.  MA  described  the  line 
y=x  as  being  "between  the  x  and  the  y(axes)"  and  defined  the  term  'less  steep"  as  meaning  "closer  to  the  x  than 
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to  the  y  (axes)4.  While  this  choice  of  reference  objects  to  define  and  compare  steepness  might  seem  natural,  other 
students  dkJ  not  arrive  at  such  a  useful  choice  of  unequivocal  reference  objects  or  terms  to  describe  either 
rotation  or  translation.  For  example,  one  of  the  students  in  the  third  pair  (MJ  and  01)  initially  introduced  the  terms 
"left"  and  "right"  to  refer  to  rotation.  This  choice  of  words  made  the  discussion  problematic  and  inconclusive,  since 
they  also  used  these  terms  to  refer  to  translation. 

MJ  and  Dl  were  working  on  a  problem  structured  like  Problem  3a  except  that  in  this  case  the  two 
equations  were  y=x  and  y=3x.  Although  MJ  moved  her  hand  clockwise  and  counterclockwise,  she  described  the 
movement  of  the  line  y»3x  as  "to  the  left  or  to  the  right"  of  the  line  y=x,  using  the  same  terms  Dl  would  later  use 
to  refer  to  translation,  "right  or  left."  Dl  initially  accepted  MJ's  definition  of  rotation  as  "to  the  left  or  to  the  right" 
but  then  added  that  it  moved  "clockwise"  (the  line  in  effect  moved  counterclockwise).  MJ  also  described  the  effect 
of  a  change  in  the  slope  as  "it  moves  more  to  the  left  and  gets  steeper."  This  is  an  ambiguous  use  of  the  word 
"left"  since  it  is  not  clear  whether  MJ  was  using  left  to  refer  to  translation  or  rotation.  Moreover,  if  she  was  using 
"left"  to  refer  to  rotation,  then  she  was  describing  the  tine  as  being  both  translated  and  rotated2.  In  the 
subsequent  dialogue,  Dl  continued  to  use'leff  to  refer  to  translation  while  MJ  insisted  that  the  line  y=jx  had 
moved  "left."  The  ambiguity  in  these  two  students  use  of  reference  and  relational  terms  continued  to  plague  them 
throughout  their  discussion  session. 

The  descriptive  language  used  by  these  six  students  during  the  last  few  problems  reflects  increasing 
conceptual  knowledge  and  is  more  consistent  with  the  mathematics  register:  it  reflected  an  increased  coordination 
between  the  two  representations,  a  separation  of  the  effects  of  the  parameters  m  and  b,  and  an  increased  focus 
on  vertical,  as  opposed  to  horizontal,  translation.  Each  of  these  students'  use  of  descriptive  terms  moved  closer 

K. 

to  the  mathematics  register  in  at  least  some  ways.  Of  the  six  students,  only  MJ  continued  to  use  ambiguous 
terms  or  reference  objects. 

Initially  the  students  mixed  references  to  the  two  representations  and  their  descriptions,  reflecting  the 
lack  of  a  coordination  between  the  two  representations.  They  later  came  to  limit  their  descriptions  of  lines  to 
graphical  terms  only,  showing  an  increasing  coordination  of  the  way  the  two  representations  are  connected,  and 


2There  are  other  important  aspects  ol  this  dialogue  which  are  discussed  in  more  detail  in  a  longer  version  of  ft*  paper.  First,  while  01 
used  the  connection  between  a  change  in  an  equation  and  a  chango  in  a  Mie  as  a  part  of  her  explanations.  MJ  neither  initiated  this  sort  ol 
explanation  nor  was  she  convinced  by  DCs  use  ol  this  connection  between  the  two  representations  Second,  MJ  re  la  red  to  tie  y-intercept 
to  describe  rotation.  Lastly.  Dl  initialy  focused  on  horizontal,  rather  than  vertical,  translation. 
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began  using  phrases  such  as  'if  you  add,  the  iine  goes  up"  and  If  you  multiply,  the  line  gets  steeper".  Rve  of  the 
six  students  also  coordinated  the  two  representations  by  coming  to  drop  descriptions  not  easily  connected  to  the 
form  y*mx+b.  These  students  had  initially  described  lines  as  moving  left"  or  "right*  as  well  as  "up-  and  "down". 
They  later  focused  on  the  result  of  changing  the  b  as  specifically  moving  lines  up  or  down.  Their  later  descriptions 
also  omitted  mention  of  movement  along  the  x-axis.  reflecting  an  increasing  coordination  not  only  between  the 
.  algebraic  and  graphical  representations,  but  also  a  focus  on  the  specific  form  of  the  algebraic  representation  used 
in  the  problems.  y=mx+b.  Lastly,  while  students  initially  conflated  rotation  and  translation  in  their  descriptions, 
they  later  used  these  two  movements  independently  of  each  other,  thus  ditterenpating  between  and  separating 
rotation  and  translation  as  independent  properties. 

Conclusions 

The  data  collected  in  the  discussion  sessions  show  that  there  were  evident  differences  between  the 
everyday  and  the  mathematics  registers  for  the  meaning  and  use  of  relational  terms  and  phrases.  Students 
frequently  used  the  term  "steeper  to  refer  to  translation  as  well  as  rotation  of  lines;  they  also  used  other  terms 
ambiguously  to  refer  to  both  translation  and  rotation.  Students  negotiated  the  meaning  of  individual  terms  and  the 
choice  of  reference  objects  for  describing  line  movement.  Through  their  discussions  and  computer  exploration  of 
lines  and  their  equations  they  came  to  describe  line  movement  and  compare  lines  in  a  manner  more  consistent 
with  the  mathematics  register. 

There  were  several  aspects  of  the  peer  discussions  which  may  have  supported  the  transformation  of 
students'  language.  Students  used  their  own  terms  (or  the  terms  used  in  a  problem  but  with  their  own  meaning)  to 
describe  lines,  they  asked  their  partner  to  clarify  the  meaning  of  different  terms  and  phrases,  and  most  of  the 
time  they  negotiated  a  consensual  meaning  for  terms.  One  of  the  benefits  of  peer  discussions  might  be  the 
occurrence  of  such  negotiations  of  meaning.  The  negotiation  and  transformation  of  the  students'  descriptive 
language  was  an  important  aspect  of  making  sense  of  lines  and  their  equations.  The  negotiation  of  meaning  that 
students  engaged  in,  the  fact  that  most  of  the  students  arrived  at  a  consensual  use  of  these  descriptive  terms, 
and  that  students*  language  use  moved  closer  to  the  mathematics  register  all  show  that  peer  discussions  can  be 

a  productive  context  for  transforming  students'  language  use. 
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MATHEMATICAL  MODEUNG:  A  CASE  STUDY  IN  ECOIOGY 

Helen  M.  Doerr 
Cornell  Theory  Center 
Cornell  University 

To  better  understand  the  role  that  modeling  and  simulation  might  play  In 
mathematics  education,  we  must  first  develop  an  understanding  of  how  modeling  and 
simulation  are  used  by  practitioners  In  the  scientific  and  engineering  community.  Two 
initial  questions  guided  this  particular  investigation:  what  are  the  different  kinds  of 
models  that  scientists  use  and  how  are  these  models  used.  Using  a  case  study  methodology, 
three  scientific  research  teams  at  Cornell  University  were  Interviewed  and  observed  during 
the  fall  of  1 992.  In  this  paper,  we  will  describe  our  work  with  the  ecological  modeling 
group  and  discuss  some  of  the  implications  of  that  work  for  mathematics  education. 
Introduction 

Modeling  Is  a  diverse  activity  with  practitioners  in  all  areas  of  science,  engineering 
and  mathematics.  Within  and  across  these  disciplines,  many  substantially  different  kinds  of 
models  are  used.  Two  initial  questions  guided  this  particular  investigation:  what  are  the 
different  kinds  of  models  that  scientists  use  and  how  are  these  models  used  to  describe, 
predict  and  Interpret  phenomena.  This  case  study  involved  ln-depth  observation  of  three 
groups  of  modeling  practitioners  at  Cornell  University:  one  in  operations  research,  one  in 
blo-mechanics  and  the  third  in  ecological  modeling.  In  this  paper,  we  will  review  the 
findings  for  the  modeling  activities  of  the  theoretical  ecology  research  project  in  order  to 
understand  the  goals  of  the  modeling  effort,  the  underlying  mathematics,  the  use  of  data  in 
the  model,  the  use  of  visualization,  and  the  conceptions  of  time  and  space.  We  will  discuss 
some  of  the  Implications  of  that  work  for  mathematics  education. 
Background 

This  ecological  modeling  research  project  is  studying  the  changes  In  the  dynamics  of 
relatively  simple  systems  as  the  size  of  the  system  changes.  The  research  team  Is  Interested 
in  theoretical  questions  of  ecology:  what  is  the  correct  scale  to  be  looking  at  the  problem? 
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How  big  do  you  need  your  system  to  be  in  order  to  capture  the  variability  in  the  system?  For 
example,  you  would  need  a  smaller  study  area  for  a  grassland  than  for  a  forest.  But  no  one 
really  knows  just  how  much  smaller.  The  current  study  is  looking  at:  What  happens  in 
these  systems  when  you  increase  their  size?  How  do  the  dynamics  change?  Prof.  Richard 
Durrett  is  a  mathematician  with  expertise  in  the  theory  of  interacting  particle  systems. 
Linda  Buttel  is  a  research  support  specialist  in  ecology  with  extensive  experience  in 
computer  modeling.  This  collaboration  is  an  effort  to  apply  some  of  the  mathematical 
results  from  interacting  particle  systems  to  biological  models  of  ecological  systems. 
Methodology  and  Data  Sources 

Over  the  course  of  two  months  in  the  fall  of  1992, 1  conducted  a  case  study  of  two 
members  of  the  research  team,  Buttel  and  Durrett.  As  an  observer-participant,  1  met  with 
the  research  team  during  several  working  sessions  in  which  the  details  of  the  models  were 
discussed  and  actually  implemented.  During  several  meetings  with  Buttel,  we  discussed  how 
their  particular  model  fit  into  the  broader  scheme  of  ecological  modeling.  All  the  sessions 
were  audio-taped.  Background  readings,  Interviews,  computer  programs,  various  graphics 
output  and  video  were  analyzed  and  a  final  case  study  repos'  was  written.  The  transcripts  of 
the  audio-tape,  the  computer  programs  and  the  video  of  the  model  comprise  the  primary 
data  sources  for  the  analysis.  The  quotes  in  this  paper  are  from  the  transcripts. 
Results 

Kinds  of  Models.  Buttel  defines  two  broad  approaches  to  modeling:  in  the  first  approach, 
the  researcher  models  the  behavior  of  groups  of  individuals.  Hence,  one  would  find,  for 
example,  average  germination  rates  and  average  dispersal  rates.  This  type  of  model  is 
generally  defined  by  systems  of  differential  equations  based  on  the  notion  that  the 
population  at  time  t+1  is  given  by  the  population  at  time  t  plus  the  birth  rate  times  the 
population  at  time  t  minus  the  death  rate  times  the  population  at  time  t  plus  the  number  that 
Immigrate  in  minus  the  number  that  emigrate  out.  This  approach  is  widely  used  by 
biologists;  most  predator-prey  models  fall  into  this  schema. 

In  the  second  approach,  however,  the  researcher  looks  at  the  behavior  of  each 
individual  entity  within  the  system.  Buttel  describes  the  difference  between  the  approach 
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of  tracking  the  individual  versus  following  the  groups  of  individuals  as  follows: 

One  approach  is  to  stand  on  the  bridge  and  look  at  all  the  leaves  going  underneath  the 
bridge.  So  stay  at  one  point  In  time  and  let  everything  go  by.  And  the  other  thing  is  to 
get  on  the  leaf  and  follow  the  one  leaf  and  see  where  it  goes  and  what  it  does.  And 
those  are  the  two  different  approaches.  And  to  some  degree  it  is  driven  by  the  biology 
and  by  what  you  can  parameterize  and  how  good  your  parameterizations  are.  There  is 
so  much  variability  say  In  annual  plants;  what  you  would  do  then  is  pull  out  a 
distribution.  Sometimes  it  is  better  to  do  things...  to  average  things  out  because  we 
really  don't  have  enough  information  to  do  it  any  other  way. 
Buttel  suggests  several  factors  that  would  Influence  the  choice  of  approach:  the  way  the 
problem  is  conceptualized,  the  ease  of  computation,  the  kind  of  data  that  is  available,  and 
the  kind  of  entities  that  are  being  studied.  For  example,  annual  plants  in  a  landscape  are 
very  similar  and  therefore  it  would  make  sense  to  use  an  average  distribution.  For  trees  in 
a  forest  model,  It  would  make  more  sense  to  study  the  individual  trees  and  their  interactions 
with  their  neighbors.  It  is  this  last  notion  of  studying  the  Interactions  with  the  nearest 
neighbors  that  is  the  key  distinction  between  the  two  modeling  approaches.  The  models 
which  track  the  individual  can  incorporate  spatial  expllcltness  in  the  model.  That  is  to  say, 
where  you  are  located  in  space  does  matter.  What  happens  to  you  as  the  system  evolves 
depends  on  where  you  are  located.  The  differential  equation  models  based  on  groups  of 
individuals  do  not  incorporate  this  spatial  explicltness. 

How  the  Models  are  Used.  Two  particular  models  were  Investigated  over  the  course  of  our 
meetings.  The  first  was  a  predator-prey  model  (Dewdney,  1984)  and  the  second  was  an 
epidemic  model.  Four  salient  features  characterize  both  these  models:  the  use  of  data,  the 
incorporation  of  spatial  expllcltness,  the  use  of  visualization,  and  the  notion  of  continuous 
time. 

Biological  data  had  almost  no  role  whatsoever.  The  closest  use  of  any  data  was  with 
somewhat  vague  and  almost  arbitrary  use  of  facts  like  'measles  lasts  14  days'.  This  would 
appear  to  be  a  direct  consequent  of  the  fact  that  the  goal  of  the  modeling  effort  is  to  study 
the  dynamics  of  the  system  Itself.  Buttel  describes  this  as  follows: 
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Rick's  models  are  much  more  abstract.  They  really  don't  have  much  biological 
reality  to  them.  Biological  reality  can  be  imposed  from  above.  In  other  words  you 
can  say,  this  particular  kind  of  mathematical  interacting  particle  system  behaves 
like  a  forest  fire.  Or  behaves  like  a  competition  model  between  a  predator  and  a  prey. 
But  in  a  very  abstract  sense.  But  the  nice  thing  about  that  is  that  you  don't  get 
bogged  down  in  all  the  biological  detail  and  you  can  see  very  clearly  the  effects  of 
the  spatial  interactions....  So  one  of  the  things  we  ar*  addressing  is  what  happens  in 
these  simple  systems  when  you  increase  the  size  of  the  grid.  Do  the  dynamics 
change?  We're  looking  at  the  behavior  without  the  data 
By  taking  this  approach,  they  can  study  fairly  complex  behavior  with  a  very  simple  model. 
As  Buttel  comments,  'you  don't  need  a  complicated  model  to  get  at  complicated  behavior.* 
This  is,  in  fact,  borne  out  by  the  implementation  of  the  epidemic  model.  The  code  for  this 
model  is  only  several  hundred  lines  long  and  is  elegant  in  both  its  structure  and  its 
simplicity.  The  essence  of  the  model  is  contained  in  about  thirty  lines  of  code.  The  simple 
rules  of  this  model  actually  generate  complex  behavior. 

For  both  the  predator-prey  model  and  the  epidemic  model,  space  is  considered  to  be  a 
discrete  grid  wrapped  on  a  torus.  For  the  epidemic  model,  each  grid  space  (or  site)  is 
thought  of  as  being  In  one  of  three  states:  infected,  susceptible  or  recovered.  One  can 
think  of  a  person  occupying  each  site  and  being  in  exactly  one  of  these  three  states.  The 
relationship  between  these  three  states  is  cyclical.  A  site  (or  person)  can  change  from 
being  susceptible  (to  a  disease)  to  being  infected  to  being  recovered  to  being  susceptible 
again.  Whether  or  not  a  particular  site  becomes  infected  depends  upon  whether  or  not  its 
neighboring  sites  are  Infected.  Thus,  what  happens  to  an  individual  depends  upon  where 
that  individual  is  located  in  space  and  upon  the  transition  rate  between  the  states. 

The  two  aspects  of  the  dynamics  of  the  system  that  were  of  greatest  interest  were  its 
initial  starting  configuration  and  the  critical  values  of  the  transition  rates  for  which  the 
system  reached  an  equilibrium  in  which  the  epidemic  was  sustained.  There  were  three 
configurations  used  to  start  the  system:  a  random  distribution  of  infecteds,  a  small  square  of 
Infecteds  at  the  center  of  the  grid,  and  a  rectangle  of  recovereds  with  a  thin  layer  of 
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infecteds  on  top.  For  each  of  these  initial  configurations,  Durrett  was  interested  in  the 
transition  rate  from  recovered  to  susceptible,  the  regrowth  rate: 

From  a  random  start,  what  is  the  smallest  regrowth  rate  so  that  the  epidemic  sustains 
itself  for  a  given  size  system?  The  regrowth  rate  scales  like  1  over  the  log  of  the  size  of 
the  systera...There  Is  a  critical  value  (for  which  the  epidemic  is  sustained)  of  delta  (the 
regrowth  rate)  that  does  depend  on  the  details  of  the  model.  For  example,  if  1  change 
from  four  neighbors  to  eight  neighbors  then  delta  is  going  to  go  down  by  a  lot. 
Durrett's  interest  is  in  the  equilibrium  state  of  the  system  in  which  the  epidemic  persists. 
By  varying  the  parameters  of  the  system,  you  can  see  the  infection  running  through  the 
system  and  either  dying  out  or  sustaining  itself  as  a  second  wave  of  infection  runs  through. 
Durrett  comments:  'Presumably  there  is  only  one  interesting  equilibrium  state  which  you 
get  into  whenever  the  infection  doesn't  die  out.  And  that's  sort  of  the  point  of  investigating 
these  things  on  the  computer  is  that  it's  very  hard  to  analyze  mathematically,  but  we  sort  of 
like  to  look  at  pictures  to  see  what  happens.'  This  seems  to  suggest  that  for  Durrett  the 
•pictures'  of  the  model  are  some  sort  of  vehicle  for  generating  or  getting  at  the  hard  core  of 
the  analytical,  and  hence  more  real,  mathematics. 

A  final  aspect  of  both  models  is  the  treatment  of  time.  Time  for  these  models  is.  treatt 
continuously.  To  understand  how  the  notion  of  continuous  time  is  both  used  and 
implemented  in  these  models,  let  us  first  consider  the  use  of  discrete  time  for  the  predator- 
prey  model.  According  to  Durrett  and  Levin,  discrete  time  models  are  used  almost 
universally  in  the  biology  literature  (1992,  p.l).  Let  us  begin  the  model  with  sharks  and 
fish  distributed  at  random  over  a  spatial  grid.  Let's  assume  in  a  discrete  time  model,  that  th 
model  is  at  some  time  t  and  we  wish  to  update  it  to  time  t+1.  To  do  this,  we  would  start  at  tl 
corner  of  the  n  by  n  grid  and  then  proceed  systematically  through  the  grid.  Suppose,  for 
example,  that  in  the  first  cell  there  is  a  shark  and  then  shark  looks  to  one  of  his 
neighboring  cells  and  finds  a  fish  there.  You  need  to  save  that  information  in  a  separate 
array  so  that  when  you  proceed  to  the  next  time  step,  the  shark  can  move  to  that  new 
location  and  eat  the  fish.  But  there  is  another  problem  that  has  to  be  considered.  Suppose 
the  next  cell  you  look  at  also  has  a  shark  in  it.  Further  suppose  that  that  shark  looks  at  the 


same  neighboring  cell  as  the  previous  shark  did  and  rinds  the  fish  there.  Now  you  have  to 
define  a  set  a  rules  that  governs  this  kind  of  collisions.  Do  you  choose  the  shark  who  got 
there  first?  Then  what  do  you  do  for  the  second  shark?  This  can  also  introduce  an  artifact 
of  directionality.  You  have  to  choose  some  way  to  go  through  your  grid.  But  this  has  to  be 
done  In  such  a  way  (along  with  your  collision  rules)  so  as  not  to  Introduce  any  bias  of  time 
or  direction  into  the  model. 

Finally,  when  you  have  gone  through  all  of  the  grid  sites,  you  then  update  your 
information  and  this  becomes  the  state  of  the  system  at  time  t+1.  You  continue  this  process 
through  as  many  time  steps  as  you  wish.  The  implementation  of  this  discrete  time  model 
requires  extremely  careful  programming  so  as  to  correctly  deal  with  the  timing  problems 
(to  correctly  synchronize  events)  and  with  directionality  problems.  These  timing  problems 
can,  in  fact,  become  fairly  complex.  The  implementation  of  this  discrete  time  model 
generally  requires  doubling  your  arrays,  so  as  to  keep  track  of  both  the  state  at  time  t  and  at 
time  t+1,  and  in  some  cases  other  bookkeeping  information  as  well. 

The  continuous  time  model  is  actually  much  simpler  to  analyze  as  well  as  to 
implement.  Suppose  the  n  by  n  grid  of  your  model  is  at  some  time  t  and  you  wish  to  update 
it.  You  pick  a  site  at  random  from  the  n  squared  sites,  and  you  update  that  site.  So,  for 
example,  if  you  found  a  shark  at  that  site  and  that  shark  looked  to  one  of  its  nearest 
neighbors  and  found  a  fish  there,  the  shark  would  immediately  move  to  that  site  and  eat  the 
fish.  So  when  you  choose  your  next  site  at  random,  if  it  happened  to  be  near  the  site  you 
had  just  chosen,  the  second  site  would  find  the  previous  sites  already  updated  in  place. 
After  you  have  chosen  n  squared  sites  at  random  on  the  grid  (most  likely  some  will  have 
been  chosen  more  than  once  and  others  not  at  all),  this  can  be  used  to  define  one  unit  of 
time.  Durrett  and  Levin  compare  these  two  approaches  as  follows: 

The  main  difference  then  is  that  we  update  one  site  at  a  time  rather  than  all  sites  at 
once.  In  the  terminology  of  the  theory  of  cellular  automata  we  use  asynchronous 
rather  than  synchronous  updating.  Asynchronous  updating  makes  it  easier  to  prove 
theorems  since  the  state  of  the  system  changes  gradually  rather  than  abruptly.  From  a 
modelling  point  of  view  asynchronous  updating  is  simpler  since  we  do  not  need 
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"collision  rules"  to  decide  what  should  happen  when  several  events  try  to  influence  a 

site  at  once.  (1992,  p.  16) 
Both  the  predator-prey  model  and  the  epidemic  model  were  done  using  this  approach  of 
continuous  time. 

The  four  most  salient  features  of  this  modeling  effort  seem  to  be  the  minimal  role  of 
data,  the  incorporation  of  spatial  explicitness,  the  use  of  visualization  to  gain  insight,  and 
the  treatment  of  time  a*  a  continuous  variable.  These  characteristics  distinguish  this  work 
from  much  of  the  traditional  biological  modeling  that  is  currently  being  done.  These 
particular  models  are  geared  toward  answering  ecological  research  questions  that  are  both 
theoretical  and  abstract. 
Concluding  Remarks 

The  mathematics  of  this  model  presents  itself  in  two  very  distinct  ways:  the  elegant 
simplicity  of  the  algorithms  embodied  in  the  code  of  the  epidemic  model  and  the  visual 
presentations  of  the  patterns  that  were  being  examined.  The  computer  algorithm  had  no 
formal  algebraic  representation  during  any  of  the  discussion  or  background  readings.  It 
can  better  be  characterized  as  a  set  of  rules  which  governed  the  nteractions  between 
elements  in  the  system.  The  behavior  of  the  system  is  then  seen  in  visual  patterns  which 
are  consequences  of  the  actions  of  the  researchers  in  choosing  parameters  and  starting 
configurations  for  the  system.  Most  of  the  actual  working  sessions  alternated  between 
changes  to  the  parameters  of  the  model  and  changes  to  the  code  and  reflection  on  the  visual 
display  that  was  generated.  The  pictures  were  integral  to  the  modeling  process. 
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FROM  SCHOOL  MATHEMATICS  TO  APPLIED  MATHEMATICS  : 
LEARNING  TO  BUILD  MODELS  WITH  A  WORD  PROBLEM  MIND1 


Jcifl-Lwg  fiBfflSL  Rafael  Ntifiez,  Myrto  Gurtner,  and  Bruno  Vitale 
University  of  Fribourg,  Switzerland 

//  mathematics  is  to  be  integrated  with  science  teaching,  modeling  is  li- 
kely to  become  an  important  part  of  the  curriculum.  The  present  paper 
examines  the  kind  of  positive  and  negative  transfer  which  junior  high- 
and  high  school  students  spontaneously  do  from  school  mathematics  to 
modeling  situations.  The  results  show  that,  when  dealing  with  a  situa- 
tion taken  from  economics,  they  make  large  use  of  proportional  and 
functional  reasoning.  Their  performances  in  collecting  information  and 
in  making  predictions  were  however  strongly  influenced  and  some- 
times weakened  by  a  tendency  to  assimilate  these  tasks  to  problem 
solving  situations. 


A  growing  number  of  scientists  and  educators  propose  to  integrate  the  tea- 
ching of  mathematics  more  closely  into  science.  In  such  a  perspective,  teaching 
students  how  to  build  models  will  become  an  important  common  objective  for 
mathematics  and  science  teachers.  Learning  to  correctly  perform  these  tasks 
such  as  collecting  data,  representing  them  in  tables  or  graphs,  using  the  avai- 
lable informations  to  predict  the  values  for  non  explored  areas  of  a  phenone- 
non  and  eventually  to  construct  equations,  should  then  receive  a  larger  place 
in  the  mathematics  curriculum  than  the  one  it  has  now.  Many  researchers  have 
already  shown  that  pupils  graphing  skills  are  currently  too  weak  in  order  to 
become  useful  tools  to  support  their  reasoning  (see  Leinhardt,  Zaslawsky,  & 
Stein,  1990,  for  a  review).  Transforming  tables  or  graphs  into  equations  also 
remains  a  difficult  task  as  late  as  grade  12  (Schw.zz,  Dreyfus,  &  Bruckheimer, 

1  This  work  Is  supported  by  the  Swiu  Nukml  Rxndrtiw  for  Scientific  teteicb.  ante  the  cowntt  No  11-30259.90. 
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1990).  Much  less  is  known,  however,  about  how  pupils  spontaneously  organize 
and  perform  in  the  collection  of  information  or  in  making  predictions  using 


done  by  the  teacher  or  under  his/her  control.  In  math  classes,  when  studying 
functions,  data  are  often  provided  together  with  the  problem;  in  science 
classes,  teachers  tend  to  specify  on  which  basis  data  should  be  collected 
("Write  down  the  temperature  of  the  liquid  every  minute",  "measure  the 


The  present  study  tries  to  investigate  how  junior  high  and  high  school  stu- 
dents spontaneously  construe  and  perform  these  tasks  of  collecting  data  and 
drawing  predictions  (di  Sessa,  Hammer,  Sherin,  &  Kolpakowski,  1991).  What 
mathematical  knowledge  will  they  transfer  from  current  school  mathematics  to 
applied  mathematics?  (Larkin,  1989). 

Procedure    and  subjects 

The  observations  which  we  will  use  to  discuss  these  issues  come  from  a  la- 
boratory situation  in  which  subjects  dealt  with  a  fictitious  ground  transporta- 
tion company  simulated  on  a  computer.  Subjects  were  asked  to  explore  the 
company's  fare  policy  in  order  to  make  themselves  able  to  later  predict  the 
fare  for  any  given  distance.  Information  about  the  fares  were  obtained  through 
a  public  call  box,  which,  for  any  distance  proposed  by  the  subjects,  indicated 
the  correponding  price.  The  fares  were  made  of  a  base  rate  and  two  additional 
rates,  one  for  short  distance  travel  and  one  for  longer  distances.  The  number  of 
authorized  calls  was  deliberately  limited  in  order  to  prevent  testing  one  mile 
after  the  other.  The  range  of  attainable  distances  was  suggested  by  pretenting 
that  the  entire  simulation  took  place  on  an  island  which  was  comparable  in  size 
to  that  of  Western  Switzerland  (the  region  where  all  the  subjects  came  from). 
No  indication  was  provided  concerning  how  students  should  organize  and 


partial  information.  A  possible  reason  could  be  that  these  tasks  are  generally 


height  of  the  plant  every  day",  etc....). 
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conduct  the  collection  of  data.  No  direct  reference  was  made  to  math  or  science. 
Graph  and  plain  paper,  pencils,  rulerst  and  a  pocket  calculator  were  placed  next 
to  the  computer.  Subjects  worked  in  pairs  thereby  confronting  their  ideas  and 
negotiating  their  requests  in  case  of  disagreement.  They  were  40  ninth  graders 
and  36  eleventh  graders;  they  represented  all  the  pupils  from  four  classes,  two 
at  each  level.  These  levels  were  selected  because,  in  Switzerland,  they  corres- 
ponded to  year  1  and  year  3  in  algebra.  All  subjects  had  some  experience  with 
computers,  but  none  of  them  had  ever  worked  on  simulations  nor  been  taught 
modeling  before. 

Results 

Not  surprisingly,  some  of  the  flaws  generally  noted  in  problem  solving  also  ap- 
peared in  the  way  students  approached  the  information  collection  task. 
Insufficient  planning  and  poor  use  of  available  informations  were  frequently 
observed,  especially  among  the  9th  graders.  For  instance,  only  J19fe  of  the  9th 
graders  refered  to  the  previously  indicated  size  of  Western  Switzerland  when 
choosing  their  probes.  In  contrast,  53%  of  the  11th  graders  made  this  refe- 
rence. Despite  these  weaknesses,  9th  graders  did  rather  well  in  identifying  the 
important  parameters  of  the  system. 

Table  1:  Proportions  of  pairs  of  pupils  who  correctly  identified  various 
parameters  of  the  system  at  each  grade  level. 


Grade  level 

Base  rate 

Short  distance 

Long  distance 

rate 

rate 

9  (N=20) 

70 

90 

25  . 

11  (N=18) 

50 

72 

22 

As  one  cm  see  in  Table  1,  ninth  graders  found  the  base  rate  and  the  short 
distance  rate  more  often  than  their  older  counterparts.  They  identified  the  long 
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distance  rate  as  many  times  as  the  Uth  graders.  Finding  these  values  was  ob- 
viously the  goal  which  most  of  the  ninth  graders  and  part  of  the  eleventh  gra- 
ders had  set  to  themselves  for  that  task.  Some  other  observations  confirm  that 
these  subjects  tended  to  construe  the  task  of  collecting  information  as  a  pro- 
blem solving  situation.  They  also  spent  considerable  efforts  and  probes  in  or- 
der to  isolate  the  point  at  which  the  rate  changes,  the  point  "that  contains  the 
enigma"  as  one  subject  said.  Expecting  to  end  the  task  with  a  single  answer,  as 
in  word  problems,  they  showed  enormous  embarrassment  when  they  some- 
times realized  that  one  could  give  various  answers  to  a  same  question.  The 
following  quote  is  an  illustration  of  this  embarrassment: 

Exp:  Does  it  wort  or  not? 

Sandie:  No,  it  doesn't;  one  gets  .4  with  some  numbers  and  .25  for  some  others; 
it  is  the  computer  that  has  a  problem. 

To  capture  their  attitude  at  a  global  level,  we  call  these  subjects  the  "pro- 
blem solvers".  Some  students  however  did  not  approach  the  task  in  the  same 
way.  They  tended  to  distribute  their  probes  more  evenly  along  the  scope  of 
what  they  considered  as  plausible  distances.  Few  of  them  even  did  so  in  a  very 
systematic  way,  dividing  the  size  of  the  island  by  the  number  of  authorized 
calls.  They  generally  did  not  loose  trials  asking  for  the  fares  of  two  consecutive 
kilometers.  They  also  did  not  check  the  price  for  fractions  of  kilometers.  We 
call  these  subjects  the  "information  samplers".  The  majority  of  them  are  iith 
graders. 

What  are  the  consequences  of  such  different  views  of  the  information  col- 
lection task?  More  specifically,  is  there  a  difference  in  the  accuracy  of  the  pre- 
dictions made  by  "problem  solvers'"  and  by  "information  samplers"?  The 
answer  is  yes  but  the  way  the  predictions  differ  depends  on  what  it  is  made 
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upon.  When  asked  to  predict  the  ftxe  for  short  distances,  or  to  predict  what 
distance  could  be  covered  with  less  money  than  the  base  rate,  those  who  dedi- 
cated most  of  their  probes  to  try  and  find  answers  about  the  base  rate  and  the 
price  per  mile  made  better  predictions  than  the  "information  samplers"  (t(27)= 
-3.215,  p=.003).  "Problem  solvers",  however,  were  further  off  with  their  pre- 
dictions in  the  long  distance  range  (t(33)=2.89,  p=.007).  This  apparent  contra- 
diction becomes  easily  understandable  when  one  examines  upon  which  basis 
the  predictions  were  made.  The  "problem  solvers"  relied  essentially  on  compu- 
tation; they  tended  to  derive  arithmetically  their  predictions  from  a  base  rate 
and  a  price  per  mile  rate.  The  "samplers",  on*  the  contrary,  used  much  more  ap- 
proximations and  post-hoc  adjustments  of  what  they  had  computed,  in  order  to 
take  into  account  a  larger  number  of  available  data.  As  a  result,  the  problem 
solvers  are  more  accurate  when,  as  they  say,  "the  normal  rate"  applies;  the 
"samplers"  surpass  them  when  it  does  not. 

Discussion   and  conclusion 

This  research  clearly  shows  that  there  seems  to  be  no  risk  that  introducing 
modeling  in  the  math  curriculum  at  the  junior  or  at  the  high  school  level  will 
turn  students  away  from  doing  mathematics.  Although  we  deliberetaly 
avoided  explicit  mention  of  mathematics  while  presenting  the  tasks  to  the 
students,  their  performances  and  their  verbalizations  are  filled  with 
mathematical  reasoning  and  arguments.  However,  9th  graders  and,  to  a  lesser 
extend  Mth  graders,  seem  to  have  a  restricted  image  of  what  doing  applied 
mathematics  means.  Students'  practice  of  solving  word  problems  leads  them  to 
construe  such  tasks  as  collecting  data  or  making  prediction  as  problem  solving 
situations.  As  a  result,  they  tend  to  search  for  immediate  answers  and  make 
scarced  use  of  heuristics  to  make  good  predictions.  This  observation  is 
perfectly  in  line  with  Schoenfelds  (1985)  descriptions  of  non-experts*  problem 
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solving  strategics.  It  also  confirms  Larkin's  (1989)  observation  that  problem 
solving  strategies,  such  as  to  try  and  set  subgoals,  clearly  belong  to  the  kinds  of 
knowledge  that  tend  to  transfer  rather  easily  from  domain  to  domain. 

But  the  present  results  also  should  draw  our  attention  to  an  important  issue 
for  any  attempt  to  teach  modeling,  particularly  at  the  junior  high  school  level. 
At  this  age,  collecting  data  and  making  predictions  are  not  seen  as  interdepen- 
dent tasks.  Because  they  construe  the  collection  of  data  as  a  problem  solving 
situation  in  itself,  most  9th  graders  and  part  of  the  11th  graders  tend  to  focus 
their  attention  on  specific  parts  of  the  phenomenon  while  ignoring  large  parts 
of  it.  This  proves  that  they  do  not  see  the  collection  of  information  as  a  means 
to  ensure  good  prediction  over  the  whole  range  of  the  observed  phenomenon, 
but  only  as  a  goal  on  its  own.  Without  particular  efforts  to  clearly  underline 
the  interdependance  of  all  the  tasks  included  in  building  models,  the  whole 
process  of  modeling  might  remain  morcellated  out  in  the  students'  minds.  It  is 
our  hope  that  studies  like  this  one  could  make  aware  of  this  risk  all  the 
program  designers  which  try  to  integrate  mathematics  in  the  teaching  of 
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Prospective  Secondary  Mathematics  Teachers  and  Mathematical  Models 


This  paper  reports  the  mathematical  modelling  portion  of  a  larger  study  (Zbiek,  1992).  It  discusses  the 
understandings  of  mathematical  modelling  displayed  by  13  prospective  secondary  school  mathematics 
teachers,  all  of  whom  completed  at  least  four  university  mathematics  courses  beyond  calculus.  Its 
findings  include  three  grounded  hypotheses  regarding  how  the  subjects  developed,  evaluated,  and  used 
functions  as  mathematical  models  in  the  presence  of  curve  fitters,  graphers,  symbolic  manipulators,  and 
other  computing  tools  in  a  four-month  mathematics-education  mathematics  course. 

How  do  prospective  secondary  school  mathematics  teachers  with  substantial 

background  in  formal  mathematics  view  the  world  mathematically?  In  particular,  how  do 

they  develop,  evaluate,  and  utilize  mathematical  models?  These  questions  arise  naturally  if 

one  expects  prospective  secondary  mathematics  teachers  to  construct  their  own  real-world 

applications  of  mathematics  rather  than  to  memorize  and  recall  previously  seen  applications. 


Prospective  teachers  most  likely  have  prior  experiences  involving  links  between  their 
perceptions  of  the  world  with  their  knowledge  of  formal  mathematics.  These  experiences  are 
often  direct  applications  of  mathematical  algorithms  to  compute  one  or  two  values  given  well- 
defined  tasks  within  limited  real-world  settings,  as  in  traditional  word  problems.  More  open- 
ended  mathematical  modelling  tasks  increase  the  uncertainty  of  prospective  teachers  as  they 
mathematize  situations.  Computing  tools  (e.g.,  curve  titters)  alleviate  computational  burden 
and  allow  less  contrived  real-world  problems.  However,  key  components  of  the  modelling 
process,  including  selecting  variables,  choosing  the  mathematical  form  of  a  model,  and 
evaluating  the  model's  relevance,  remain  crucial  issues.  As  researchers  and  educators  exploring 
and  facilitating  these  learners'  sense-making  processes,  we  ask,  What  are  the  struggles  that 
prospective  secondary  school  mathematics  teachers  encounter  when  they  attempt  to  construct, 
validate,  and  use  mathematical  models  in  the  presence  of  computing  tools? 

Studies  in  the  spirit  of  the  Stiidents-and-Professors  problem  (e.g.,  Clement,  1982) 
suggest  that  college  students,  including  students  with  mathematics-intensive  majors,  have 
difficulty  developing  simple  mathematical  models  from  verbal  descriptions  of  relationships 
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found  in  everyday  experiences.  The  more  extensive  mathematics  backgrounds  of  prospective 
secondary  mathematics  teachers  may  (or  may  not)  enhance  their  ability  to  develop  models. 

One  study  directiy  considered  open-ended  mathematical  modelling  activities  with  pre- 
service  mathematics  teachers  CTrelinski,  1983).  Trelinski  analyze*  the  written  work  of  215 
subjects  to  assess  the  degree  to  which  graduate  mathematics  students  in  Poland  preparing  to 
be  teachers  were  ready  to  introduce  mathematical  applications  to  students.  She  concluded  that 
each  subject  typically  tried  only  one  major  solution  path  and  many  subjects  seemed  to  follow 
no  ma thematically  consistent  scheme.  No  subjects  presented  complete  solutions  and  several 
omitted  relevant  variables.  They  seemingly  made  assumptions,  perhaps  unconsciously,  about 
the  whole  process  but  failed  to  use  these  assumptions  in  consistent  ways.  Few  constructed 
formal  (symbolic)  models.  According  to  Trelinski,  at  least  some  subjects  knew  their  models 
were  flawed.  She  concluded  that  these  prospective  teachers  did  not  demonstrate  a  natural 
transfer  of  (supposed)  abstract  mathematical  knowledge  to  modelling  situations. 

Others  approached  issues  involving  mathematical  modelling  and  secondary  school 
teachers  in  less  direct  ways.  For  example,  Binns,  Burkhardt,  Gillespie,  and  Swan  (1989) 
constructed  modelling  modules  for  teachers  to  use  with  their  students.  The  purpose  of  the 
construction  and  trial-based  refinement  of  these  modules  was  to  provide  inservice  teachers 
with  resources  and  not  to  study  how  inservice  or  preservice  teachers  themselves  cope  with 
mathematical  modelling  activities.  The  focus  of  their  work  and  other  studies  involving 
mathematical  modelling  and  teachers  was  on  empowering  teachers  with  the  seeming  intent  to 
produce  changes  in  their  classrooms.  The  existence  of  such  works  alone  indicates  that  there  is 
at  least  a  perceived  lack  of  transfer  from  formal  mathematics  not  only  to  the  teachers'  personal 
mathematical  modelling  endeavors  but  also  to  their  classroom  modelling  activities. 

Prior  research  thus  indicates  that  college  students  and  teacher  certification  candidates 
do  not  regularly  apply  relevant  mathematical  ideas  that  were  supposedly  part  of  their 
coursework.  The  evidence  however  is  insufficient  in  important  ways.  There  was  Uttle  attempt 
to  determine  whether  prospective  teachers  could  connect  their  existing  mathematical 
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understandings  with  modelling  tasks.  Some  of  these  subjects  may  actually  possess  adequate 
understandings  of  necessary  mathematical  ideas  but  not  be  able  to  access  them  well  in  open- 
ended  modelling  situations-like  Wollman's  (1983)  subjects  who  did  not  construct  appropriate 
equations  to  represent  relationships  although  they  could  work  with  similar  equations  in  the 
abstract  and  could  answer  questions  about  real-world  settings  of  the  Students-and-Professors 
variety.  A  second  missing  piece  is  the  examination  of  what  prospective  teachers  do  when 
faced  with  more  open-ended  situations  involving  familiar  real- world  happenings.  For 
example,  a  potential  barrier  to  Trelinski's  subjects  success  was  their  lack  of  familiarity  with  the 
biological  setting  of  their  task.  A  third  issue  not  addressed  in  previous  studies  is  the  impact  of 
computing  tools.  Trelinski's  subjects  may  have  attacked  the  problem  very  differently  given 
access  to  computational  tools  for  devising  functional  relationships  from  hypothetical  data. 

Data  Collection  and  Analysis 

Subjects.  The  current  qualitative  study  explored  the  ways  in  which  13  prospective 
secondary  school  mathematics  teachers  intuitively  viewed  the  world  mathematically  and  the 
nature  of  developments  in  their  mathematization  processes  over  a  four-month  period.  Ten 
subjects  reported  no  prior  exposure  to  mathematical  modelling,  with  three  of  them  confusing  it 
with  observational  learning.  The  other  three  subjects  encountered  mathematical  modelling 
briefly  in  a  methods  course  in  which  they  used  TI-81  calculators  to  generate  models  that 
represented  various  quantities  as  functions  of  time.  Only  two  of  these  three  subjects  defined 
mathematical  modelling,  both  claiming  it  was  using  mathematics  to  predict  future  events. 

Data  sources.  The  data  collection  occurred  in  the  context  of  a  university  mathematics- 
education  mathematics  course  for  prospective  secondary  school  mathematics  teachers  in 
which  mathematical  modelling  was  one  component  and  during  which  the  subjects  had 
continual  access  to  computing  tools.  The  subjects  engaged  in  various  tasks  as  part  of  the 
course  that  required  them  to  devise  mathematical  models  in  open-ended  situations,  evaluate 
given  models,  and  use  models  to  describe  real-world  situations.  Data  sources  include  audio 
tapes,  transcripts,  and  written  work  obtained  through  three  individual  interviews  with  each 
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subject,  classroom  and  computer  lab  observations  by  the  investigator/instructor,  and  subjects' 
paper-and-pencil  questionnaires  responses,  written  reflections,  computer  lab  reports,  and 

individual  projects  and  papers. 

Task*.  The  two  other  foci  of  the  mathematics  course  were  function  and  proof.  Given 
this  context  and  the  propensity  of  computing  tools  for  function  representation,  the  subjects 
almost  always  used  real-valued  functions  of  one  or  more  variables  to  model  the  real-worid 
situations.  However,  the  tasks  considered  within  any  one  of  the  various  data  sources  differed 
in  several  key  ways.  Occasionally,  and  early  in  the  course,  the  investigator  gave  subjects 
potential  models  to  use  and  to  evaluate.  During  the  last  four  weeks  of  the  course  subjects  were 
totally  responsible  for  the  construction  of  the  models.  Tasks  also  differed  in  the  extent  to 
which  the  form  of  the  model  might  be  suggested  through  the  subjects'  knowledge  of  physical 
and  social  sciences.  Models  of  some  situations  could  be  generated  through  the  application  of  a 
known  formula,  such  as  the  perimeter  of  a  rectangle.  The  form  of  other  models  might  be 
verified  or  predicted  by  the  subjects'  knowledge  of  physical  and  social  science,  as  in  the 
quadratic  nature  of  trajectories.  Other  tasks  involved  situations  for  which  no  obvious  formula 
or  theory  seemed  applicable,  as  in  the  Transportation  Data  Scenario  from  the  final  interview. 
For  this  task,  subjects  saw  data  for  50  states  and  the  District  of  Columbia  for  each  of  the  eight 
categories;  the  eight  variables  and  the  data  for  the  state  of  Alabama  appear  in  Figure  1. 

Variables 

1  The  age  at  which  a  person  may  obtain  a  driver's  license 

2  Number  of  licensed  drivers  in  the  state 

3  Number  of  registered  autos,  buses,  and  trucks  in  state 

4  That  state's  tax  on  a  gallon  of  gasoline 

5  Number  of  miles  traveled  annually  by  vehicles  from  that  state 

6  Amount  of  motor  fuel  consumed  annually  for  highway  travel  in  that  state 

7  Amount  of  motor  fuel  consumed  annually  for  non-highway  travel  in  state 

8  Information  about  that  state's  safety-belt-use  law 


Alabama 
16  years 
21  million 
41  million 
13  cents 
39,684  million 
2,605  million 
59  million 
No  law 


Figure  J  Transportation  Data  Scenario  variables  and  sample  data  (Hoffman,  1991,  p  170). 

Data  analysis.  The  analysis  of  data  followed  the  guidelines  for  development  of 
grounded  hypotheses  outlined  by  Glasser  and  Strauss  (1967)  and  was  consistent  with  criteria 
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for  data  analysis  and  collection  suggested  by  Merriman  (1988).  Analysis  began  with  coding  of 
the  interview  data,  noting  any  reference  to  mathematical  modelling  activity,  followed  by  the 
identification  of  patterns  therein.  The  investigator  then  returned  to  the  iuterview  transcripts, 
looking  for  plausible  alternative  explanations  as  well  as  supporting  evidence  of  these  patterns. 
Treating  other  data  sources  similarly,  the  researcher  identified  and  compared  any  response  or 
passage  that  addressed  mathematical  modelling  against  the  working  hypotheses. 

Findings  and  Discussion 
In  the  pages  that  follow,  at  least  one  illustration  of  subjects'  modelling  work  within  the 
Transportation  Data  Scenario  exemplifies  each  of  three  grounded  hypotheses  that  emerged. 

Hypothesis  1:  Prospective  secondary  school  mathematics  teachers  view  the  world  in  complex 
ways;  they  verbally  describe  real-world  relationships  that  involve  multiple  variables  and 
incorporate  composite  functional  structures.  However,  the  models  they  actually  construct  lack 
the  corresponding  mathematical  sophistication. 

One  common  form  of  mathematical  sophistication  introduced  by  the  subjects  as  they 

verbally  described  interrelationships  among  several  variables  was  function  composition.  Mark 

was  one  of  eight  subjects  who  used  function  composition  in  the  Transportation  Data  Scenario: 

M:  Because  {age)  would  determine  how  many  drivers  there  are  and  then  {the  number  of 
driversj  would  determine  how  many  miles  you  traveled,  then  {the  miles  you  traveled] 

would  determine  the  amount  of  motor  fuel  you  used  I  mean  indirectly  because  it 

affects  other  things  that  {eventually  affect)  the  fuel  consumption.  (Mark,  Final  Interview) 

Composition  was  sometimes  mentioned  in  combination  with  the  introduction  of  additional 

variables,  the  most  common  feature  discussed  by  all  of  the  subjects.  For  example,  11  of  the  13 

subjects  noted  additional  factors  such  as  total  amount  of  fuel  consumed  in  the  state  or 

population  of  the  state  in  the  Transportation  Data  Scenario. 

However,  the  mathematical  models  subjects  actually  constructed  and  used  were  usually 

devoid  of  intervening  variables.  Mark,  for  example,  then  created  a  linear  model  of  the  number 

of  registered  vehicles  as  a  function  of  the  number  of  licensed  drivers:  F(D)  =  1.1  ID  +  "10  to  20 

percent."  Other  common  traits  of  the  constructed  models  were  dependency  on  computational 

relationships  (8  of  13  subjects  in  the  Transportation  Data  Scenario)  such  as  computing  numbers 
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of  miles  per  gallon,  and  frequent  use  of  cause-effect  reUtionships  (7  of  13),  especially  a  belief 
that  increasing  the  number  of  licensed  drivers  increases  the  number  of  registered  vehicles. 

Hypothesis  2:  The  processes  by  which  individual  prospective  secondary 'mathematics 
teachers  develop  and  evaluate  mathematical  models  fall  into  generalcategories.  Key  features  of 
the  process  used  by  any  one  of  these  prospective  teachers  include  the  ways  in  which  the  subject 
uses  computing  tools,  the  criteria  by  which  the  prospective  teacher  selects  among  proposed 
models,  and  the  extent  to  which  the  prospective  teacher  personalizes  the  situation. 

The  most  striking  characteristic  of  the  subjects'  uses  of  computing  tools  in  both  the 

construction  and  validation  of  models  was  their  extremes  of  dependence  on  the  tools.  Seven 

subjects  voluntarily  used  curve  fitters  to  construct  models  in  the  Transportation  Data  Scenario. 

Some  of  these  subjects  claimed  that  the  highest  tool-generated  goodness-of-fit  measure 

undoubtedly  determines  the  best  of  the  potential  models  but  the  others  analyzed  how  well 

potential  models  matched  their  personal  realities.  Six  subjects  however  never  used  any  tool 

capacity  beyond  simple  arithmetic  computations.  At  this  extreme  was  Dorothy  who  devised  a 

model  based  on  a  miles-per-gallon  notion,  using  only  the  calculator  to  perform  the  division. 

Her  written  work  appears  in  Figure  2.  She  argued  that  her  model  was  adequate  because  it 

worked  well  for  the  three  data  points.  In  contrast,  Phyllis  rejected  all  of  her  models  saying 

there  would  always  other  variables  to  include  and  so  none  of  her  simple  models  could  suffice. 

Total  Consumption  Results  of  Dividing  bv  10         M\*  <*VM***  ^ ]*  — 

2664 M/10      3968.4  M/15  =  39684/15  =  2645.6 

total  sHvN  271  m/10      384.1  M/15  =  3814/15  =  266 

_JflQg  MZ1Q     3-424.7  M^-M247/1S-«»  

Figure  2.  Dorothy's  written  computations  leading  to  f(m)  =  ^  beginning  with  total  fuel 
consumed  for  highway  and  non-highway  travel  [headings  addedl. 

Hypothesis  3:  Prospective  secondary  school  mathematics  teachers  answer  in  various  ways 
questions  about  phenomena  for  which  they  receive  or  develop  models.  Many  subjects  use 
personal  experience  or  selected  data  points  rather  than  models  in  answering  the  questions. 
Others  use  models  in  some  way,  noting  that  the  quality  of  their  answers  depends  on  the 
appropriateness  of  the  models. 

All  subjects  were  skeptical  of  models  they  generated,  including  those  that  they  thought 
had  the  greatest  potential.  For  example,  each  subject  answered  questions  of  these  three  types 
for  whatever  relationship  that  subject  chose  to  model  in  the  Transportation  Data  Scenario: 
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Trend:  What  happens  to  input  values  as  output  values  increase? 

Interpolation:    What  is  the  output  value  for  an  input  value  within  range  of  input  data? 
Extrapolation:  What  is  the  output  value  for  an  input  value  beyond  range  of  input  data? 

Nine  of  13  subjects  qualified  their  answers  as  being  valid  only  if  their  models  were  valid.  All 

subjects  successfully  devised  function  models.  Yet,  although  they  were  confident  in  their  work 

in  producing  the  models,  they  seemed  to  have  very  little  confidence  in  the  relevance  of  their 

final  products  to  the  real- world  situations  they  supposedly  modeled. 

Conclusion  and  Implications 

The  current  study  identified  several  characteristics  of  the  mathematical  modelling 

behavior  of  prospective  secondary  school  mathematics  teachers  who  had  studied  formal 

mathematics  at  the  university  level.  These  future  teachers  could  use  tools  but  did  not  use  them 

automatically.  They  could  use  models  to  answer  questions  but  doubted  their  answers.  They 

saw  sophisticated  relationships  in  the  world  but  constructed  simplistic  mathematical  models. 

Mathematical  modelling  insights,  skills,  and  confidence  arose  neither  naturally  nor  quickly.  In 

fact,  subjects'  understandings  of  the  process  developed  slowly  and  in  widely  different  ways 

regardless  of  similarities  and  difference  in  prior  mathematical  experiences  or  achievement. 
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THE  LANGUAGE  OF  FRACTIONS 
AS  AN  ACTIVE  VEHICLE  FOR  CONCEPTS 

Marta  Valdemoros  Alvarez 
Research  and  Advanced  Studies  Center  of  the  IPN.  Mexico 

We  have  developed  an  ample  qualitative  study  centered  on 
syntactic    components,     the     basic     meanings     and  the 
signification   processes   that   meet    in   the     language  of 
fractions'.    This    report    Is    referred    to    one    of  the 
instruments    used     in    said    research;    an  exploratory 
questionnaire  applied  to  37  pupils  of  fourth  fr.de  Our 
purpose  has  been  to  recognize  how  children  developed  in  the 
sever*  planes  forming  said  language  and  in  the  continues 
transit  from  the  Utter  to  the  verbal  language  and  vice 
versa.    In    our    follow    up    on    the    students'  individual 
perform***.   specUl   Mention   was  given   to  .'l'™"^ 
situations  of  the  recognition  of  the  numeral,  in  response  to 
exercises  that   contained  representations  of   a  dl//erent 
nature    (among    others,    pictorial    representations).  The 
analysis  model  adopted  to  interpret  the  results  did  favor 
the  syntactic,  semantic  and  "transit  or  passage  Pi™/'™™ 
one  language  to  the  other.  In  addition,  we  recognized  in  the 
semantic  plane   a  preliminary  expression  space  for  the 
concepts  built  by  the  children. 

During  the  last  few  years,  the  research  bound  to  the  semantics  of 
fractions  and  the  rational  numbers  has  shown  a  noticeable  enrichment. 
With  the  designations  of  meanings,  interpretations  and  constructs  there 
has  been  identified  several  suitable  contents  to  be  constructed  in 
connection  with  such  numbers  (among  the  various  existing  sources  we  want 
to  highlight  those  of  Kleren,  1988). 

In  other  fields  of  the  arithmetical  research,  with  regard  to  the 
addition  and  substractlon  of  Integers,  studies  have  been  conducted  at 
the  several  levels  forming  the  arithmetical  language  which  were  subject 
to    an    exhaustive     Investigation.     In     this    regard.     Nesher's  (1982) 
experimental  work  has  allowed  to  establish  a  set  of  variables  attached 
to  the  semantic,  syntactic  and  logical  language  planes,  that  bear  upon 
the  children  actual  performance  in  the  framework  of  word  problems. 
Sastre  (1984)  with  a  different  approach,  was  able  to  recognize  certain 
connections  and  dl//lcultles  that  can  be  detected  among  diverse  language 
expression  environments  Introduced  by  the  teaching  (that  Is.  among  the 
verbal     language.     the     arithmetical     symbols     and     the  graphics 
representations)    that    are    also    connected    with    the    addition  and 
subtraction  of  integers. 

On  the  basis  of  the  fundamental  aspects  of  the  above  mentioned 
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research,  our  work  Is  intended  to  explore  the  components  and  processes 
that  Join  In  the  "language  of  fractions"  previously  identified.  The 
character  we  assign  to  their  development  is  that  of  an  active 
construction  by  each  user  (in  which  we  agree  with  the  approach  set  forth 
by  Labor de,  1990.  with  reference  to  mithemitlcAl  language  in  general). 

We  have  selected  a  portion  of  said  exploratory  questionnaire  to 
prepare  this  communication  and  concentrated  in  certain  elementary 
written  activities  that  demand  the  children  the  recognition  of  the 
friction.  In  order  to  design  such  exercises,  we  considered  some  of  the 
phenomena  we  were  able  to  isolate  during  our  previous  investigation 
(Flgueras,  Filloy  y  Valdemoros.  1986,  1987).  In  the  follow  up  of  the 
results,  we  did  give  preference  the  semantic  contents  detected  through 
the  actual  performance  of  the  children,  since  at  that  level  of  active 
language  development,  the  concepts  set  forth  by  them  can  be  detected; 
however,  this  has  not  implied  neglect  of  the  concomitant  syntactic 
constructions  nor  the  "transit  or  passage"  processes  from  verbal  to 
arithmetical  language  and  vice  versa. 

METHOD 

The  said  "Exploratory  Initial  Questionnaire"  was  applied  to  pupils 
of  fourth  gride  in  a  public  grade  school  (that  shows  an  average 
performance  level  in  •  the  national  education  system).  The  group  was 
formed  by  37  boys  and  girls  with  ages  between  8  and  U. 

The  block  of  exercises  oriented  to  the  Identification  of  the 
fraction  was  supported  on  different  meinings  of  friction  (specif icaliy 
the  whole-psrt  relationship,  quotient,  measure  and  ritlo).  In  the  text 
of  each  exercise,  were  included  representations  of  different  nature 
(particularly,  pictorial  representations  and  graphic  signs  involved  in 
the  verbal  and  symboUc-irtthmeticil  languages).  The  task  consisted  of 
the  direct  and  Indirect  Identification  of  the  fraction  by  the  student 
(that  is,  through  the  writing  of  numerals  or  the  use  of  "pictoriai 
representations").  The  questionnaire,  before  being  applied  was 
pilot-tested  with  students  of  different  schools  and  ages;  also,  it  was 
presented  to  some  specialists  in  the  field  of  arithmetical  research. 

The  results  were  submitted  to  a  quillUtlve  analysis  In  which  we 
considered  different  levels  of  language  consolidation,  according  to  our 
original  proposals  (Valdemoros.  1990,  1992): 
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-In  the  semantic 'plane. 
-In  the  syntactic  plane. 

-in    the    "passage-    processes    from    the    verbal    language    to  the 
arithmetical  language. 

SOUE  RESULTS  AND  THEIR  INTERPRETATIONS 

We  h.ve  selected  some  typical  response,  that  were  frequent  In  this 
w  of  student,.  Though  then.  It  1,  possible  to  recognize  some 
levant  obstacles  faced  by  those  children.  In  the  construction  of  the 
respective  language. 

I.  IN  THE  SEMANTIC  PLANE  : 

We  were  able  to  Identify  different  semantic  contents  unrelated  to 
Tractions,  that  wer<  .ttr.buted  to  those  numbers  by  the  students  (some 
which  we  had  recognized  In  Elgueras.   F.lloy   y  Valdemoros  ,986 
U  For  this  paper,  we  h.ve  selected  some  answers  that  la* :  sue 
Iground    in   our   previous   studies.    We   refer   to   the   rejecfon  of 
TpoHant  semant.c  restrtct.ons  In  the  context  of  the  sharing  taslcs. 

T*e  most  genera.  — lc  restriction  Involved  In  those  situations. 
,h    ««f  nature  of  the  arithmetical  model  attached  to  any 

necessarily  requires  an  equltaoie  *.wl « 

Iportant    re.trtct.on    of    sen,.    In   what    Is   commonly    caUed  . 
ex«lence"     In   order   that   -d    .rtthmettc.t   mode,    can   be    su.  a  ly 
experience  ,    in  ,„m„i,r   with   other  realsahrlng 

carried  out.    Frequently,   students   are  familiar  with 
experiences;  that  Is  one  of  the  reasons  why  many  children  do  not  ta  e 
Il  conslderatlon  said  genera,  semanttc  restrtct.on.  Tnls  Is  shown  ,n 

^"wL  regard  to  other  sltuat.ons.   In  which  the  character   of  the 
respective  semantic  restriction  Is  markedly  .oca,  and  specific    w  hav 
the  case  of  the   p.ctor.a,  representation   of   the  sharing 
;  ds.     A     s,zab,e    number     of     students    made     the  correspon 
slv.s.o,     Igforlng     the     represented     substance     »d     b  ~* 

:::::  11 :  -~. —  -  -  -  -  -  — 
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Tl°rtVePrTnUtt0n  Md  W'"  t0  -«'^'on  manner, 

such  as  those  shown  In  Figure  2. 


GxerciseltTT 


Flv.frl.nd.  lnt.nd  o.lntlnf, 
Jol  ntly,    .  wall   Ilk.  thla. 


How   could    th.y  fal  r  Jy  dJitrlbu- 
to    tli.  work    to  b.  p.rfortn.d? 
Show  It    In   th«  aovi  dr.wlnc. 
Thu.,  nch   f  r  l.nd   will  h«v.  to 
P*l  nt  X£A  of    th«  will. 


1*  igure  1 


Exercise  XIV 


Clfht   t.y.    t,k,    0,rt     |n   ~   —  ■ 
•  r.tlon.  Show  how  thoy  e.n  dlvl. 
d.  th.t.  o.v.r.c.t  of  dlff.r.nt 
f  Uvor.         th.t    ,,ch      r,c,  ,V€i 
th«  ..m.  mount  . 


Writ.  th.  nam.   of  ..eh   ,.y  ,y 
th.  p.rt       |  „,   . ,.|,„, j  hl|„ 
Thu.  ..eh  ,oy  r.c.l,..   cn.  h.lf 
lSS_Ui  of    th.  mix.,  h.v.r.t.. 
I  n  th.  p«r  t  y  . 


Figure  2 


II.  IN  THE  SYNTACTIC  PLANE. 

The  .specs  of  In,eres,  l„  0,1,  regard  .re  those  belonging  ,0  ,he 
concrete  ways  o,  artlcuiating  tte  severa!  m,^,^,  s(gn,  „,d  ,„  ^ 
concrete  use  o/  the  synUct.c  ruies  gl.lng  then,  support,  in  . 
less-frequent  manner  (given  the  elementary  organization  of  the  t.slc, 
herein  considered),  we  .ppro.ch  the  combination,  of  arithmetic.!  slgns 
Involved  in  .  compound  answer,  me  f.ct  th.t  we  „e  working  on 
/raction  recognition  e«rc(ses.  citifies  the  re.son  why  we  did  no, 
detect  .  wide  repertoire  of  relevant  ,yn,actlc  construction.  In  this 
group  of  exercises. 

The  answer  chosen  for  this  section  (shown  In  Figure  3).  rerers  to 
the  Wolation  of  a  tacit  ruie  u»t  reguiates  the  counting  and  (be 
subsequent  pairing  of  numerator  and  denominator  In  contexts  Joined  to 
the  part-whoie  relationship.  This  rule  states  two  different  and 
autonomous  counting  „mes.  IInked  to  the  recognltlon  of  ^  te 
constituents  of  the  fraction.  Said  problem  consists  In  that  the  student 
merges  both  processes  ,„,o  one.  with  which  the  objects  that  form  the 
part  are  counted  twice  In  a  same  sequence. 
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Sxerclse  I 


Drew  •  cftll*ctl*n  «f  ••J«et«  r«*r«- 
««nt         ••▼•*»t»»  In  *h«  e«ll,etlon. 


Figure  3 


The  Implicit  thought  In  the  Just-exampllfled  answer,  it  of  the  type 
There  are  six  objects  plus  one  more,  shaded*,  that  opens  way  through 
Its  false  correspondence  with  the  denominator  of  the  fraction  presented 
In  the  respective  statement. 

Contrary  to  many  other  anwers  recorded  in  the  Exploratory  Initial 
Questional  (In  which  the  pairing  of  the  numerator  and  the  denominator 
shows  the  absence  of  Inclusion  of  the  part  within  the  whole):  what  is 
affectec  In  this  one  Is  the  manner  of  such  Inclusion,  which  appears  by 
means  of  an  Inadequate  development  of  the  count. 

IN  THE  PLANE  OF  TASSAGE"  FROM  ONE  LANGUAGE  TO  OTHER. 

We  selected  a  case  showing  the  combined  used  of  different  languages 
in  a  single  answers,  a  clrcunstance  that  generates  a  certain  degree  of 
ambiguity  (as  shown  In  Figure  4). 


txerclse  XTTT 


Write  th«  i»»m«  of  "eh  eh  114  *««r  tht  ptrtt  ht/ih.  will 
r»c.lv..  In  thlimtnntr,  «»eh  ch  1  H  rte.lv.  \/j  *f>4  \'*. 
of  tht  thrt«  ertektrt. 


Figure  4 
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In  what  it  apparent,  this  answer  would  have  been  formulated  as  an 
Indirect  reference  to  the  turn  of  both  fraction*.  However,  the  evidences 
flven  by  another  block  of  arithmetic  tasks  included  in  the  same 
questlonaire1  (where  many  students  established  expressions  similar  to 
those  Identified  in  Figure  4  and  relating  them  indiscriminately  with  the 
addition  and  substraction  of  fractions),  make  us  believe  that  the 
approach  of  the  students  show  In  that  figure,  corresponds  to  a 
JuxUpositlon  of  heterocllt*  signs  to  which  the  students  did  not  yet 
assign  the  meaning  of  the  addition  of  fractions.  In  these  cases,  the 
students  do  not  seem  to  notice  nor  clarify  such  a  connection  between 
what  they  themselves  recognize  and  the  Involved  operation  in  the 
established  situation. 

CONCLUSIONS 

The  examples  with  which  the  recognized  problems  have  been 
illustrated,  do  show  some  of  the  numerous  and  subtle  difficulties 
experienced  by  these  students  In  the  Incipient  constructions  of  the 
'language  of  fractions".  Even  when  the  aforesmld  fits  Into  a 
selection  of  typical  phenomena  of  a  different  nsturet  they  also  allow  to 
Isolate  a  few  components  and  specific  processes  of  the  semantic  and 
syntactic  planes,  as  well  as  of  the  "transit"  from  the  linguistic 
expresions  towards  the  arithmetical  language. 

Due  to  the  elementary  character  of  the  works  considered  here,  the 
detected  syntactic  components  did  not  show  within  this  framework  a  great 
diversity  and  remained  centered  in  the  required  links  by  the  pairing  of 
the  numerator  and  the  denominator,  In  the  context  of  the  part-whole 
relationship.  On  the  semantic  ground  and  connected  with  certain  sharing 
tasks,  we  recognized  some  restrictions  of  sense  that  were  frecuently 
omitted  by  the  students,  since  they  were  not  compared  against  the  "daily 
and  familiar  experiences".  Lastly,  the  mixed  used  of  linguistic 
expressions  and  arithmetical  notations  by  many  students,  put  us  closed 
to  the  assumption  that  such  answers  did  show  trends  toward  the 
Juxtaposition  of  signs  of  different  origin  and  that  were  very  far  from 
channeling  explicit  additive  combinations, 
i 

*•  r«f«r,  «f«cinetlly  U  th*  >rofcl«fnt  prtptrrt  ty  th»  ch!Mr«n 
thffntttvM  In  connect  loo  with  work  tnttructtorra  of  thlt  n*tur«:  "lnv«it 
•  Kokltm  tStt  conUInt  1/4  ♦  1/2". 
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GROUP  CASE  STUDIES  OF  SECOND  GRADERS  INVENTING  MULTIDIGIT  ADDITION 
PROCEDURES  FOR  BASE-TEN  BLOCKS  AND  WRITTEN  MARKS 
Katcd  C.  Bum  »od  Birch  H.  Burghardt 
Northwestern  University  and  University  of  Illinois,  Chicago 
Small  groups  of  second  graders  were  asked  to  add  horizontally  presented  >  and  4-digit  numbers  using  base-ten  blocks 
and  written  marks  recordings  of  the  block  procedures.  Most  children  displayed  increased  conceptual  understanding  of 
place  value  and  multidigit  addition  and  demonstrated  better  written  addition  competence  at  the  end  of  the  five-  to  eight- 
day  learning  situation.  The  six  groups  displayed  individual  patterns  of  invention  and  learning  that  were  dependent  upon 
the  personalities  and  mathematical  understandings  of  the  group  members.  Children  easily  added  with  the  blocks, 
devising  accurate  strategies  for  multiunit  sums  of  ten  or  more  (e.g^  twelve  tens,  sixteen  ones,  eleven  hundreds).  Many 
children  did  not  spontaneously  link  the  block  addition  to  marks  addition,  instead  operating  in  two  separate  worlds. 
When  blocks  addition  was  linked  to  marks  addition,  the  blocks  were  a  powerful  support  for  conceptual  understanding  of 
marks  addition.  Blocks  words  were  in  some  cases  a  more  powerful  support  than  were  English  words,  and  complete 
verbalization  of  trading  seemed  to  be  very  helpful  in  facilitating  understanding. 

This  article  reports  how,  through  complex  mtcrtwinings  of  personalities  and  children's  different  mathematical 
understandings  in  each  of  six  groups,  unique  patterns  of  group  interaction  and  paths  of  learning  occurred.  Six  small 
groups  of  four  or  five  second  graders  participated  in  this  study,  three  during  each  of  two  data-gathering  sessions. 
These  children  were  in  the  second-grade  math  class  that  was  the  top  of  three  in  their  school.  They  were  assigned  to 
groups  that  were  balanced  by  gender  and  homogeneous  with  respect  to  conceptual  and  procedural  competence  in 
place  value  and  multidigit  addition  and  subtraction  as  assessed  by  pretests.  An  adult  experimenter  videotaped  and 
took  live  notes  of  each  group's  meetings  and  guided  their  initial  experience  with  base-ten  blocks.  During  problem- 
solving,  experimenters  intervened  to  curtail  rowdy  behavior  or  to  redirect  sustained  incorrect  mathematical  thinking. 
Children  used  digit  cards  during  the  first  data-gathering  session,  a  large  paper  pad  ("magic  pad")  during  the  second 
session,  and  individual  papers  during  both  sessions  to  show  their  marks  addition.  See  Fuson,  Frarvillig,  and 
Burghardt  (1992)  for  further  details  of  the  methodology  and  early  learning  in  the  groups. 

The  focus  of  this  report  is  on  group  case  studies  of  the  addition  portion  of  the  study.  The  analysis  of  children's 
mathematical  interactions  relies  on  the  theory  of  multiunit  understanding  in  Fuson  (1990).  Personality  factors 
combined  with  the  mathematical  strength  of  individual  children  to  create  different  group  learning  paths  and  different 
addition  procedures  with  the  blocks  and  the  marks.  Over  half  the  children  had  had  a  first-grade  teacher  who  used 
the  blocks  to  teach  place  value  but  not  addition,  so  the  children  were  quite  heterogeneous  with  respect  to  initial 
knowledge  of  the  blocks.  Children  ranged  on  the  pretest  from  solving  no  2-  to  4-digit  addition  problem  correctly  (6 
children)  to  solving  all  problems  correctly  (4  children);  they  shewed  a  similar  range  in  place-value  knowledge  and 
conceptual  explanations  for  2-digit  and  4-digit  trading  and  alignment  of  uneven  problems.  On  the  posttest  and/or  in 
the  videotaped  data  most  of  the  children  demonstrated  increased  conceptual  knowledge  concerning  place  value  and 
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multidigit  addition  tod  in  the  ability  to  do  written  multidigit  addition  (foui  children  were  at  ceiling  on  the  pretest 
written  marks  problems  but  showed  increased  understanding  in  some  other  task). 

Official  leader  and  checker  roles  routed  dairy  among  children  in  a  group.  The  intent  of  assigning  these  roles 
was  to  increase  equality  of  participation  among  the  .children  (Cohen,  1964).  Children  did  respond  to  the  -lender- 
roles  by  participating  more  activtly  in  the  groups'  problem  solving  on  their  Tender"  day,  but  "natural-  leaders  who  led 
the  group  on  most  days  also  emerged  in  all  groups. 

Group  1:  Finf  «^a«  hiyh  initial  knowledge.  These  children,  two  girls  and  two  boys,  made  few  errors  in 
adding  numbers  in  writtea  form  on  the  pretest;  they  did  their  most  interesting  work  with  the  blocks  in  subtraction  (to 
he  reported  in  another  paper).  During  the  study,  they  worked  backwards  from  the  written  marks  to  the  blocks  and 
took  two  days  to  work  out  all  of  the  details  of  relating  their  written  procedure  to  addition  with  blocks,  verbalizing 
their  blocks  addition,  and  showing  the  written  marks  procedure  with  the  digit  cards.  On  the  first  two  days  they  made 
three  vertically-aligned  rows  of  blocks,  one  for  each  of  the  addends  and  one  for  the  sum.  They  physically  traded  in 
ten  of  one  kind  of  block  for  one  of  the  ne*  larger  block,  which  they  then  put  above  the  blocks  of  that  kind  (just  as 
the  1  is  written  above  the  next  left  column  in  the  standard  VS.  procedure).  The  experimenter  tried  to  get  them  to 
think  of  another  way  to  add  with  the  blocks  or  in  written  form,  but  they  could  not  -  at  this  point  they  seemed  to  be 
too  constrained  by  the  standard  written  procedure.  On  the  third  day,  however,  they  solved  a  problem  by  adding  with 
the  blocks  from  left  to  right  and  did  the  trading  correctly.  They  set  up  and  solved  a  4-digit  plus  5-digit  problem 
correctly  with  the  blocks  but  aligned  the  3-digk  number  on  the  left  with  the  digit  cards  and  on  individual  papers.  But 
because  they  solved  the  problem  with  the  blocks  and  recorded  the  written  solution  from  the  blocks,  their  answer  was 
correct.  On  their  fourth  day  they  were  asked  to  use  only  the  digit  cards  and  to  just  talk  about  the  blocks.  They  left- 
aligned  a  4-digit  plus  3-digit  problem  and  got  an  answer  that  they  recognized  was  too  large.  They  figured  out  that  the 
3-digit  number  only  had  hundreds  and  therefore  was  aligned  incorrectly.  In  response  to  urging  from  the 
experimenter,  one  girt  invented  a  new  digit  card  procedure  in  which  she  used  the  digit  cards  as  named-value 
numerals  (all  numbers  were  made  with  extra  zeroes  to  show  their  value:  2678  was  made  as  2000600708).  This 
procedure  was  demonstrated  and  discussed  on  the  final  day  of  addition.  The  children  agreed  that  this  answer  was 
too  Urge  (i.e.,  these  are  not  standard  written  marks).  The  children  worked  together  fairly  well  in  this  group  with  the 
exception  of  one  boy  who  was  quite  disruptive  and  negative  and  repeatedly  involved  the  other  boy  in  physical  and 
verba)  disruption  and  picking  on  the  girls.  This  was  probably  exacerbated  by  the  fact  that  this  addition  work  was  too 
easy  for  these  children;  their  behavior  improved  in  subtraction  especially  with  zeroes  in  the  minuend. 

firoup  2:  Second  session,  high  iritial  knowledge.  This  group  of  two  girls  and  two  boys  also  made  few  pretest 
errors  in  written  addition.  From  the  begmning.  these  children  vertically  aligned  the  blocks.  They  disagreed  about 
whether  they  should  use  separate  blocks  to  show  the  sum  or  just  push  the  addend  blocks  together.  On  the  first  day, 
they  used  extra  blocks  to  show  the  sums  of  the  ones  and  tens  but  not  of  the  hundreds  and  thousands.  They  just 
counted  the  blocks  in  both  addends  od  subsequent  problems.  This  group  began  by  adding  the  blocks  from  the  right 
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(as  to  the  standard  U.S.  written  procedure)  and  continued  this  for  all  problems.  One  child  on  the  second  day  started 
adding  blocks  from  the  left,  but  he  was  stopped  by  the  other  members.  For  the  first  three  days  they  did  not 
physically  trade  the  blocks  when  the  sum  exceeded  nine,  but  recorded  the  trade  in  the  written  procedure  and  talked 
about  how  they  could  not  write  two  digits  and  so  had  to  trade  ten  to  the  next  column,  everyone  agreed  about  the 
blocks  and  written  procedures,  but  the  explanations  were  not  very  full.  The  experimenter  continued  to  say  that  they 
should  do  everything  with  the  blocks  that  they  did  with  the  marks,  but  they  did  not  seem  to  see  the  necessity  of 
trading  the  blocks  physically  even  though  their  explanations  sometimes  used  block  words  and  described  block  trades. 
On  the  fourth  day  the  experimenter  asked  childrea  to  make  explanations  of  their  written  marks  procedures.  The 
children  spontaneously  used  block  words  and  fully  described  the  required  block  trades  (e.g.,  saving  "I  took  ten 
flatheads  and  put  them  together  to  make  another  fatty"  to  explain  the  1  written  above  the  thousands  place).  On  the 
fifth  day  finally,  on  the  last  problem,  the  children  spontaneously  traded  the  actual  blocks.  They  then  exclaimed  that 
they  understood  what  the  experimenter  had  meant  when  she  asked  them  to  do  with  the  blocks  what  they  had  done 
with  the  written  marks.  That  day,  the  group  also  progressed  from  aligning  the  first  3-digit  and  4-digit  problem  on  the 
left  to  solving  another  such  problem  without  aligning  digits  at  all,  but  adding  the  correct  multiunits  both  with  the 
blocks  and  digit  cards.  They  aligned  all  subsequent  uneven  problems  correctly.  This  group  worked  fairly  well 
together  though  there  was  some  antagonism  between  the  mathematically  strongest  boy  and  girl.  They  were  often 
distracted  and  silly,  again  perhaps  because  the  problems  were  not  very  challenging  to  them.  In  general  they 
continued  to  attend  to  their  mathematical  tasks  at  the  same  time  as  they  carried  on  irrelevant  discussions.  They  also 
went  od  to  show  their  best  work  and  thinking  in  subtraction. 

Group  3:  Firtf  jf  t»fm  medium  initial  knowledge.  This  group  of  two  girls  and  two  boys  had  two  members  O 
and  M  who  worked  hard  at  understanding  addition  with  blocks  and  the  digit  cards,  one  boy  D  who  had  strong 
conceptual  understanding  but  frequently  dropped  out  of  problem  sotving  unless  prompted  by  the  experimenter,  and 
one  girl  U  who  sometimes  disrupted  the  group  activities,  except  when  she  was  the  "leader."  U  gradually  withdrew 
from  group  participation,  with  moments  of  engagement  occurring  late  in  the  session  (see  burghardt,  1993,  for  a  case 
study  of  this  child).  The  group  began  by  setting  up  the  addends  with  blocks  (second  addend  above  the  first)  and 
adding  the  blocks  mentally  from  the  left  to  get  the  answer:  three  thousand  twelve  hundred  sixty  two  (the  ones 
column  sum  was  twelve  and  was  mentally  added  to  the  tens  sum  fifty).  One  child  then  showed  the  hundreds  to 
thousands  trade  with  the  digit  cards  and  described  it  in  block  words,  saying  you  couldn't  have  twelve  hundreds.  Thus 
began  five  days  during  which  the  group  quickly  figured  out  how  to  add  the  blocks,  trading  correctly  moving  either 
from  the  left  or  from  the  right,  but  floundered  with  the  digit  cards,  inventing  several  wrong  marks  procedures  as  well 
as  frequently  using  the  correct  standard  procedure  of  writing  a  1  above  the  next  left  column.  (See  Fuson  & 
Burghardt,  1993,  for  a  report  of  these  in  coned  procedures.)  During  this  time  they  did  not  link  the  blocks  addition 
closely  to  the  digit  card  procedures,  and  they  discussed  the  digit  card  procedures  only  in  terms  of  digits  or  English 
words,  rarely  in  block  words.  The  experimenter  on  the  sixth  addition  day  forced  the  children  to  link  the  blocks  and 
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tbe  digit  cards  *t  each  addition  step  -d  to  M.  d*  card  moves  using  biock  words,  and  the 
12 procedure.  0.^%0^^«^*^*- T 
Renter  asked  him  to  think  .boo,  the  Mock,  O  then  suggested  .  -ew  mark,  procedure  »  wh,ch  the  top 
e»perunenier block  needs  to  be  traded  to  that  column 
(«1dendbinae«dbyo0e(e.g,.digitc«d5tttepUc*dby.6)d.blo<*n«<uto  AUadatAuk 
'  £i       the  Mocks:  they  put  the  new  block  in  with  the  top  addend  blocks  (this  is 

because  that  is  ho*  the  chUdxe.  dsd  «  with  the  "ock^tney  .  ^ 

•dually  the  write,  procedure  that  was  learned  by  second  gr.den  »  Fuson,  1986).  Ducusa 
day  comparing  O,  «w  written  so.ution  «-  Urn  standard  meAod  of 

^IsedTL  more  problem  about  the  trading  of  too  .any  ten.  and  convinced  D  usmg  the  °" 
andowes,"  but  M  used  block  words  (with  the  eaperimenter's  support  to  withstand  the  boys)  to  establish  the  correct 
£ Tthetndre*.  rbe  mathematics  work  won*  have  progressed  more  smocOdy  il  D  had  bee.  more  dominant 
*UvZ  not  bee.  so  disru^;  V  began  with  good  written  compete.*  bu,  .earned  Ut«e  dunng  ,hrs  study 
because  she  was  physically  or  attentionally  absent  from  so  much  of  the  group  actmty. 

U^M,  rn.inr~ mgroupcon^edofO.reegUUwitho.eor.oerrors 
M  toflSZr  J^ZZZ^o  did  no  written  problem  correct  on  the  pretest.  OveraU 

^  ,o  write  a  b.ock  number  they  h*.  made  with  twenty  nine  teeth  (unit  cubes).  They  recogn^l  that  wr  ^ 
Z2  for  the  units  would  make  the  wrong  number  and  suggested  many  different  nonstandard  notattons  to  show 

with  the  teeth  and  the  Uc«ice.  nis  group  the.  inverted  a  -Uten  procedure  m  wh.ch  they  added  e«b 

muUiuni,  (ones,  tens,  hundred,  thousands),  wrote  the  sum  in  two  dtf.  if  necessary,  and  ben  fixe » be 

m  st^ard  no,.„„.  using       o.e  dip,  per  -ultiunit.  Tins  procedure  evolved  from  then  use  ^'"  ^ 

^e7..ch  kind  of  multiunit,  recorded  their  sum  with  mart,  (e*.  3  12  5  12),  traded  ten  of  any  blocks 

I  more  or  one  of , he  -  larger  block,  and  record*  the  successive  fixed  sums  (e.g.  5  12  5  15  became 

1  then  6  2  6  5)  Some  children  co.ti.ued  to  writ,  problems  in  horizon,.,  form  throughout,  whU.  others  wrote 

:r:  «z  « «.  - — — — -  -  -^rjrr 

concept  whe.  supported  by  blocks,  bu,  .one  were  able  ,o  Hf  sums  without  ,he  support  of  bto*. 
Zol*  d  y  however,  the  group  talked  themseWes  .hrough  the  <r«des  using  marks  on!,  and  successful,  fixed  » 
sltildre  coled  ,o  work  o.  devising  and  understanding  a  fixing  me.hod  for  their  wr^en  marks 
^LtLg  the  final  two  day,  describe  what  they  were  doh,  with  b.ock  words  and  using  the  b  oc,  wh  n 
Lary  iJL,  usu^y  proceeded  from  left  to  right.  Others  devised  a  genera,  method  of  fix-ng  ha,  did  .  . 

.^Tough  the  fixing  wUh  b.ock  words:  for  the  2-digi.  sums  they  crossed  ou,  the  1  and  wro,  a  1 
Ive  thTnetTf.  dij^n  the  group  had  to  move  on  ,  suUractio,  ->  bu,  o.e  chUd  could  carry  ou, . he„ 

multiunits.  Ttis  group  worked  weU  ,oge,her  partly  becnuse  ,he  two  most  dominant  members  (one  boy  and  g» 
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were  exemplary  "good"  r  it  her  than  "bossy"  leaders  and  bad  the  strongest  mathematical  knowledge. 

Group  ft  First  ration,  tow  initial  Knowledge-  Of  this  group  of  two  girls  and  two  boys,  one  girl,  M,  was  the 
dominant  group  member.  M  had  little  initial  conceptual  and  procedural  knowledge,  while  the  others  showed 
moderate  to  perfect  pretest  performance  on  written  addition  solutions.  Through  the  first  three  days  of  addition  the 
children,  led  by  D  and  X,  worked  toward  a  blocks  and  digit-card  procedure  in  which  the  blocks  were  aligned 
vertically  and  sums  over  nine  had  ten  of  that  block  traded  for  one  block  in  the  next  left  column.  There  was 
disagreement  about  the  order  of  making  the  addends  and  whether  to  add  from  the  left  or  from  the  right  (each  was 
done  on  different  problems).  Descriptions  and  explanations  sometimes  centered  on  the  number  of  blocks  and 
omitted  the  kind  of  block,  leading  to  errors  and  prolonged  discussion,  and  full  verbalizations  of  the  block  trading 
were  not  given  (they  focused  either  on  the  new  one  ten  or  hundred  or  the  old  ten  ones  or  ten  tens  but  did  not 
verbally  describe  the  ten  tinies  traded  for  the  one  rectangle).  Over  the  next  four  days  M  invented  and  imposed  a  new 
procedure  in  which  the  goal  was  to  leave  only  nine  in  a  given  column  (because  "you  can't  have  more  than  9  in  a 
column');  the  excess  over  nine  (or  sometimes  over  ten)  was  taken  away.  This  excess  was  often  put  above  the  next 
left  column,  but  was  sometimes  dropped  (M's  procedure  led  to  answers  like  6999  or  4999).  This  9*s  procedure 
competed  wilh  the  ten-for-one  trading  procedure  over  four  days,  with  children  frequently  using  the  9's  procedure  with 
the  blocks  and  the  digit  cards,  and  the  standard  algorithm  on  their  individual  worksheets.  All  four  children  changed 
their  views  repeatedly  within  and  over  days,. frequently  expressing  confusion.  During  this  confused  period,  children 
talked  about  how  many  they  had  to  take  away  from  column  sums  over  nine  to  make  that  sum  small  enough.  On  the 
third  such  day  the  experimenter  encouraged  the  children  to  keep  the  blocks  and  the  written  marks  connected  and 
reviewed  the  ten-for-one  trades  with  blocks.  Over  the  final  two  days  of  addition,  the  experimenter  continued  to 
support  linking  the  block  and  written  marks  procedures  and  queried  the  children  about  the  size  of  the  blocks.  The 
children  eliminated  their  9's  procedure  in  favor  of  their  written  trading  procedure.  At  the  end,  all  of  these  children 
were  able  to  verbalize  some  understanding  of  the  correct  ten-for-one  trading,  although  their  explanations  were  still 
incomplete. 

Grc-yp  6.  Second  session,  low  mitul  knowing  This  group  of  three  girls  and  two  boys  ranged  on  the  pretest 
written  addition  (asks  from  making  only  one  fact  error  to  getting  ail  the  sums  wrong.  During  the  first  few  days,  the 
boys  and  girls  argued  about  how  to  write  and  solve  problems,  but  soon  the  girls  became  established  as  the  most 
actively  engaged  members  of  the  group,  and  the  boys  deferred  to  the  girls.  The  group  presented  the  first  problem 
horizontally  with  the  blocks  and  then  added  the  blocks  beginning  with  the  thousands.  When  they  got  a  sum  of  twelve 
breads  (hundreds),  one  child  said  that  there  couldn't  be  two  numbers  in  the  sum  so  "you  put  the  two  down  and  add 
the  one  to  the  top  of  the  other  side."  This  verbal  description  arose  from  procedural  knowledge  of  the  standard 
written  algorithm,  but  did  not  specify  sufficiently  where  the  "one"  should  be  written.  Because  they  were  moving  from 
left  to  right  some  children  wanted  to  write  the  1  above  the  next  column,  i.e,  at  the  top  of  the  tens  column. 
Confusion  over  where  to  write  the  1  persisted  over  the  next  four  problems.  "Regrouping"  was  referred  to  as  a  written 
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me,hod  undated  .0  the  Mocks;  k  had  to  do  with  writing  the  1  somewhere.  Children  wrote  the  probes 

M  «■»«  *-  1-  *  '  ^  *       "  ^  the  trades 

ZZL  to  add  block,  tan  the  left  -d  write  the  1  above  the  co.u-n  to  the  right,  i»  the  -or  -age  -  theses 

TZZ  « «£Z  move  ,  the  lef,  the  o^te  oC writing-),  but  the  bo,,  continued  to  tns*  on  ^ 

:^Z2.  One  child  foctused  on  the  size  of  the  blocks  re^.t*.  -*  trade. «,  ^  - ^  »  * 
OnU.fourthdnyof^^^ddiUo.bep.fro-.herigh.^onU.erAh^che 

^lelTnshed  the  children  to  .dd  one  problem  bo*  fro.  the  left  -  the  right.  This  produce*  two  detent 
lion,  .  correct.,  traded  nnswet  from  the  right  »nd  nn  incorrect  soiution  from  the  lef,  due  to  .  -n« 
1c  though  the  children  hnd  previou*  tmded  cc^l,  when  .doing  fron,  the  lef,  the  «* 
Hcd  whe7.  chiid  allowed  her  written  addUion  to  dice  the  Mock.  «fc  A  he.ted  d.scu.s.on  flowed  and. 
fron,  then  on.  the  chUdren  .dded  fro.  eUher  tie  left  or  the  <**  «**  -J*  "-J  -  ^ 

,ecordi«g  corrects  Tie  girls  by  tbe  end  all  had  give,  ccmceptum  eap.an.tion,  for  var,ous  Mocks  tr.de.  b^wh 
^bov.n.oreofte.g.veproc.dnr^Un.ions.othe-.  On  the  e^th  d.y.  the  expen^  ^  ^ 
X.odoTprob^o.U.en.^cp.d^e^Uby.^.bouttheb.ocks.  Tbe  g*ls  could  ,11  do  , 
^  re,  J  help.  One  of  the  boys  w«  very  *,  throughout.  „d  the  other  bo,  frequently  wthdrew  fron, 
partidp-tioo. 

Discussion 

A  striking  .spec  of  .U  of  the  group  work  was  the  refMive  e«e  wkh  which  cbiidren  inverted  accurate 

^..U^jT-tdtiu,,  -dditio-  with  the  Mocks  compared  to  the  man,  in.ccur,,e  invented  mulud*.  wr  en 

ITks  prodes  (see  Fuson  and  Burgh-dt,  »*  Cbiidren  never  .dded  different  Mock  muluuntt,  bu  *d  dd 

H        for  different  multiunits  (e*.  hundreds  and  thous»ds).  The  biock  pities  also  suggested  wb.t  *> 

r  cle.  had  too  man,  in  the  so.  of .  give,  multiuni,  (e...  tweive  tens,  and  provided  « 

pities  invoive,  in  these  soiutions.  Tbe  written  d^pU  instead  eUcited  no*,—  procedural  l  angu  ge  C*~ 

Z  up  there-)  eve.  when  the  digit,  were  being  use.  to  describe  Mock  moves.  Using  biock  words  <e*  long 

Z  »  written  digit  procedures  wns  sometime,  more  helpful  ft.  using  English  words  (one.  ten)  because 

,  *u  ,„  he  dear  .bout  both  the  kind  of  muhiunit  «d  how  m«y  multmmts  there  .re. 

ihe  block  words  require,  child  to  be  de.r  about  txxntne  am 

Tbesecnge.  confused  in  English:  .  child  would  s.y  W  to  mean  eiU,er -.en  oaes  or  one  ten,  but  had  to.,, 
tiny  or -te  tinie,"  or  "one  Ion,  legs-  when  using  b.ock  word,.  Tbe  pities  in  Engiish  led  to  confused 
ImuniLo.  -on.  children  and  .Uowed  erroneous  written  procedure,  blocks  and  block  word,  ^  these 
confusion,  Man,  cbiidren  did  not  spontanea*  Unk  block,  addition  and  written  mark,  addmon,  resulung  u, 
^oZwritten  -ark,  procedure,.  When  eaperimenter.  forced  children  to  link  the  blocks  and  wr,e.  marks  « 
ch  multiuni,  (e  g.  children  had  to  write  the  hundred,  mark,  as  soon  a,  the,  added  breads,  the  quan,  ,«  -the 
Jl  enaMed  den  to  correct  tbei,  written  marks  procedures.  Verbalizing  what  had  been  done  wth  the  block,. 
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especially  with  blocks  words,  also  proved  to  be  helpful  to  some  groups  in  correcting  written  procedures. 

Personalities  and  mathematical  knowledge  both  contributed  to  the  quality  of  the  mathematical  work  of  a 
group.  When  dominant  members  had  good  mathematical  knowledge  and  were  good  rather  than  bossy  leaders,  the 
groups  made  better  mathematical  progress.  Most  groups  were  not  very  good  at  identifying  group  members  with 
inadequate  understanding,  and  some  such  members  hid  their  lack  of  knowledge  fairly  successfully.  More  focus  on 
such  helping,  a  longer  time  on  addition  for  some  groups,  and  more  time  tc  do  backwards  linking  with  everyone 
discussing  the  marks  procedures  in  blocks  words  would  have  helped  the  weakest  children.  The  strongest  children 
could  have  handled  more  difficult  questions  such  as  "What  are  differences  between  adding  from  the  right  and  from 
the  left?*  Second  graders  can  do  interesting  mathematical  work  in  this  environment,  but  they  do  need  some  help 
from  a  teacher  to  maximize  their  use  of  group  work,  to  relate  the  block  quantities  to  written  digit  procedures,  and  to 
verbalize  their  solutions  conceptually.  We  are  presently  analyzing  data  from  low-  and  middle- achieving  children  to 
see  how  these  results  generalize. 
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Arithmetic  from  a  Problem-Solving  Perspective:  An  Urban  Implementation 
*ith  Reports  on  Students.  Teachers,  and  Classroom  Interactions 

Hppry  S.  Kepner.  Jr..  University  of  Wisconsin-Milwaukee 
Albert  Villasenor.  Jr.  Wisconsin  Department  of  Public  Instruction 

77m  study  reports  the  results  of  an  urban  implementation  of  OgnMivft 
Guided  Instruction  with  information  on  student  achievement,  staff  development, 
teacher  observations,  and  questions  on  about  performance  with  minority 
populations.  Twelve  first-grade  teachers  participated  in  a  staff  development  effort 
denned  to  focus  instruction  on  the  process  that  students  used  in  their  solutions 
rather  than  the  production  of  written  answers  to  exercises.  Students  in 
experimental  classes  performed  significantly  bette,  in  solving  word  ptohlems  as 
well  as  completing  number  facts  than  students  in  comparison  <  lasses  Systematu 
observaums  revealed  differences  between  CGI  and  non-CGI  teai  hers  m  then 

teaching  of  arithmetic. 

After  the  recent  positive  findings  of  constructivisl  mathematics,  instruction, 
often  focused  in  middle  class  settings,  the  authors  sough,  to  replicate  this  work  in  an 
urban  setting.  Brophy  and  Good,  in  The  Third  Handbook  o,  Research  on  Teaching. 
state.  "Interactions  between  process-product  findings  and  student  SI  S  or 
achievement  level  indicate  that  low-ShS-low-achieving  students  need  more  control 
and  structure  from  their  teachers,  more  active  instructs  and  feedback,  more 
redundancy,  and  smaller  steps  with  higher  success  rates.  This  *  ,11  mean  more 
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review,  drill,  and  practice  and  thus  more  lower  level  questions."(p,  365)  The 
authors  found  that  CGI  was  effective  in  such  settings. 

Twelve  first-grade  teachers  participated  in  a  staff  development  effort 
designed  to  provide  them  with  opportunities  to  examine  ways  to  teach  first-grade 
mathematics  curriculum  from  a  problem-solving  perspective  using  a  Cognitive!) 
Guided  Instruction  framework.  These  teachers  were  one  of  two  teachers  identified 
by  a  principal  in  each  building  to  participate.  Using  a  quasi-experimental  design,  a 
group  of  12  first-grade  teachers  and  their  classrooms,  from  schools  thai  matched 
the  treatment  schools*  population  characteristics,  comprised  a  comparison  group. 
The  percentage  of  minority  students  in  these  24  urban  classrooms  ranged  from  57** 
to  99%. 

Experimental  teachers  participated  in  staff  development  that  followed  the 
Fcnnema  and  Carpenter  ( 1989)  model.  The  program  involved  a  19-hour  July 
workshop  and  three  two-hour  sessions  in  September.  October,  and  December. 
Comparison  teachers  participated  in  staff  development  that  focused  on  problem 
solving  in  elementary  school  mathematics,  but  that  did  not  include  CGI  principles 
or  research.  This  program  included  two  1.5-hour  workshops  in  October  and 
January. 

Teachers  in  the  experimental  group  taught  arithmetic  through  the  use  of 
word  problems,  and  their  students  spent  considerably  less  time  on  skill  worksheet 
drills.  Instruction  in  experimental  classes  focused  on  the  process  thai  students  used 
in  their  solutions  rather  than  on  the  production  fo  written  answers  to  exercises. 
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A  14-item  arithmetic  word  problem  test  from  Carpenter  et.  al.  ( 1989)  study 
was  used  as  a  pretest  (early  October)  and  posttest  (late  February-early  March)  in 
each  of  the  24  classrooms.  For  the  purpose  of  analyzing  student  performance  data. 
6  boys  and  6  girls  were  randomly  chosen  from  each  of  these  classrooms  for  a  tolal 
of  144  subjects  in  the  CGI  group  and  144  in  the  non-CGI  group.  These  students 
were  interviewed  individually  to  assess  the  processes  they  used  in  solving  a  variets 
of  word-problem  types  and  the  strategies  they  used  in  completing  number  facts- 
The  student  interview  measure  from  the  Carpenter  study  (1989)  consisted  of  two 
parts:  (a)  six  word  problems  solved  with  access  to  counters  and  (b)  a  number  facts 
test  without  access  to  counters,  fcach  word  problem  was  read  to  the  child,  and  after 
each  response,  the  interviewer  coded  the  response  on  a  coding  sheet  and  recorded 
the  student's  explanation  of  the  solution  process  on  a  student  response  sheet.  For  the 
facts  part  of  the  interview,  each  fact,  printed  on  a  4  x  6  card,  was  shown  to  the  child. 
The  child  was  asked  to  read  the  number  statement  adn  complete  the  fact.  If  unable 
to  complete  the  fact  using  recall  or  a  derived  fact,  the  child  was  encouraged  to  use 
fingers  and  direct  modeling. 

Students  in  experimental  classes  performed  significantly  better  in  solving 
word  problems  as  well  as  completing  number  facts.  There  was  a  significant 
difference  on  the  pretest  favoring  the  CGI  group  (t(22)=2.98.  p..OI ).  Adjusted  for 
the  pretest  scores  were  computed.   Table  I  shows  significant  differences  with  (  Gl 
students  showing  gains,  both  from  pre-lest  to  post-test  and  in  comparison  with  non- 
CGI  students  on  a  v  .itten  problem-solving  test,  word  problem  interviews,  numbei 
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facts  interviews. 

Table  1 

Classroom  Means.  SD's.  Adjusted  Means,  f- values  tor 

Arithmetic  Word  Problem  Tests  (N=24) 

Ciii  Non-CGl 

Achieve  measure      Max      Mean  (SD)  Adj  Mean  fSD)  Adj  f-value 

Written  ps-pretest      14      2.26(1.04)  1.25  (.56) 

Written  ps-posttest      14      9.67(1.76)  9.41  2.92(.94)   3.18  87.60: 

Interview  word  prub   6      5.54  (.35)  5.44  2.83  (.61 )   2.93  II4.45: 

Interview  no.  facts      5      4.76  (.47)  4.68  2.92(.56)    3.00  46.47: 

In  addition  to  the  analysis  of  correct  responses,  an  examination  of  student  use 
of  advanced  strategies  (counting  on.  derived  fact,  or  recall)  was  conducted  on  the 
students  interviewed.  The  mean  number  of  times  that  students  used  an  advanced 
strategy  in  solving  a  word  problem  or  completing  a  fact  item  is  reported  in  Table  2. 

Table  2 

Means,  SD's.  and  t-values  for  the 
Use  of  Advanced  Strategies  for  Word  Problems  and  Fact  Interviews 
CGI  Non-CGI 
Interview  Measure  Max  MeanfSD)  MeanfSD)  t-value 

Word  Problems       6  3.00  (1.75)  0.67  (.69)  4.29' 

Hacls  5  3.65(1.58)  0.90(76)  5.45 
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A  total  of  82  classroom  observations  were  conducted  of  both  experimental 
and  comparison  classrooms.  The  goal  of  the  observations  was  to  gather 
information  on  the  mathematics  content,  instructional  behaviors,  and  in  noting 
specific  categories  of  teacher  behavior,  such  as  focusing  on  process  and  questioning 
students.  The  study  presents  information  from  these  systematic  classroom 
observations  that  indicate  that  CGI  teachers  consistently  read  word  problems  to 
students  and  asked  students  to  explain  how  they  arrived  at  their  solutions.  They  did 
not  teach  specific  strategies.  The  CGI  teachers  in  the  study  conducted  instruction  in 
a  variety  of  formats  with  a  mix  of  whole  group,  medium  group,  and  small  group 
settings.  CGl-trained  teachers  using  strategies  with  which  they  were  comfortable  to 
allow  students  to  solve  problems  and  communicate  their  results  on  a  regular  basis  lo 
peers  and  the  teacher.  Communication  was  common  place  in  the  CGI  classrooms, 
with  teachers  consistently  asking  students  to  explain  how  they  armed  at  a  result 
Moreover.children  were  not  observed  spending  time  working  alone  on  skills 
worksheets. 

In  contrast,  all  but  one  of  the  non-CGI  teachers  followed  a  sery  predictable 
routine.  The  lesson  would  begin  w  ith  a  brief  explanation  of  whal  was  going  to  be 
learned  that  day  followed  by  a  demonstration  of  a  procedure  to  add  or  subtract  two 
numbers  or  solve  a  word  problem.  This  was  followed  by  an  example  or  two  and 
then  an  explanation  on  how  to  complete  fact  exercises  on  worksheets.  Children  in 
the  non-CGI  classrooms  were  asked  to  complete  addition  or  subtraction  facts  and  to 
give  answers  to  word  problems,  but  they  were  seldom  asked  to  explain  how  thev 
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solved  a  problem  or  completed  a  fact.  Children  in  these  classes  were  observed 
working  alone  on  skills  worksheets  for  anywhere  from  50%  to  75*3fr  of  the  time 
dedicated  to  mathematics. 

This  study  was  consistent  with  the  findings  that  children  need  not  master 
computational  and  other  lower-order  skills  before  the>  can  develop  (heir  problem- 
solving  skills  (Carpenter  et  aL  IV89).  Although  non-CGI  students  spent  more  time 
completing  worksheets  on  number-fact  drills,  the  treatment  students  showed 
significantly  greater  achievement  on  completion  of  number  facts,  recall  of  number 
facts,  and  recall  and  use  of  advanced  strategies  in  completing  number  facts. 

Although  ail  teachers  taught  essentially  the  same  content,  CGI  teachers  spent 
considerably  more  time  on  word  problems,  not  only  in  teaching  addition  and 
subtraction,  but  in  teaching  other  topics  as  well.  They  taught  mathematics  by 
placing  children  in  a  problem-solving  situation  using  word  problems  that  were  as 
relevant  to  the  children  as  possible.  Non-CGI  teachers,  on  the  other  hand,  were 
observed  following  the  textbook  very  precisely.  These  teachers  spent  more  time 
teaching  specific  procedures  for  completing  number  facts,  writing  number 
exercises,  and  dealing  with  worksheets.  Their  students  spent  more  time  alone  on 
worksheets  and  producing  single  number  answeis  with  very  little  opportunity  to 
explain  their  thinking. 

There  is  a  widely-held  belief,  attributed  to  many  who  represent  minority  o, 
disadvantaged  populations,  that  students,  especially  those  who  are  minorities  or 
disadvantaged,  must  learn  the  basics,  often  in  a  rote  manner,  before  moving  on  to 
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problem-solving  and  process-oriented  mathematics.  This  study  challenges  that 
belief.  While  care  must  be  taken  in  generalizing  the  results  of  this  study,  they  do 
suggest  the  applicability  of  CGI  principles,  i.e.,  constructivist  principles,  in  urban 
classroom  settings.  Further  research  studies  with  this  focus  are  necessary  to  the 
mathematics  reform  movement  in  order  to  meet  the  challenges  raised  b>  the 
process-product  research  findings  and  the  beliefs  held  by  many  teachers  of 
disadvantaged  minorities  that  process-oriented  learning  only  works  for  the  middle 
class  majority  student. 
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ALGORITHMS  SUPPLANT  UNDERSTANDING:   CASE  STUDIES  OF  PRIMARY 
STUDENTS'   STRATEGIES  FOR  DOUBLE-DIGIT  ADDITION  AND  SUBTRACTION 
Ronald  Narode.  Jill  Board,  Linda  Davenport 
Portland  state  University 

A  year-long  study  of  first,  second,  and  third-grade  students 
indicates  that  conceptual  knowledge  may  be  extinguished  through 
an  emphasis  on  procedural  knowledge.     The  students'  prior 
understandings  of  place  value  in  double-digit  addition  and 
subtraction  became  subordinate  to  and  subverted  by  teacher-taught 
algorithms  which  the  children  accorded  higher  epistemological 
status  than  their  own  successful,   invented  strategies. 

Framework 

The  importance  of  connecting  procedural  knowledge  and 
conceptual  knowledge  in  mathematics  instruction  haa  been 
acknowledged  by  researchers  (Carpenter,  et  al.,   19S0;  Hiebert  and 
Lefevre,   1986;  Kami i ,   1988;  Burns,   1992;  Simon,   1993)  and  by  NCTM 
(1989).     Hiebert  and  Lefevre  (1965)  describe  conceptual  knowledge 
as  rich  in  relationships  and  part  of  a  larger  web  of  ideas.  It 
is  constructed  actively  by  the  learner,  and  represents  the 
"understanding"  piece  of  our  knowledge.     Procedural  knowledge 
embodies  the  step  by  step  instruction  on  how  to  complete  tasks. 
It  consists  of  rules  and  algorithms,  and  requires  a  familiarity 
with  symbols  and  language. 
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Contrary  to  the  recommendation*  of  the  Curriculum  and 
Evaluation  Standard*  for  School  Mathematics  (1989),  most 
elementary  teachers  permit  and  support  rote  learning  of 
procedures  in  their  classrooms  either  because  1t  is  easier  for 
them  instructional ly  (Burns,  1992)  or  because  it  results  from  the 
limited  extent  of  their  own  knowledge  (Simon,  19931.  Not 
surprisingly,  elementary  textbooks  pander  to  the  practice. 

Prior  to  and  outside  the  school  experience,  children 
demonstrate  remarkable  inventiveness  which  illustrates  conceptual 
understanding  of  arithmetic  and  is  more  powerful  than  their 
knowledge  of  algorthims  (Carraher  I  Schlieman.  1985;  Groen  I 
Resnick,   1977;  Carpenter,  et  al . f  1990). 

Methodology 

To  identify  addition  and  fubtraction  strategies  of  children 
before  and  after  instruction,  we  Interviewed  and  videotaped  19 
children;  ten  first-graders  (5  boys  and  5  girls),  nine  second 
grade  students  (4  boys  and  5  girls),  and  ten  third  grade  students 
(8  boys  and  2  girls).     All  children  come  from  the  same  rural 
elementary  school  and  represented  a  wide  range  of  mathematical 
abilities  and  socio-economic  backgrounds.     The  first  graders  were 
interviewed  once  at  the  end  of  the  school  year.     The  second  grade 
students  were  interviewed  three  times:   in  November  before 
instruction  on  the  arithmetic  algorithms,   in  February /March ,  and 
again  in  May.     The  third  grade  students  were  interviewed  three 
times  as  well,  mainly  to  ascertain  if  age  and  repeated  practice 
had  any  significant  effect  on  students'  conceptual  understands. 
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All  students  were  asked  to  solve  double-digit  addition  and 
subtraction  problems  embedded  in  simple  word  problems  and  in 
familiar  contexts  [involving  terms  like   "stones"  and  ''marbles"  ] . 
They  were  asked  to  solve  it  first  using  base  10  blocks  and  then 
mentally  or  with  paper  and  pencil  as  they  chose.     The  students 
were  also  questioned  whether  they  knew  of  any  alternative  ways  to 
solve  the  problem. 

Resul ts 

Before  Algorithm  Instruction 

Almost  all  of  the  students  interviewed  before  instruction  of 
the  addition  and  subtraction  algorithms  took  place  demonstrated 
invented  strategies  which  used  non-traditional,  front-end 
approaches  (not  the  usual   left-to-right  order).     They  were  almost 
all  successful  with  addition,  though  much  less  so  with 
subtraction.     Many  of  their  errors  consisted  of  counting  while 
keeping  track  during  counting  up  and  counting  back. 

Of  the  ten  first  grade  students,  nine  students  attempted  a 
non-traditional  approach  for  addition,  and  one  used  the 
traditional  algorithm.     Eight  students  were  accurate.  In 
subtraction  all  students  attempted  a  non-trad1 tiona!  approach  and 
two  students  were  accurate. 

Similar  results  were  observed  from  the  second  graders. 
Before  receiving  instruction  in  the  traditional  double  digit 
addition  algorithm  all  nine  second  grade  students  solved  the 
problems  with  a  front  end  approach           adding  the  tens  and  then 
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counting  on  to  add  the  ones.     Seven  out  of  nine  students 
correctly  solved  the  problems  using  base  ten  pieces  and  six  of 
the  nine  correctly  aolved  the  problems  mentally. 

The  students  were  less  successful  with  subtraction,  but  no 
lsss  inventive.    Only  three  students  attempted  subtraction 
mentally,  and  all  three  were  successful  with  non-traditional 
approaches.    Six  students  solved  the  problems  using  base  ten 
pieces;  three  were  successful.    Five  students  solved  a 
subtraction  problem  in  writing;  four  had  strategies  that  were 
unclear  and  inaccurate,  and  one  used  a  non-tradi tional  approach 
that  was  successful. 

After  Algorithm  Instruction 

At  the  time  of  the  winter  interviews,  the  second  9rade 
students  had  several  weeks  of  instruction  in  the  addition 
algorithm  and  had  only  just  been  introduced  to  the  subtraction 
algorithm.     Student  performance  on  the  addition  problems 
indicated  a  gradual  movement  awar  from  their  own  non-traditional 
methods  towards  a  committed  use  of  the  addition  algorithm.  Six 
of  the  nine  students  switched  to  the  traditional  method  when 
working  on  problems  mentally.     In  their  written  work;  seven 
students  correctly  used  the  traditional  algorithm,  one  student 
vacillated  between  both  methods,  and  one  student  simply  added  all 
of  the  numbers.     While  using  base  10  pieces,  eight  of  the  nine 
students  used  the  traditional  algorithm  successfully.     The  ninth 
student  was  not  observed. 
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By  the  spring,  all  nine  students  exclusively  used  the 
traditional  algorithms  for  addition,  and  all  but  one  were 
successful.     The  results  for  subtraction  were  similar,  though 
delayed  due  to  the  timing  of  instruction.     Again,  by  the  spring, 
all  of  the  second  grade  students  used  the  traditional  subtraction 
algorithm,  but  only  three  were  successful . 

On  The  Possibility  Of  Alternative  Strategies 


All   19  second  and  third  grade  students  were  asked  at  the  end 
of  the  year  if  they  could  think  of  alternative  solutions  other 
than  the  traditional  methods  they  used  after  instruction. 
Specifically,  for  the  problem  35  +  27, the  students  were  asked  if 
they  thought  it  was  possible  to  add  the  tens  first.     They  all 
thought  that  the  traditional  methods  were  the  best,  and  most 
believed  it  impossible  to  solve  the  problems  anv  other  way. 
Twelve  students  thought  it  was  impossible  to  solve  addition 
problems  in  any  way  other  than  the  traditional  method.     The  other 
seven  thought  it  was  possible,  but  they  could  not  explain  how. 
Fourteen  of  the  students  thought  it  was  impossible  to  solve 
subtraction  problems  with  any  but  the  traditional  method.  The 
remaining  five  thought  it  may  be  possible,  but  they  couldn't  do 
so  themselves.     All   19  second  and  third  grade  students  were 
confident  that  the  traditional  method  for  subtracting  [41  -  18] 
was  the  best  and  only  method  for  them. 


We  repeatedly  observed  students  shed  their  prior 
understandings  in  favor  of  the  authoritative  knowledge  they 
learned  in  school.     One  example  follows: 
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Jamie's  Case: 

In  November,  Jamie  (a  second  grader)  added  19  and  26 
mentally.    She  verbalized,   "I  know  I  have  30  because  I  have  a 
group  of  ten  and  two  more  tens.     Then  if  I  take  1  from  the  6  and 
give  it  to  the  9,  I'll  have  another  group  of  10.     That  leaves 
five  left,  so  the  answer  is  45." 

In  February,  Jamie  attempted  to  add  34  and  99  by  beginning 
to  group  the  9  tens  and  3  tens,  then  stops  and  says,  "Oh,  I  have 
to  add  the  ones  first."     She  then  grouped  the  units,  and  traded 
for  a  ten  to  solve  the  problem. 

In  May,  in  response  to  a  question  as  to  the  possibility  of 
solving  the  problem  by  adding  the  tens  first,  Jamie  emphatically 
stated,   "No  you  never  add  the  tens  first."     Instead  she  suggested 
that  another  way  to  solve  the  problem  might  be  to  know  the  answer 
from  memory.     Finally,  she  was  confronted  with  her  own  invented 
strategy  as  a  strategy  "someone  used"  to  add  49  +  19  (think  of  50 
+  19  and  then  subtract  one  to  get  68).     When  asked  if  she  thought 
this  method  would  work,  she  replied,  "If  you  know  that  way  it's 
okay,  but  it's  much,  much  better  to  just  add  the  ones  first." 

Misconceptions  After  Instruction 

Finally,  we  identified  numerous  misconceptions  regarding 
place-value  among  the  second  end  third  graders.  However,  the  most 
remarkable  observation  was  the  students*  willingness  to  disregard 
their  doubts  about  unreasonable  answers  if  they  believed  that 
their  teacher  or  their  book  thought  such  answers  correct.  For 
example  [27  +  35],  an  offer  of  an  alternative  solution: 
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Paul  (high  achieving  second  grader):  You  can  add  the  tens 
and  put  5  down  and  add  the  ones  and  get  12  so  you  have  512. 
Interviewer:  Can  you  make  up  a  story  for  that? 
Paul:   I  had  35  rocks  and  27  more,  so  that  makes  512. 

Conclusion 

We  believe  that  by  encouraging  students  to  use  only  one 
method  (algorithmic)  to  solve  problems  they  lose  some  of  their 
capacity  for  flexible  and  creative  thought.     They  become  less 
willing  to  attempt  problems  in  alternative  ways,  and  the/  become 
afraid  to  take  risks.     Furthermore,  there  is  a  high  probability 
that  the  students  will  lose  conceptual  knowledge  in  the  process 
of  gaining  procedural  knowledge. 
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STUDENTS'  REASONING  ABOUT  RATIO  AND  PERCENT 
Blfflt  P-  RlMchf 
San  Jot*  State  Urtlvecarty 

This  work  comes  from  a  larger  project  of  several  Investigations  of  students' 
conceptual  and  procedural  knowledge  of  percent  and  their  strategies  with  ratios  Involving 
100.  This  paper  describes  students'  knowledge  of  percent  and  ratio  problems  with  100  just 
prior  to  instruction  in  percent  as  compared  to  those  near  the  conclusion  of  instruction.  This 
study  tested  124  students  on  written  tasks,  and  30  students  were  individually  interviewed. 
Most  students  exhibited  some  intuitive  conceptual  knowledge  of  percent  as  a  part/whole 
relationship,  but  their  understanding  was  limited  by  particular  contexts  and  numbers. 
Students  demonstrated  some  intuitive  proportional  strategies  and  some  Incorrect  additive 
strategies.  After  Instruction  students  used  various  strategies  with  these  problems,  but 
understanding  of  percent  continues  to  be  limited  and  some  incorrect  strategies  persist. 

Araa  of  Concarn 

The  ability  to  understand  and  solve  problems  involving  percent  is  important  for 
students  in  many  fields  of  study,  and  the  use  of  percent  continues  throughout  adult  life  in 
managing  one's  personal  finances  and  in  understanding  economic  Issues.  Percent  has 
been  a  school  mathematics  topic  for  many  years,  and  the  NCTM  Standards  (1989) 
continues  to  recommend  Its  inclusion  for  today's  curriculum.  Numerous  studies  indicate  that 
students'  understanding  of  percent  Is  extremely  deficient  (Brown,  Carpenter,  Kouba, 
Undquist,  Silver  &  Swafford.  1988;  Hart,  1988),  despite  its  common  use  in  our  society  and 
inclusion  In  the  school  curriculum.  This  study  addresses  the  concern  that  there  Is  very  little 
current  research  on  students'  Intuitive  reasoning  or  informal  conceptual  or  procedural 
knowledge  of  percent. 

While  there  are  several  different  methods  for  solving  percent  problems,  several 
mathematics  educators  have  proposed  the  most  meaningful  development  of  percent  is 
through  the  use  of  ratios  and  proportional  reasoning  (Glatzer,  1984),  which  is  a  method  of 
solving  percent  problems  that  closely  models  the  underlying  mathematical  relationship  of  a 
ratio  with  one  hundred  compared  to  another  ratio.  These  recommendations  appear  to  be 
based  on  personal  opinion  and  experiences  rather  than  on  research.  A  concern  of  this 
study  is  to  seek  evidence  of  student's  use  of  ratios  or  proportional  reasoning  to  suggest 
extending  these  strategies  to  percent. 

Theoretical  Framework 
The  theoretical  basis  of  this  work  is  consistent  with  the  constructivists'  theory  of 
learning,  which  considers  learners  as  active  participants  In  building  personal  knowledge, 
not  as  passive  recipients  of  definitions  and  procedures.  Numerous  studies  have  reported 
how  children  enter  school  with  considerable  personal  knowledge  of  numbers  and  of 
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problem  solving,  prior  to  any  formal  instruction  (Gelman  &  Gallistel,  1978;  Carpenter  & 
Moser,  1 984).  There  are  a  number  of  successful  teaching  studies  which  base' Instruction  on 
the  child's  thinking  and  which  buiW  upon  or  extend  the  child's  correct  intuitions  (Mack,  1990- 
Carpenter,  Fennema.  Peterson.  Chaing,  &  Loef.  1989).  Investigations  with  older  children 
and  adults  have  demonstrated  that  the  construction  of  knowledge,  including  self-invented 
strategies,  continues  to  take  place  even  after  formal  schooling  has  begun  (Carraher, 
Carraher.  &  Schliemann,  1986;  Lave,  Murtaugh.  &  de  la  Rocha.  1984).  This  study  assumes 
that  children  establish  meaning  for  mathematics  symbols  by  connecting  the  symbols  to  a 
referent,  which  is  an  event  or  series  of  operations  with  which  the  child  has  experiences  and 
which  provide  meaning  for  the  symbols  (Van  Engen,  1949).  It  has  been  proposed  that  the 
connecting  of  symbols  with  a  referent  is  the  first  process  toward  symbol  competence 
(Hiebert.  1988).  All  of  these  works  support  the  basic  assumptions  of  this  paper;  namely,  that 
an  understanding  of  the  student's  mental  or  physical  referents  and  their  reasoning  about 
ratios  and  percent  should  prove  helpful  in  planning  an  improved  curriculum  for  instruction. 
Prevloue  Works  In  Proportional  Reasoning  and  Percent 
Studies  measuring  children's  performance  in  proportional  reasoning  have  reported  it 
to  be  a  difficult  concept  in  that  most  children  from  13-15  years  of  age  make  very  little 
progress  In  working  with  formal  proportional  relationships  Hart  (1988).  Numerous  works 
report  the  use  of  incorrect  additive  strategies  to  solve  problems  involving  proportions  (Hart. 
1988;  Karplus.  Pulos,  &  Stage,  1983).  In  contrast  to  these  data,  a  number  of  studies  report 
that  individuals  develop  Informal,  context  specific  proportional  strategies  through 
occupational  use  (Carraher,  Carraher,  &  Schiemann.  1985;  Lave,  Murtaugh  &  de  la  Rocha, 
1884).  Teaching  studies  with  young  children  that  emphasize  experiences  in  familiar 
contexts  report  student  success  with  proportional  relationships  (Streefland.  1985; 
Tournlaire,  1986).  These  studies  suggest  that  the  reported  poor  performance  on 
standardized  tests  may  not  accurately  reflect  students'  informal  knowledge  or  their  capability 
to  understand  ratios  and  percent.  There  is  little  current  research  in  percent  or  research 
about  children's  reasoning  with  percent. 

Methodology 

A  theoretical  and  cognitive  analysis  of  percent  was  developed  and  used  to  design 
written  tasks  to  reveal  the  student's  reasoning  about  ratios  and  percent.  The  37  tasks 
concentrate  on  situations  In  familiar  contexts  but  include  some  non-contextual,  symbolic 
examples.  The  tasks  were  administered  during  a  regular  mathematics  class  at  two  public 
schools  in  a  mid-size  city  In  the  Northeast.  Frequencies  of  the  students'  responses  to  the 
written  tasks  were  recorded  according  to  correctness,  the  actual  answer,  and  the  solution 
strategy  where  applicable  by  the  researcher  and  verified  by  an  Interrater  with  a  93% 
agreement.  Individual  studrnt  interviews  of  about  20  minutes  in  length  were  administered  to 
fifteen  students  selected  at  random  from  each  group  to  gain  further  Insight  Into  their 
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reasoning  The  sample  consists  of  61  students  before  instruction  and  63  students  near  the 
conclusion  of  percent  instruction.  Descriptive  detail  and  statistical  methods  of  significant 
differences  on  particular  tasks  or  questions  and  groups  of  tasks  were  used  to  compare  the 
students'  reasoning  and  strategies. 

Discussion  of  Results 
Student  Intuitions  About  Percent 

The  interviewer  asked  each  student  how  he/she  would  explain  the  idea  of  percent  to 
a  friend  who  did  not  understand  it  and  the  replies  were  recorded  for  context  and  for  the 
specific  percents  used.  Of  the  15  younger  students,  6  used  shopping  examples  and  6  used 
school  grades,  while  none  of  the  older  students  mentioned  school  grades  and  only  three 
used  shopping  examples.  Several  older  students  used  hypothetical  examples  with  money, 
and  four  supported  their  ideas  entirely  without  context,  suggesting  that  some  defining 
characteristics  of  percent  have  been  extracted  from  specific  instances  or  contexts. 

The  younger  students  spoke  primarily  about  100%  and  50%  as  equivalent  to  a 
"whole"  and  a  "half,"  and  approximately  half  of  this  group  gave  a  real  example,  i.e.,  "if  you 
had  20  problems,  a  50%  grade  would  mean  you  got  10  correct "  The  students  were  asked 
to  explain  30%  to  indicate  the  generalization  of  their  understanding  of  percent.  Only  two  of 
the  younger  stude*'3  and  about  half  of  the  older  students  could  extend  their  knowledge  to 
explain  30%.  These  replies  suggest  that  100%  and  50%  serve  as  a  referent  or  prototype  for 
percent  and  that  the  conceptual  knowledge  of  percent  is  somewhat  number  dependent. 
Success  in  solving  familiar  situational  problems  with  specific  numbers  is  significantly 
different  between  the  two  groups  but  follows  a  similar  pattern  within  each  group,  namely, 
success  with  100%  and  50%  is  superior  to  success  with  other  percent  numbers  (see  Table 
1  below). 

ffrly  1:  Performance  on  Three  Problems  with  Specific  Percent  Numbers  


Percent  Number  Younoer:  Mean     Older:  Mean  p^yajufi 

100%  1.46  1  98  -0016 

50%  1.34  2.08  -0007 

10%  0.84  1.54  .0000 

25%  0.30  1  49  .0001 

75%  0.25  1  08  0001 

30%  0.21  0.86  .0001 

The  higher  means  of  the  two  groups  with  the  100%  and  50%  problems  is  further  evidence 
that  these  numbers  serve  as  a  prototype  or  referent  for  percent. 

Considering  the  various  data  from  both  the  interview  and  the  written  tasks,  it  appears 
that  the  majority  of  students  in  each  group  have  a  limited  interpretation  of  percent  as  a 
partfamole  relationship.  For  example,  when  given  a  choice  of  representations,  the  majority 
of  students  from  both  groups  selected  a  part/whole  model  in  a  diagram  or  verbal  form  rather 
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than  a  ratio  expressed  as  "parts  per  100,"  or  "parts  for  every  100."  which  no  students 
selected.  Part/whole  explanations  were  commonly  given  by  students  in  each  group,  such 
as  'with  4  blocks,  1  would  be  25%,"  or  "here  Is  a  pie,  cut  it  in  half  to  show  50%." 

In  summary,  the  younger  students  have  some  Intuitive  knowledge  of  percent; 
however,  it  appears  to  be  limited  conceptually  to  a  part/Whole  model,  to  prototypes  of  50% 
and  100%,  and  to  school  grades  and  shopping  situations.  Most  older  students  conceive  of 
percent  apart  from  specific  numbers  or  situations,  but  they  also  exhibit  primarily  a 
part/whole  interpretation. 

Succw  In  Solving  Problem*  Involving  Ratio  «nd  Percent 

While»4de  interview  data  on  the  younger  students  serve  as  an  Indication  of  intuitive 
knowledge  of  percent,  these  students'  successes  on  written  tasks  are  additional  indications 
of  knowledge  of  percent  and  of  ratios  with  100.  Some  of  the  tasks  required  only  an 
estimation  or  number  sense  and  were  intended  to  reflect  conceptual  knowledge,  others 
probably  required  some  problem  solving  strategies  or  solution  procedures,  and  some 
required  decimal  and  fraction  representations  of  percent.  The  success  rates  of  the  two 
groups  on  the  various  sections  of  these  tasks  are  given  in  Table  2  below. 

Table  2;    Average  Percent  Correct  On  Written  T**k*  


Problem,  group  Younger  group         Older  groun 

10  items:  Estimate  %,  in  familiar  contexts  43%  58% 

6  items:  Ratios  with  1 00,  in  familiar  contexts  3 1  %  5 1  % 

6  items:  Percent,  in  familiar  contexts  22%  44% 

6  items:  Percent  exercise,  no  context  7%  35<>/# 

9  items:  Represent  percent  as  fraction  or  decimal,  1 2%  40% 
no  context 


These  data  suggest  that  the  younger  students  have  some  number  sense  of  percent  and  can 
solve  some  problems  in  familiar  contexts  involving  ratios  and  percents;  however,  their 
success  drops  sharply  when  there  is  no  context  and  they  are  working  with  only  symbolic 
representations.  It  appears  that  procedural  knowledge  to  solve  problems  with  only  percent 
symbols  is  not  developed  informally  or  that  percent  symbols  are  not  associated  with  the 
percent  or  ratio  concepts  prior  to  instruction.  It  seems  that  the  "ratio  with  100"  problems  are 
more  manageable  than  percent  problems  by  students  before  instruction,  indicating  that  this 
reasoning  might  provide  a  natural  bridge  to  percent  problems.  The  older  students  had 
considerably  more  success  in  solving  symbolic  percent  problems  apart  from  a  context  and  In 
translating  among  symbolic  representations.  Their  success  may  be  a  result  of  practice  in 
symbolic  manipulations  or  a  result  of  improved  understanding;  however,  it  should  be  noted 
that  their  overall  success  on  these  tasks  was  quite  low. 
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gtrikfllai  wlfr   Ratto  and  Percent  Situation* 

The  students'  thinking  in  terms  of  solution  strategies  was  Investigated  by  12 
problems  posed  in  familiar  situations  on  the  written  survey.  Half  were  explicit  percent 
problems  stated  using  the  term  or  symbol  for  percent;  and  half  were  implicit  percent 
problems,  stated  as  a  ratio  "for  every  100.-  Table  3  shows  the  sums  of  the  two  most 
frequently  used  strategies  by  each  group  on  these  problems: 

r»h|r  *-  MQ«t  Bifflmh       siaiMlai  Q"  Pass*  ^  Rati0  PrPblem» 

v^,  inner  Students  Older  fluents  


not  shown 
incorrect  add/subtract 
ratio  pattern 

(50%.  halves) 
Incorrect  mutt/div 
random  calculations 


254 
211 
48 
45 

20 
9 


not  shown 
ratio  pattern 

(50%.  halves) 
incorrect  add/subtract 
Incorrect  mult/div 


317 
152 
40 
72 
36 


These  data  reveal  the  most  frequently  used  strategy  by  the  younger  students  was  the 
Incorrect  addition/subtraction  strategy,  where  a  sum  or  difference  is  used  incorrectly  to 
represent  a  ratio  or  percent  situation.  This  is  not  to  be  confused  with  addition  used  as  a 
substitute  for  multiplication.  Of  note  is  the  second  most  frequent  strategy  used  by  the 
younger  students,  the  "ratio  pattern"  strategy.  This  category  includes  informal  Pm^es 
such  as  the  building-up  of  number  patterns  or  equivalent  fractions.  While  incorrect  additive 
strategies  are  also  commonly  used  by  older  students,  their  most  common  strategy  was  a 
ratio  pattern.  Examples  of  students  strategies  to  a  problem  are  as  follows: 

A  school  reported  that  usually  5  out  of  every  100  students  needs  special  I help  in 
Tending  "  this  school  has  700  students,  how  many  would  you  expect  to  need  the 
special  help? 
Correct  Additive  Strategies: 

S  Jnoo 

"So 


/o  o 

\oc 

1  CO 

too 


-  r 

-  r 

-  7 


3S 


Incorrect  Additive  Strategies: 


|oo 


-  s 


erJcC0PY  ava,lari-e 
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Correct  Ratio  Strategies.  t  xf'1**        f  * 

I     '  ©  \  j 

j£  -  ^  1       #J  £    3^  c**Tf 

I   35*  /.Tr  *» 

The  younger  students  frequently  tried  to  directly  model  the  situation  by  diagrams  or  charts, 
and  they  frequently  resorted  to  random  operations  on  the  numbers  contained  in  the 
problem.  Additional  strategies  used  by  older  students  include  use  of  a  formal  proportion 
with  an  unknown,  multiplying  by  a  decimal  equivalent ,  and  dividing  to  obtain  the  desired 
percent.  Both  groups  used  some  unique  and  successful,  personal  strategies. 

The  Z-test  yielded  significant  differences  between  the  two  groups  in  the  proportion  of 
students  who  used  a  particular  strategy  in  5  cases  out  of  the  19  tested  on  the  12  problems 
(the  Z-test  requires  that  at  least  5  have  the  attribute  of  interest  and  at  least  5  do  not; 
therefore,  not  all  frequencies  could  be  compared  by  the  Z-test).  The  instances  of  significant 
differences  include  the  correct  ratio  strategy  used  more  by  the  older  group  on  2  problems 
and  the  incorrect  additive  strategy  used  more  by  the  younger  students  on  3  problems.  The 
strategies  that  did  not  yield  significant  differences  in  14  of  the  19  cases  were  incorrect 
muit/dfv,  incorrect  addition,  and  the  correct  ratio  pattern.  It  would  seem  that  additive 
strategies  with  ratio  and  percent  are  intuitive  and  somewhat  resistant  to  change  over  time 
and  instruction.  While  the  two  groups  frequently  used  similar  strategies,  the  younger 
students  can  be  characterized  as  using  primarily  additive  strategies  and  the  older  students 
as  using  primarily  multiplicative  strategies. 

Conclusions 

The  common  use  of  percent  in  our  society  has  resulted  in  some  intuitive  knowledge  of 
percent  before  instruction.  While  the  concept  of  percent  is  limited  in  terms  of  context, 
specific  numbers,  and  to  a  part/whole  interpretation,  it  is  suggested  that  an  improved 
curriculum  would  help  students  extend  these  intuitions  to  additional  contexts,  numbers  and 
conceptions  of  percent.  An  improved  curriculum  should  help  students  use  intuitive  problem 
solving  strategies  with  ratios  to  develop  meaningful  and  effective  procedures  for  solving 
percent  problems.  In  addition,  an  improved  curriculum  should  recognize  the  intuitive  and 
persistent  Incorrect  additive  strategies  and  plan  instruction  to  intentionally  confront  these 
misconceptions. 
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A  COMPARISON  or  CONCEPTUALLY  IAS  ID  AND  TEXTBOOK  BASED 

INSTRUCTION  IN  GRADES  1-3,     A  THREE  YEAR  STUDY 

Diana  Murnt  and  Jaawa  Hiabart 
Onivaraity  of  D#X4w«xa 

Tvo  group*  of  mtudmnt*  vara  follow*  ovar  a  tAraa  v..r  ,„  ~  ^ 

nonin.truce.<f  co^pue.cion,  «n<f  »tory  proM....  ' 
Th.  r.for.  .ffort.  in  rn.th-.tic.  .duc.tion  (..,.,  K.tion.l  council  of  T..ch.r. 
of  H.th«.tic.   19S9,   1991,  c.U  for  in.truction  th.t  «ph..ir..  conc.ptu.l 
und.r.t.„di„g.    Th.or.tlcl  .r,u«nt.  i„  ,«vor  of  t..chln,  «.th«.tlc.  for 
und.r.t.ndln,  h.v.  .  ion,  .„d  rich  tr.dition  (..,.,  orown.ll,   W3S,  D.vl.,  ,„„ 
r.hr.   IMS,  v.nEng.n,  ,t  i.  ...u„»d  th.t  u.rnln,  ^  und.r.t.ndlng 

both  .hort-  .„d  lon,-t.r,  b.„.fit.  .uch       fi.xibiUty,  tr.n.f.r,  .„„  incr....d 
l..rnl„,  ov.r  ti«.    Thl.  p.p.t  wlll  ^  th.  r..ult.  of  ,  ^  which 
th.  .ff.ct.  of  i^pl^ntin,  conc.ptu*ny-b...d  in.truction  on  nultidigit  .dditlon 
■nd  .ubtr.ctlon  during  th.  fir.t  thr..  grid... 


H.thod 


Th.  ,„pl.  con.i.t.d  of  two  group,  of  .tud.nt.  .tt.ndin,  .  l.rg.  .uburb.n 
.l«..nt.rv  .chool  with  .  wid.  r.ng.  of  .bility  l.v.l..     on.  group  of  .tud.nt.  (N  - 
29)  r.c.lv.d  .lt.rn.tiv.  in.truction  during  .  portion  of  th.  .chool  y..r  i„  .n  of 
Or.d..  1-3.     A  „cond  group  of  ,tud.ntl  (>  .  J4J  r.c.iy.d  conv.ntion.l  t.xtbook 
b...d  In.truction  throughout  thi.  mm  tLmm  p.riod. 

H.  b.,.„  with  153  .tud.„t.  i„  cr.d.  ,.    Durln,  Gr.d„  ,  ,nd  3    th#  ichooi 
...l,n.d  .tud.„t.  to  di„.r.„t  cl...roo*.  .„d  ..ch  y..r  th.  .lt.rn.tiv.  in.truction 
w..  provid.d  in  .o„.  of  th.  cl...roo«..    Th.  group,  o,  2,  .„d  24  .tud.nt.  r.pr...nt 
tho..  who  r.c.iv.d  th.  klnd  of  in.truction  on  .dditlon  .nd  .ubtr.ctlon  .11 

thr..  y..r.,  th.  .lt.rn.tiv.  or  t.xtbook  b...d  in.truction. 
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Induction 

The  instruction  w..  d..igned  to  e«ph..lse  an  understanding  of  PHct  value  and 
grouplng-by-ten  id...  end  to  tncour.qt  .tudent.  to  develop  proc.dur..  for  adding  end 
•ubtrectlng  .ultldigit  number.  b..ed  on  their  und.r.t.nding  of  pl.c.  v.lu..  The 
underlying  rationale  w..  th.t  .tud.nt.  .re  -or.  likely  to  und.r.t.nd  If  th.y  ere 
given  opportunities  to  con.truct  rel.tlon.hlp.,  rel.tlon.hlpe  between  their  current 
knowledge  .nd  new  information,  rel.tlon.hlp.  between  different  for*,  of 
repre.ent.tlon,  .nd  rel.tlon.hlp.  between  .lt.rn.tiv.  .oiutlon  procedure.  (Hiebert  ft 

Carpenter,  1992).  ; 

He  hypothe.Le<i  th.t  und.r.t.nding  pl.c.  v.lu.  involve,  building  connection, 
between  the  key  id...  of  pi.c.  v.lu.,  .uch  e.  quantifying  «.t.  of  object,  by 
grouping  by  10  .nd  tre.ting  the  group,  e.  unit.  (Fu.on,  1988,  St.ff.  .  Cobb,  1988), 
.nd  uelng  the  .tructur.  of  th.  wrltt.n  not.tlon  to  c.ptur.  thi.  Information  about 
grouping..    Dlff.r.nt  form,  of  repreeent.t ion  for  qu.ntltl..,  .uch  ..  phy.lc.l 
material,  .nd  wrltt.n  .ymbole,  highlight  dlff.r.nt  ..pect.  of  th.  grouping 
.tructur.,  .nd  building  connection.  betw..n  the.,  yl.ld.  •  mor.  coh.r.nt 
und.r.t.ndlng  of  pl.c  v.lu..    The.,  principle,  were  oper.tion.li.ed  by  pre..ntlng 
etudent.  with  cont.xtu.lU.d  problem  .itu.t  ^„  encr.ur.glng  .tud.nt.  to  represent 
quentltl..  with  both  phy.lc.l  Mterl.Ie  (b..c-     block.)  .nd  wrltt.n  numb.r., 
d.v.loping  .oiutlon  .tr.t.gie.  with  both  tepre«.  trite*-,  »nd  .h.rlng  .nd  di.cu..ing 
their  .oiutlon  .tr.tegie.  with  th.  cl..«.    Th.  .h.rlng  of  .tr.t.gie.  led  to  the 
•tudent.  in  th...  cl.....  .olving  fewer  problem.  ..ch  d.y  th.n  th.  .tud.nt.  in  th. 

textbook  b.s.d  cle.srooiQ.. 

Th.  .peci.l  in.truction  took  pl.c.  wh.n  th.  .tud.nt.  r..ch.d  th.  r.l.v.nt 
ch.pt.r.  in  th.ir  t.xtbook..    Thi.  involved  .pproxim.t.ly  6  w..k.  in  th.  fir.t 
gr.de,  .nd  12  in  ..ch  of  ..cond  .nd  third  gr.de..    Th.  length  of  th.  in.truction 
period  on  th...  topic,  w..  th.  .am.  in  the  conventional  .nd  the  aitern.tlv. 
c I.. .room.. 
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The  atudenta  were  given  group  teata  at  tha  beginning  and  and  of  aach  achool 
yaar  and  alao  aftar  tha  piece  value  unlta  In  gradea  1  and  2,  about  mid-yeer.  During 
tha  fir at  year,  approximately  ona-half  of  the  atudenta  were  randomly  aelected.  to  be 
Interviewed.    Only  the  reaulta  of  the  group  teata  will  be  preaented  In  thla  paper. 

The  group  teata  conalated  of  Itaaa  focualng  on  place  value,  multidigit  addition 
and  aubtractlon,  and  atory  problema.    The  place  velue  queatlona  aaaeaaed  the 
atudenta'  uae  of  groupa  of  10  and  100  to  quantify  aeta  and  their  underatandlng  of 
tha  poaltlonal  nature  of  the  number  ayatem.    The  multidigit  addition  and  aubtractlon 
ltema  Included  both  tnatructed  and  non instructed  ltaaia.    The  nonlnatructed  ltema 
Involved  either  more  regroupinga  than  had  been  dlacuaaed  In  cleaa  and/or  Involved 
larger  numbers  than  had  been  Introduced  In  Inat ruction.     The  atory  problem*  all 
Involved  combining  familiar  numbara  with  no  regrouping  neceaaary  to  aolve  them. 

Reaulta 

The  reaulta  of  the  Initial  teat  In  Grade  1  Indicated  that  the  two  groupa  of 
atudenta  did  not  differ  algnlf leant ly  on  eny  of  the  categorlea  of  lteaa,  place  value 
or  computation,  at  tha  beginning  of  the  atudy.    After  the  fir at  teat  In  Grade  1,  the 
group  receiving  tha  alternative  inatruction  outperformed  the  textbook  group  on  all 
aubgroupa  of  ltema  (place  value,  inatructed  computation,  nonlnatructed  computation, 
atory  problem*).     The  dlfferencea  were  not  alwaya  algnlf leant,  but  the  rank  order  of 
thair  poaltlona  did  not  changa  on  any  of  the  aubaeta  of  ltema  ovar  the  three  year 
period. 

Performance  lavela  over  the  three  year  period  on  place  Value,  Honlnatructed 
Computation,  and  Story  Problema  are  ahown  in  Flgurea  1-3.     It  la  important  to  note 
th»t  the  aame  ltema  did  not  appear  on  all  of  the  teata.     For  example,  the  piece 
value  ltema  on  Teat  3  of  Grade  1  were  not  the  aame  ltema  aa  on  Teat  1  of  Grade  2. 
Thla  maana  it  la  inappropriate  to  compare  performance  of  a  aingle  group  of  atudenta 
ovar  time  but  it  la  appropriate  to  compare  the  performance  of  the  two  groupa  of 
atudenta  over  time. 


Volume  1 : 


Figur.  1  lllu.tr.t..  th.  rwult.  on  th.  pUct  v.lu.  Ifmm.    Th.  .tud.nt. 
reiving  th.  .it.rn.tlv.  Instruction  .xhlblt*  a  .lgnlf  lcntly  gr..t.r  <p<.01) 
«„d.r.t.nding  of  pl.c.  v.lu.  conc.pt.  th.n  did  th.  othr  group  of  .tud.nt..  Thi. 
p.tt.rn  continue  ov.r  .11  thr~  y.r.  .nd,  in  f.ct,  th.  dlff.r.nc.  firly 
constant  ov.r  ti— . 

Pl,ur.  2  lllu.tr.t..  th.  r..ult.  on  th.  nonln.truct.*  eo.put.tlon  It-.,  only 
th.  r..ult.  of  th.  flr.t  t..t  .r.  Inelud.d  for  Or.d.  3  ..  .11  eo.put.tlon  lt«. 
b.c—  Instruct*  cc.put.tlon  by  th.  .nd  of  th.  .ehool  y.«r.    Th.  ..eond  ....—nt 

in  Or.d.  1  ««.  9tv.n  .ft.r  .  pl.c  v.lu.  unit.    Th.  .tud.nt.  In  th.  .lt.rn.tlv. 
l„.truetlon  el...roo«.  .pp.r.ntly  u«d  th.lr  n-  und.r.t.ndln,  of  pl.e.  v.lu.  to  . 
•  ignlflcntly  cr.«t.r  .nt.nt  ((K.OS)  to  lner....  th.lr  p.rfor».ne.  on  th. 

ec.put.tlon  It-..    For  M«pU,  on  .n  It-  .ueh  ..  27  ♦  30,  th.  .tud.nt.  ~y  h.v. 
thought  .bout  vh.t  h.PP.n.  wh.n  thr-  t.n.  .r.  .dd.d  to  .  glvn  quantity.  Thl. 
dlff.r.ne.  (JX.01)  contlnu*  on  th.  third  .....—nt  of  th.  flr.t  grate.    »t  thl. 

tl-.  th.  nonln.truct*  it-a  wr.  tho..  th.t  r*julr.d  grouping,  .  topic  not 
dl.cu.«a  in  .ny  of  th.  el-.ro-..    One.  .g.ln,  th.  .tud.nt.  in  th.  .lt.rn.tiv. 
ln.truetlon  el...roc  .pp.r.ntly  wr.  u.lng  th.lr  pi—  v.lu.  und.r.t.ndlng.  to 
rt.pt  th.lr  ln.truet.d  proe.dur..  to  .cco-od.t«  thl.  n~  typ.  of  probl...  Tor 
..-pi..  on.-third  of  th...  .tud.nt.  eorr.etly  .olv.d  th.  probl-  38  ♦  24  ..  oPPo..d 

to  12%  of  th.  .tud.ntc  in  th.  t.Ktbook  b..«l  el......    Th.  ~.t  fr.qu.nt  r..pon.. 

,39%,  of  th.  .tud.nt.  in  th.  t.xtbook  b...d  el.....  to    thl.  probl-  v..  512,  only  2 

of  th.  153  .tud.nt.  in  th.  .lt.rn.tlv.  ln.truetlon  el.....  g.v.  thl.  r..pon... 

nppar-tly  th.  .tud.nt.  In  th.  .lt.rn.tlv.  ln.truetlon  el—  r.cognlz.d  th.t  .  3- 
diglt  r..pon..  w.  ln.pproprl.t.  vh.n  coining  38  .nd  24,  .  po..lbl.  r..ult  of 
th.lr  ,r..t.r  pl.e.  v.lu.  und.r.t.ndlng..    »  .i-ll.r  dlff.r.ne.  (jx.05,  oeeurr.d  on 
th.  ..eond  *nt  In  Or.d.  2,  thl.  ......**nt  .l.o  oeeurr.d  .ft.r  th.  .tud.nt. 

h.d  co.pl.twl  .  pl.e.  v.lu.  unit. 

Th.  r..ult.  on  th.  Story  Probl-  It—  «r.  lllu.tr.fd  on  rigur.  3.  M 
d..crlb.d  ..rll.r,  th.  .tory  .Itu.tlon.  .11  Involv.d  »«b.r.  th.  .tud.nt.  h.d 
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bsan  using  in  class  snd  ths  computation  did  not  raquirs  sny  ragrouplnga.  Ths 


aora  oftsn  to  thsss  problsas  st  ths  snd  of  Crsds  2  snd  throughout  Orsds  3  thsn  did 
ths  studsnts  in  ths  tsxtbook  bsssd  clsssss. 


Ths  instruction  dsscribsd  in  this  study  is  ons  of  many  approschss  to  sssist 
studsnts  in  undaratanding  aathsaatlca.    Ths  rssults  indicsts  thst  instruction  thst 
supports  studsnts'  sf forts  in  asking  connsctions  bstwssn  diffsrsnt  foraa  of 
rsprsssntstions,  snd  ths  aharlng  of  thsir  solution  atratsglss,  csn  provs  to  bs 
bsnsficisl.    Although  ths  studsnts  in  thsss  clsssrooms  solvsd  fswsr  problssis  thsn 
thoss  in  ths  tsxtbook  bsssd  clsssrooms,  coapstsncy  on  ths  instructsd  coaputstion  did 
not  suffsr  snd,  in  fsct,  thsy  frsqusntly  psrforasd  st  s  signif icsntly  highsr  lsvsl. 
ons  night  spsculsts  thst  ths  sdditionsl  tins  spsnt  on  ssch  problsa  had  lsd  studsnts 
to  rsflsct  on  thsir  actions,  s  rsflsction  thst  sssistsd  ths  studsnts  in  solving 
noninstructsd  problems. 
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NONINSTRUCTED  COMPUTATION 


oJ — ,  1  r  1  1  1  r 

1    3    3    3    3    3  3 


Fiturt  2 


ERIC 


273 

285 


STORY  PROBLEMS 


Volume  1 


What  is  the  meaning  of  1234five?  Preservke  teachers'  interpretations, 

Rina  Zazkis,  Simon  Frascr  University 

This  studv  investigates  preservice  teachers'  concepts  of  place  value,  multidigit  number 

^^S^X^^M  using  representation  «/^? 

Based  on  the  analysis  of  twenty  clinical  interviewes,  we  describe  students  construction 

tfnvn IcTmTnuVber  and  speculate  on  their  understanding  of  the  decimal  number 

system. 

The  general  concept  this  study  investigates  is  the  concept  of  place  value,  emphasizing  the  place 
value  in  a  fractional  part  of  a  rational  number.  More  specific  concept  is  a  non-integer  number 
"presented  in  bases  other  man  ten.  These  numbers,  such  as  12.34f.ve  or  46.2W  are  referred  o  as 
■non-decimals-.  Various  researchers  ([e.g.  [9].[12])  have  pointed  out  that  a  correct  algorithmic 
«rformance  in  a  given  domain  doesn't  necessarily  indicate  students'  conceptual  understanding. 
The™  assuming  teacher's  ability  to  manipulate  correctly  decimal  rational  numbers,  we  asked  them 
to  make  sense  of  -non-decimal,"  by  performing  addition  and  subtraction  with  these  numbers  and  also  by 
Converting  Tern  to  base  ten  representation.  The*  non-standard  tasks  helped  to  elirmnate  the  poss.b.h  y 
Tsmden^oTe  learned  patterns  and  assisted  in  focusing  on  place  value.  From  students'  efforts  to 
ierpre,  non-decimals  weTearned  about  their  concepts  of  rational  numbers  and  multidig,,  structure  m 

baS<l£nThe  conventional  way  of  converting  12.35f,Ve  to  base  ten  is  to  use  the  following  expanded 
notation:  12.34r.ve  =  1  x  5  +  2  x  1  +  3  x  1/5  +  4  x  1/25  =  7  g  =  7.76^. 

Zazkis  &  Khoury-  ([13])  provided  a  detailed  analysis  of  the  domain  of  non-decimals.  They  also 
categorized  student's  problem  solving  strategies  and  possible  errors  or  misconceptions  in  interpreting 
non-decimals.  The  current  study  is  based  on  the  analysis  of  clirucal  mtcrviews  and  ,t  attempts  to  prov.de 
a  conceptual  framework  for  student's  mental  constructions  in  this  doma.n. 

Theory 

^SSfSS,c  ,s  a  construct,,,,  approach,  based  on  the  ideas  of  The 
particular  interpretation  of  constructivism  used  in  th„  study  .s  the  adaptation  of  a  construct,. st 
ELtivetoThe  action-process-objec,  deve.opmental  framework  ([5])  Dubinsky  d.scusscs  the 
-2£p  occ-objec,  theoreuca.  perspective  as  an  adaptation  of  ideas  of  Piagetto  the  stud.es  o 
^^mathematical  thinking.  Previously  ,«  was  used  in  me.stud.es  of  undergraduate  mathemauc 
topic,  hke  calculus  and  abstract  algebra,  (e.g.  [2],  [3],  [6])  We  suggest  that  tins  theoretical  perspective  i, 
appropnate  for  the  d.scuss.on  of  mathematical  knowledge  development  in  general  no,  necessan.y  of 
what  is  considered  to  be  -advanced".  One  of  the  goals  of  ,h.s  study  was  to  examine  this  claun. 

The  essence  of  the  theoretical  perspective  developed  by  Dubinsky  .s  that  an  individual, 
d,scqu.libratcd  by  a  perceived  problem  situation  .n  a  part.cular  social  context,  will  attempt  to 
rccqu.I.brate  by  assimilating  the  situation  to  existing  schema,  ava.lable  to  her  or  torn  or.  .f  ncccary,  to 
reconstruct  those  schema,  at  a  higher  level  of  sophuticatron.  The  constructs,  wh.ch  may  intervene  are 
mainly  of  three  kinds    actions,  processes,  and  objects. 

An  action  i,  any  repeatable  physical  or  mental  manipulation  that  transforms  object,  in  some 
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way.  When  the  total  action  can  take  place  entirely  in  the  mind  of  an  individual,  or  just  be  imagined  as 
taking  place,  without  necessarily  running  through  all  of  the  specific  steps,  we  say  that  the  action  has 
been  interiorized  to  become  a  process.  New  processes  cui  also  be  constructed  by  inverting  or 
coordinating  existing  processes.  When  it  becomes  possible  for  a  process  to  be  transformed  by  some 
action,  then  we  say  that  it  has  been  encapsulated  to  become  an  object. 

As  an  example  of  a  not-so-advanced  mathematical  concept,  we  consider  the  number  5  and 
describe  the  development  of  this  concept  using  acuon-proccss-objcct  framework.  In  the  beginning  of 
number  acquisition  the  number  5  is  identified  with  the  counting  of  five  attributes  ([10]).  A  young  learner 
has  to  touch  the  things  counted  to  build  a  one-to-one  correspondence  between  the  number  of  attributes 
and  the  counting  sequence.  At  this  level  the  number  5  is  an  action  for  the  learner.  Later,  when  the 
learner  can  count  a  group  of  five  in  her  or  his  mind,  or  recognize  a  group  of  five  ,  we  would  say  that  the 
number  5  has  been  interionzed  to  become  a  process.  When  a  learner  is  able  apply  an  action  to  the 
number  5,  such  as  adding  it  to  another  number,  we  say  that  number  5  has  been  encapsulated  to  become 
anobje  . 

In  many  mathematical  situations  it  is  essential  to  be  able  to  shift  from  an  object  back  to  a 
process.  One  of  the  tenets  of  the  theory  is  that  tnir  can  only  be  done  by  de  encapsulating  the  object,  that 
is,  to  go  back  to  the  process  which  was  encapsulated  in  order  to  construct  the  object  in  the  first  place.  In 
our  example  de -encapsulating  of  the  object  of  number  5  may  take  place  when  the  learner  is  asked  to 
compare  number  five  with  number  six.  In  this  case  the  learner  may  go  back  to  the  process  of  counting  to 
discover  that  number  S  is  reached  in  the  counting  sequence  before  the  number  6,  therefore  it  is  smaller. 
The  concept  of  de -encapsulation  plays  a  major  role  m  the  analysis  of  our  data. 


Subjects.  Twenty  prc-scrvice  elementary  school  teachers  in  the  last  year  of  their  teacher 
preparation  program  participated  in  the  study.  The  topic  of  number  representations  in  different  bases 
was  revisited  during  their  "methods"  class.  However,  the  idea  of  extending  othcr-than-ten  base 
representation  to  the  fractional  part  of  the  number  was  not  introduced  prior  to  the  administration  of  the 
interviews. 

Instru:  int .  In  a  clinical  interview  setting  students  were  presented  with  two  different  types  of 
problems.  In  uc  first  type  of  problems  the  students  were  asked  to  perform  addition  and  subtraction  with 
non-decimals.  In  the  second  type  of  problems  the  students  were  asked  to  convert  non-decimals  to  base 
ten.  During  each  interview,  that  lasted  about  one  hour,  participants  were  prompted  where  appropriate 
for  understanding,  that  might  not  have  been  apparent  from  their  initial  response.  Clarification  and 
probing  questions  were  asked,  additional  tasks  were  offered  where  necessary,  to  establish  or  to  confirm 
ihc  strategy  used  by  a  student  The  interviews  were  transcribed  and  categorized  in  terms  of  different 
questions,  their  difficulty,  and  repeating  error  patterns  used  by  students.  The  action- process-object 
theoretical  perspective  was  used  to  analyze  the  interviews  for  ways  in  which  the  students  appeared  to 
think  about  the  specific  topics. 

Results 

All  the  participants  passed  a  screening  assessment,  that  is,  they  were  able  to  perform  correctly  on 
tasks  of  conversion  from  various  bases  to  base  ten  and  addition/subtraction  with  integers,  represented  in 
bases  other  than  ten.  With  non-integer  numbers  the  situation  was  different.  Sixteen  out  of  twent) 
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Mfli.„nlt        able  t0  perfonn  addition/subtraction  correctly  using  different  reasoning  strategies, 
subtraction  aren't  discussed  here  due  to  space  allotanon. 

f?mTSK  Perform  conversion  Ann  used  the  expanded  notation  method,  similar  to  the  above 
moJ^ZSESi  This  method  wa,  used  by  9  ou,  of  10  c^ec  Uy  perfonnmg  student. 
Linda's  conversion  of  1.23  in  base  four  below  was  untque  .n  this  sample. 

t    >        r.  .*.,.»»«.  vm  iuct  usine  this  decimal  point  to  divide  each  number 

For  Unda.  the  fractional  part  of  tire  number  .23  in  base  four  m^ns  23/.C»  where  1^  23  and 
.00  are  bL  four  numbers.  Therefore  23four/100four  is  interpreted  as  a  fracfon  11/16.  Unlike  Ann  and 
ly  oTJZc -sign  place  value  to  every  digit  and  work  w.th  expanded  nout.on  of  tire  number. 
Unda  treats  the  fractional  part  as  one  conceptual  entity. 

^^ovinrth^df^■mal|^in.er^panem  manipula,ion  was  provided.  Joan 

tHedto^.^ 

by  decimal:  the  decimal  point  "is  moved"  in  orier  to  work  with  mtegcrs. 
WeUrmmultiplying.  Like. 

(pause)  Whoa!  not  a  nice  question. 
,„  nMer  to  convert  3  25six  to  base  ten  Joan  moved  the  "decimal"  point  two  places  to  the  right, 
thenshlc^ 

i,  two  places  to  the  left  to  get  the  result  of  1.25.  She  wasn't  sure  in  what  she  d.d.  but  .t  was  onl> 
way  (she)  could  think  of 

^SSnefa  strategy  that  was  referred  toby  Zarias  ^0.3.)  -  J 
Rather  than  assigmng  place  value  to  -J**"^^ 
fractional  part  as  one  entity  and  assigns  to  it  the  place  value  01  me 
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0.12four  is  interpreted  as  12/16  (in  base  ten) .  The  name  "reading  bug"  refers  to  the  reading  rules  for 
decimals:  saying  "twenty-three  hundredths*  brings  to  rainJ  23/100,  rather  than  2/10  and  3/100.  The 
equality  between  the  two  expressions  was  misinterpreted  when  applied  to  other-than-ten  bases. 

Interviewer:   How  about  converting  3.12  base  4  into  bat  e  10? 

Michelle:  Umm,  yeah  sort  of,  the  fractions  kind  cf  stump  me.  Okay,  so  this  is  basically 
12/100ths,  so  oh  it  isn't  12/100ths,  its  12/16ths,  its  3  units,  so  its  3  ones,  its 
12/!6ths 

Interviewer:   How  about  something  like  4.34  in  base  5  convert  that  to  base  10. 

Michelle:      See,  I  think  that  1  could  see  this  better  if  I  actually  urn,  okay  this  is  groups,  this  is 

34/25,  no,  that  can't  be  right,  because  its  more  than  a  whole.  Yeah,  you  can't 

have  that,  that's  wrong. 

Michelle  later  adjusted  her  strategy  to  take  care  of  cases  where  numerator  appeared  to  be  bigger 
than  denomenator. 

Common  fraction  substitution  error  pattern 

Marina  used  a  pattern  identified  in  the  previous  research  as  "common  fraction  substitution" .  She 
interpreted  the  place  values  in  the  fractional  part  of  non-decimal  as  1/4  and  1/40  or  1/6  and  1/60  for 
bases  four  and  six  respectively. 

Interviewer:   Alright,  where  did  you  get  the  numbers  3l4ths  and  2140s  from? 

Marina:  Well  because  the  4  is  the  reverse  of  this  one,  because  the  place  value  goes  like 
this,  the  place  value  goes  1,  like  in  10ls,  it  goes  1's,  10s,  100s  or  10  squared  and 
then  here  on  the  other  side  of  the  place  value  it  would  go,  urn  l/10th.  If  100th,  so 
that's  why  1  was  thinking  of  that  but  1  get  confused  when  1  try  and  convert  it  into 
4ths. 

Interviewer:   And  if  you  had  a  number  .452  in  base  6?  What  is  your  first  reaction  to  that? 
Marina:        That  would  be,  that  would  be  also  the  reverse,  that  would  be  4/6,  5/60ths  and 
2/600ths. 

Conversion  -  what  comes  after  assigning  place  values? 

It  seemed  to  us  that  what  was  left  in  the  conversion  task  after  assigning  place  values  to  digits, 
was  just  a  matter  of  simple  arithmetic.  Marina  and  Jill  convinced  us  that  the  issue  isn't  that  simple.  Not 
that  they  failed  in  "simple  arithmetic",  they  just  had  difficulty  to  decide  what  arithmetic  had  to  take 
place.  Marina  fett  stuck  after  assigning  place  values  to  the  digits  of  number  1.32 four  and  didn't  know 
how  to  proceed  with  the  task.  Jill  assigned  correctly  place  values,  but  didn't  look  at  the  sum  of  the 
products.  Instead,  she  tried  to  estimate  the  number 

Interpretations  and  DUcuaalon 

According  to  our  theoretical  perspective,  students'  ability  to  perform  addition/subtraction  with 
non -decimals  indicated  that  they  treated  these  numbers  as  objects,  since  they  were  able  to  perform 
actions  on  them.  The  conversion  task  requires  students  to  move  from  an  object  back  to  a  process,  which 
is  done,  according  to  the  theory,  by  de -encapsulating  the  object  The  objects  (rational  numbers)  that 
had  to  be  de-encapsulated  by  the  interviewees  were  constructed  long  time  ago  and  probably  over  a  long 
period  of  time.  How  difficult  or  how  natural  ts  the  de-encapsulation  in  this  case?  Dubinsky  ([5]) 
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-  ■„  ****** -—-KSSS 

numbers  values  of  'tens  arrf  ones  .  This  ^uence  s  ™™  onWhen  the  learners  are 

directions,  that  is.  -     ~     j        in-l  in-2  1(>-3...  . 

process  of  fundamental  sequence  in  any  given  ^^^"J,  ™.f£3 
^C^inaSS 

as  a  sum  2/5  +  3/25.  Coordinating  Linda's  process  leads  to  expressing  0.23flve  as  23five/100r,ve,  »i»cn 
is  13/25.  We  summarize  those  constructions  in  Figure  1. 

students  using  the  reading  bug  interpreted  this  number  as  23.cn/100nve.  The  common  irac 
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substitution  error  pattern  results  from  construction  the  fundamental  sequence  of  place  values  in  base  five 
as  1/5. 1/50. 1/500  etc..  This  happens  when  a  process  of  1/10. 1/100. 1/1000  is  constructed  by  "adding 
zeros",  as  Marina  stated,  rather  than  dividing  by  ten  or  multiplying  the  denominator  by  10.  This  also 
may  happen  when  the  learner  acknowledges  multiplication  by  ten.  but  doesn't  focus  on  the  essence  of 
ten  as  a  base  and  treats  it  as  a  constant  value  to  generate  sequences  for  other  bases. 

The  understanding  of  a  multidigit  structure  requires  more  than  the  understanding  of  place  value 
([1]).  H  requires  an  understanding  that  the  multidigit  number  is  a  sum  of  the  products  of  its  digits  .  so 
called  "face  values",  by  place  values.  Even  though  assigning  place  values  is  the  essence  of  the 
conversion  task,  it  is  insufficient  to  solve  the  problem  .  \i  may  be  the  case  that  for  Marina,  for  example, 
the  object  of  0.23  is  de-encapsulated  as  "two  tenths  and  three  hundredths",  where  "and"  means 
concatenation,  writing  values  sided  by  side,  but  not  addition.  This  may  explain  why  Marina  couldn't 
proceed  in  the  task  of  conversion  beyond  assigning  place  values. 


Object  Decimal  number 


0.23- 


Prooeii-  Decimal  number 


JL 

100 

Proem:  Fundamental  sequence  for  bat  5 


125.25.5.1.1/5.1/25.1/125.. 


Process:  Non-decimal  number 


_  13»i 
lOOfive   "  25*7 


Obj-ct  Non- decimal  number 


0.23n, 


Figure  1 

Construction  of  non -decimal  number 


Conclusion. 

Evidently,  from  the  students'  constructions  of  the  fundamental  sequences  in  other  bases,  as  well 
as  from  their  de-encapsulation  of  fractional  decimal  numbers,  we  learn  about  the  deficiencies  in  and  the 
development  of  their  understanding  of  base  ten  system.  Th:  results  suggest  that  preservice  teacher's 
understanding  of  place  value  number  system  is  fragile  and  incomplete.  This  partial  understanding 
doesn't  interfere  with  the  teachers'  correct  algorithmic  performance,  but  may  result  in  incomplete 
constructions  in  the  minds  of  young  learners.  We  believe  with  Steffe  ((111)  and  many  others  that  the 
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.  rs  n,„h,matics  education  in  our  schools  sum  with  the  improvement  of  mathematical 
improvement  of  [  ^  of  system  arithmetic.  We  believe  that  the 

^^^wS^s^n  in^dyhigh.igh^ssih.e pitfalls  and  conceptual 

a,ey  do  no,  have  an  adequate  understating  of  mulud,  g«  numeral  '^J^  understanding  of 

algorithms.  ^^^^^J^ZS^  aritnTctic  to  reinforce  the 
multidigtt  numerals.  D.enes  ((4]  »dvoc«tea  it  ^  college  level, 

understanding  of  base  ten  pos.uonal  system.  We  f.nd  renewed  n  ^  encourages  a 

for  education  of  presence  "f^"^  to  improve  students' 

new  instructional  approach  ^  teachmg  1   nand  FreudenUll  m,  arguing  with 

understanding  of  the  mathemaucs  involved.°"  ™  ^med  thkt 'if  compared  with  mathematics 
"innovators'. ^ho  -like  to  do  structures  on  other  toes    lamed  that  .       P  unorthodox 

resulting  from  pondering  more jpjjfo-jj  JJ^lJSTi^i-  bases  for 

rrrrrdn^ 

this  topic. 

•     ,  R  B  AsKock,  Erro^^ 

OH,  fifth  ed.t  1990.  .     .  p  Computer  experiences  in  learning  composition  of 

7  h^SSTS*"*.!  '  »»•       D<*d"""' ™ 

«T"iS«"'i--»'-~i'«'^oi,''*™"'*"""'"°"ir"''' 

Mathematics,  7:3, 1987, 33-40.  Rmitledae  and  Kcaan,  London.  1952. 

10  J.  Piaget,  The  Child's  Conception  Davis,  Carolyn  A.  Maher,  Nel 
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The  objectives  of  this  research  wereto  determine  if  there  were  patterns  to  elementary  teachers' 
development  of  statisticalideas.  Centerof  the  data  and  typical  of  the  datawere, he  two  concepts  studied. 
Comparisonsof  teachers' responses  before  and  after  instruction  were  made, o  determine  areas  of  fixation 
and  ideas  about  measures  of  center.  Before  Instruction  teachers  tended  to  fixate  on  large  graphtcal 
features  After  instruction  teachersfocused  on  measures  of  center,  particularly, he  median.  ,o  explain 
,heir  ideas  of  center,  rather  than  graphical  features.  More  teachersfocused  on  data  intervals  after 
auction  to  explain  typical  in  the  histogram,  but  these  ideas  were  not  sable  over  the  two  graphs.  We 
conjecture  thatfixations  andstabiUty  aretwo  factors  in  determiningthe  statistical  conceptual  development 
of  elementary  teachers. 

BACKGROUND 

Principles  of  constructivism  that  reflect  the  theories  of  Piaget,  von  Glasersfeld,  and  Vygotsky 
fom^thethecceticalfran^^  & Noddings.  1990).  THese  perspectives 

assume  that  knowledge  is  constructedby  the  individual.  During  construction,  previous  consmxtaons-e 
accessed  to  restructure  schema  based  on  the  need  to  adapt  to  the  environment  The  stability  of  the 
consuuctions  across  different  contexts,  such  as  different  graphical  representations,  is  another  uupomn. 
factor  in  cognitive  development  (Clough  &  Driver,  1986;  Garcia,  1991). 

Graphical  representations  of  data  are  central  to  statistical  investigations,  and  therefore,  play  an 
important  role  in  the  development  of  statistics  concepts  using  different  contexts.  Fixations  or  centra*** 
were  described  errorscaused  by  centering  predominantly  on  largerelemcnts  in  graphs  or  other  .mages 
(Clement  1989;  Bell,  Brelcke.  &  Swann.  1987;  Inhelder*  Piaget,  1964).  Berenson.  Friel,  and  Bngh, 
(1993)  determined  that  before  instruction,  many  elemenury  teachers  tended  to  fixate  on  gross  features  of 
graphs  to  explain  their  ideas  about  center,  typical,  and  prediction.  Tnese  fixations  produced  a  vanety  of 
alternative  conceptions  that  were  not  always  stable  across  contexts. 
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Russell  et  al.  (1990)  found  that  elementary  and  middle  grades  teachers  tended  to  define  average  or 
typical  as  the  arithmetic  mean.  There  have  been  few  other  investigations  of  elementary  teachers'  and 
students*  concepts  of  other  measures  of  center  (Bright  *  Hoefmcr,  1993;  Shaughnessy,  1992). 

We  used  the  theories  of  constructivism,  including  the  notion  of  stability  of  concepts  over  different 
contexts,  as  the  platform  for  this  study.  The  purpose  was  to  investigate  areas  of  fixations,  and  the  ideas 
about  measures  of  center  that  elementary  teachers  used  when  explaining  center  and  typical  of  the-data. 
The  stability  of  ideas  across  different  contexts  was  considered  beforeand  after  instruction  to  determine  if 
there  were  patterns  in  the  development  of  these  ideas. 

METHODOLOGY 

The  state-wide  sample  consisted"  of  55  elementary  teachers  selected  to  participate  in  an  extended 
professional  development  project.  Teachers  were  given  an  open-ended,  paper  and  pencil  instrument 
(Berenson  &  Bright,  1992)  two  months  before  a  three-week,  residential  workshop,  and  at  the  end  of  that 
workshop.  The  workshop  presented  many  different  data  analysis  activities,  involving  the  teachers  in 
posing  questions,  collecting  data,  analyzing  data,  and  interpreting  data  (Friel,  1993).  Center  and  typical 
were  concepts  embedded  in  workshop  activities  associated  with  analyzing  data. 

These  data  were  analyzed  to  understand  the  fixations,  the  alternative  conceptions,  and  the  stability  of 
the  concepts  when  interpretinga  line  plot  and  a  histogram.  Answers  and  explanations  were  grouped  into 
13  categories  (See  Tables  1  and  2).  The  first  eight  categories  related  to  areas  of  fixation  on  large  elements 
of  the  graphs  such  as:  range,  horizontal  scale,  mode(s),  vertical  scale,  data  intervals  or  concentrations, 
absenceofdata,numberofcoIumns,  and  sample  size.  The  next  three  categories  were  the  mean,  median, 
and  combinations  of  mean,  median,  and  mode.  Two  additional  categories  were  added  for  missing  and 
other^artial  responses.  Other  responses  included  a  combination  of  two  fixations  and/or  concepts,  and 
ideas  that  could  not  be  categorized.  Partial  responses  were  those  where  a  number  was  given,  but  no 
explanation  as  to  how  that  number  was  obtained.  Posttest  results  are  compared  to  pretest  results  in 
Tables  1  and  2. 

RESULTS 

Center  or  Mfflle  of  tfrc  Pita 

The  line  plot  represented  the  number  of  raisins  found  in  30  boxes;  the  a  horizontal  scale  was  26  - 
40,  and  the  range  was  28  -  40.  The  modes  were  28  and  35,  the  mean  was  32.3,  and  the  median  was  3 1. 

After  instruction,  44  teachers  found  the  median  to  determine  the  center  of  the  data  in  the  line  plot. 
Several  strategies  were  u*d  to  find  the  median:  halving  the  sample  size  (the  15th  data  point),  working 
from  both  sides  of  the  data  to  balance  or  create  two  equal  groups  of  data  points  ( 1 5  data  points  on  either 
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side),  and  "betweeness"  (between  the  15th  and  16th  data  points).  Two  teachers  used  combinations  of 
measures  of  center.  On  the  pretest,  areas  of  fixation  were:  range,  horizontal  scale,  modes,  data  intervals 
absence  of  data,  and  number  of  columns.  On  the  posttest  a  few  teachers  remained  focused  on  the  scale, 
range,  or  the  absence  data.  Results  are  shown  in  Table  1  ■ 

The  histogram  was  a  biroodal,  normal  distribution  of  lengths  of  24  cats  with  a  horizontal  scale  in 
inches  from  10  -  40,  and  the  range  from  i  C  -  36.  The  vertical  scale  of  0  -  5  was  labeled  "count."  Hie 
mean  was  29.8,  the  median  was  30,  and  the  modes  were  30  and  32. 

After  instruction,  there  were  3 1  teachers  who  identified  the  center  of  the  data  as  the  median  in  the 
histogram  with  similar  strategies  used  in  the  line  plot  Two  teachers  identified  the  mean  as  the  center  of 
the  data  and  7  teachers  used  combinations  of  mean,  median,  and  mode  to  define  "center."  Fixation  on  the 
range,  modes,  or  a  variety  of  data  intervals  were  noted  in  the  histogram  for  the  remaining  teachers.  On  the 
pretest  teachers  fixated  on  the  horizontal  or  vertical  scales,  range,  modes,  data  intervals,  absence  of  data, 
and  sample  size. 

TaNe  1 .  Changes  in  Teachers'  Fixations  and  Concepts  of  Center  or  Middle  of  the  Data 

Alternative  Conceptions  LiPCPlot  !fiawimsw,t»c. 

anq*  Fixations  Ettica  EfiStttSi         EKtCSi  EflSlttSl 


Fixations.  , 
♦  Range  12  1  10  6 

.  H(vi?Mtil  Scale  9  4  7  0 


►  Modes 


2  0  3  1 


♦Vertical  Scale  0  0  3  0 
(most  frequent  frequency) 

♦  Data  Intervals  3  0  4  5 
(concentration  of  data)  _  n 
♦Absence  of  Data  3  2  0  0 
♦Number  of  Columns  1  0  0  0 

♦  Sample  Size  (eg.  n=24)  n/a  n/a  3  0 
Statistics.^  .  ,  - 

♦Mean  1  >  ,J  * 

♦  Median  13  44  12  M 

♦  Combinations:  Median, 

and/or  Mean  and/or  Modes  0  2  1/ 

Incomplctions.  n  A 

♦  No  Response  6  9  2? 
•Other/Partial  5  ' 


n-SS 


In  summary,  afterinstruction  it  appeared  that  fixation  on  large  graphical  features  in  both  the  line  plot 
and  the  histogram  decreased  while  the  instances  of  statistical  concepts  increased.  Also,  there  was  a 
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decrease  and  less  variability  in  the  number  of  alternative  conceptions  after  the  workshop.  A  few  teachers 
extended  thefc  conceptions  to  include  combinations  of  measures  of  center.  The  number  of  strategies  to 
find  the  "median"  is  of  interest 

Typical"  was  a  term  used  by  Russell  et  al.  (1990)  in  conjunction  with  average.  Friel  and  Joyner 
(1993)  further  described  the  search  for  a  replacement  of  the  word  "average4'  to  use  with  elementary 
teachers  and  students.  An  open-ended  term  was  needed  to  capture  ideas  of  center  and  the  term,  "typical" 
was  sufficiently  interesting  and  ambiguous,  and  controversial  for  this  investigation. 

The  line  plot  contained  two  questions  concerning  typical: 

1.  Some  teachers  thought  that  tU  typical  number  of  raisins  in  abox  was  the  middle  of  the  data.  Do 
you  agree?  Explain. 

2.  Other  teachers  thought  that  the  most  frequent  number  was  the  typical  number  of  raisins  in  a  box. 
Do  you  agree?  Explain. 

Teachers  were  asked  to  simply  identify  the  typical  cat  in  the  histogram  and  to  explain  their  answer. 

On  the  posttest,  responses  to  the  above  question  1  were:  15  teachers  selected  the  mean,  4  selected 
the  median  as  typical,  and  1  teachers  determined  that  typical  was  either  the  mean  or  the  median  in  the  line 
plot.  The  remaining  teachers  fixated  on  modes,  a  wide  variety  of  data  intervals,  and  the  absence  of  data 
points  in  question  1.  See  Table  2. 

After  examining  the  answers  on  the  posttest  to  question  2,  it  was  noted  that  after  instruction  some 
teachers  remained  fixated  on  the  two  modes  (n  *  10)  or  the  absence  of  concentrated  data  points  (n  =  7)  to 
explain  why  they  disagreed  that  the  modes  were  typical  (refer  to  question  2).  These  ideas  are  represented 
separately  in  Table  2,  together  with  those  who  thought  that  the  modes  (n  *  8)  or  data  intervals  (n  «  11) 
were  typical.  Nine  teachers  selected  either  the  mean,  median,  or  combinations  of  statistics  to  describe 
typical  in  question  2. 

In  the  histogram  19  teachtrs  selected  either  the  -oedian  or  mean  or  combinations  of  mean,  median, 
and  mode  as  typical  on  the  post  .est.  Five  teachers  used  the  modes  as  typical  values  and  29  teachers 
selected  different  intervals  of  data  to  describe  typical.  Many  of  these  teachers  stated  incorrectly  that  the 
majority  of  cats  fell  within  their  intervals,  or  did  not  balance  the  intervals  around  30.  Fixations  on  the 
pretest  were  range,  horizontal  scale,  modes,  vertical  scale,  data  intervals,  and  sample  size. 

In  summary,  after  instruction  many  teachers  did  not  fixate  on  large  graphical  features  with  the 
exception  of  data  intervals  to  determine  typical.  The  wide  range  of  intervals  selected  and  the  apparent 
disconnectedness  with  measures  of  center  for  many  of  the  intervals  deserves  note. 
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Tabic  2.  Changes  in  Teachers*  Fixations  and  Concepts  of  Typical 
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Fixations. 

•  Range 

•  Horizontal  Scale 

•  Modes 

•  Two  Modes  not  Typical 

•  Vertical  Scale 

(most  frequent  frequency) 

•  Data  Intervals 
(concentration  of  data) 

•  Absence  of  Data  Intervals 
(therefore  not  typical) 

•  Absence  of  Data 

•  Number  of  Columns 

•  Sample  Size  (eg.  n«24) 
Statistics.^ 

•  Mean 

•  Median 

•  Combinations:  Median, 
and/or  Mean  and/or  Modes 

[ncompletions. 

•  No  Response 

•  Other/Partial 


n  =  55 


Stability 

Pretest  fixations  and  conceptions  were  examined  for  stability  over  the  two  graphical  representations 
for  center  and  typical.  The  majority  of  responses  on  the  pretest  indicated  fixations  on  large  graphical 
features  to  explain  ideas  of  center  and  typical.  However,  these  fixations  were  not  stable  over  the  two 
graphical  representations  on  the  pretest.  We  propose  that  teachers  may  have  been  in  the  process  of 
defixation  or  decentration  to  focus  on  different  parts  of  the  field  of  different  contexts  to  reduce  their 
errors. 

There  is  not  only  cemration,  there  is  dtnnirsiiuyn.  By  centering  on  different  parts  of  the 
field  successively,  the  subject  creates  a  situation  in  which  these  parts  affect  each  other 
reciprocally,  thus  reducing  the  errors  cause  by  centering  predominantly  on  the  iarger  elements 
(Gruber  it  Voneche,  1977.  p.  648). 
The  stability  of  responses  on  the  posttest  were  somewhat  different  for  the  two  concepts.  Recall  that  the 
median  statistic  was  used  by  more  teachers  to  explain  center,  and  data  interval  fixations  were  used  by 
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more  teachers  to  explain  typical.  More  stability  was  noted  for  the  concept  of  center,  and  less  stability  for 
the  concept  typical.  However,  the  following  combinations  were  noted  for  both  concepts  on  the  posttest: 
Statistic  a  St  statistic  a  -  the  same  statistic  was  associated  with  the  concept  in  both  representations. 
Statistic  a  St  statistic  b  •  different  statistics  were  associated  with  the  the  same  concept 
Fixation  a  St  fixation  a  -  the  same  fixation  was  associated  with  the  same  concept 
Fixation  a  St  statistics  a  -  a  fixation  and  a  statistic  were  associated  with  the  same  concept. 
Fixation  a  &  fixation  b  -  two  fixations  were  associated  with  the  same  concept 
More  research  is  needed  to  fully  understand  the  role  of  stability  in  concept  formation.  The  number  of 
different  contexts  presented  for  investigation  may  be  a  consideration.  Additionally,  interviews  will 
provide  more  detailed  information  for  understanding  the  complexities  of  development  in  teachers' 
statistical  thinking. 


In  the  coming  years,  there  will  be  a  greater  need  to  teach  statistical  concepts  and  graphical 
representations  of  data  to  prcservice  and  inservice  teachers.  The  variability  of  fixations  and  conceptions 
have  implications  for  the  content  and  pedagogy  of  professional  development  Further  research  ctn 
ask  questions  concerning  how  to  link  the  fixations  and  conceptions  to  build  stable  constructions.  What 
activities,  problems,  graphical  representations,  and  sequence  of  curriculum  affect  construction?  Arc 
there  additional  alternative  conceptions  created  by  these  interventions  that  may  block  more  complex 
construction?  Do  children's  constructions  parallel  those  of  their  teachers? 

Data  and  its  analyses  are  pervasive  in  this  age  of  uncertain  information.  Mathematics  educators 
recognize  that  elementary  school  is  not  too  early  to  begin  construction  of  statistical  concepts.  The  results 
of  this  study  indicate  that  strong  professional  development  programs  are  needed  to  assist  elementary 
teachers  in  the  construction  of  stable  and  viable  statistical  schema. 
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This  study  examined  56  elementary  school  teachers'  knowledge  of  statistics  before  and  after  a 
three-week  statistics  workshop.  Content  knowledge  was  assessed  through  a  paper-and-pencil 
instrument  of  twelve,  oven-ended  statistics  questions;  responses  were  scored  holistically. 
Understanding  of  relationships  among  four  critical  statistics  concepts  (selected from  the  state 
curriculum)  was  assessed  through  analysis  of  concept  maps.  Performance  on  eleven  of  the 
statistics  questions  improved  significantly.  Teachers'  written  responses  improved  in  completeness 
and  clarity.  Teachers  included  more  of  the  four  concepts  in  their  second  concept  maps  and  showed 
more  relationships  among  the  four  concepts.  There  were  not  dramatic  increases,  however; 
concepts  were  stilled  viewed  mainly  as  independent.  Future  instruction  for  teachers  needs  to  deal 
more  explicitly  with  relationships  among  statistics  concepts. 

Since  1989  statistics  has  been  one  of  the  seven  strands  of  the  North  Carolina  Standard  Course  of 
Study  for  elementary  school  mathematics.  However,  the  statewide,  end-of-grade  tests  that  have  been 
given  have  included  so  few  items  on  statistics  that  teachers  have  not  felt  the  need  to  devote  significant 
amounts  of  instructional  time  to  teaching  the  statistics  strand.  New  tests  are  now  in  place  (beginning  in 
1992-93)  that  include  roughly  equal  representation  from  each  of  the  strands.  Teachers  will  have  to  begin 
to  teach  statistics  if  their  students  are  to  score  well  on  these  new  tests.  Unfortunately,  many  elementary 
school  teachers  have  little  background  in  statistics,  so  in  preparation  for  the  new  tests,  significant  in  service 
is  needed.  These  inservice  programs  should  be  informed  by  understanding  of  the  knowledge  of  statistics 
that  teachers  bring  to  the  inservice  programs.  This  research  was  a  beginning  attempt  to  develop 
understanding  of  teachers'  thinking  about  statistics,  both  before  and  after  an  inservice  intervention. 

Research  on  understanding  of  statistics  concepts  (as  opposed  to  probability)  has  almost  exclusively 
dealt  with  students  older  than  those  in  elementary  school  (e.g.,  Bright  &  Hoefrocr,  1993).  The  results 
suggest  that  inappropriate  use  of  statistics  concepts  and  processes  in  problem  solving  persists  well  into 
adulthood.  Very  little  attention  has  been  paid  to  the  knowledge  of  teachers  of  any  grade  level 
(Shaughnessy,  1992),  though  Mokros  and  Russell  (199!)  did  begin  to  identify  specific  strategies  that 
elementary  school  teachers  use  to  solve  statistics  problems  related  to  an  understanding  of  the  concept  of 
mean.  All  of  the  research  that  we  have  found  reports  understanding  of  individual  concepts  (e.g.,  mean)  or 
strategies  (e.g.,  balancing  data  around  the  mean).  None  of  the  research  focuses  on  teachers1  general  ideas 
about  statistics  content  or  their  understandings  of  relationships  among  statistics  concepts. 

Understanding  participants'  notions  of  relationships  was  critical,  since  the  content  of  statistics  for  this 
project  involves  statistics  as  a  process  of  investigation:  pose  a  question,  collect  data,  analyze  data,  and 
interpret  results.  The  parts  of  this  process  are  intended  to  be  viewed  as  an  interrelated  whole,  rather  than 
as  separate  steps.  It  was  important,  therefore,  to  know  if  participants  shared  this  view  of  statistics. 
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Procedure! 

Subject! 

This  study  is  part  of  •  larger  project  (TEACH-STAT,  funded  by  the  National  Science  Foundation)  to 
assist  elementary  teachers  develop  deeper  understanding  of  statistics  concepts  and  learn  instructional 
strategies  for  teaching  those  concepts  to  children.  Planning  for  the  inservice  program  was  carried  out 
during  1991-92,  and  the  first  group  of  teachers  participated  in  a  residential,  three-week  workshop  during 
July,  1992.  The  teachers  (N=56)  came  from  across  the  state  and  hud  been  selected  from  each  of  nine 
regions  because  of  their  enthusiasm  for  teaching  and  their  desire  to  learn  about  how  to  teach  statistics  more 
effectively.  Thus,  they  cannot  be  assumed  to  be  representative  of  the  "typical"  teacher.  However,  there  is 
no  evidence  in  the  background  information  that  we  collected  that  would  suggest  that  these  teachers  have 
any  more  mathematics  knowledge  (or  statistics  knowledge)  than  other  teachers. 
Instrumentation 

Two  data  gathering  techniques  were  used.  One  was  a  Content  Survey  developed  by  the  TEACH- 
STAT  central  project  staff,  with  input  from  the  faculty  site  coordinators.  The  Content  Survey  included 
twelve  open-ended  items: 

1-3.  Read  and  interpret  already  represented  data  in  a  histogram,  boxplots,  and  a  scatterplot 

4.  Make  a  representation  of  provided  data.  The  representation  involved  categorizing  the  data. 

5.  Describe  how  they  would  explain  measures  of  center  (mean,  median,  mode)  to  fifth  graders 
6-9.  Answer  questions  about  the  concept  of  mean 

10.  Answer  questions  about  what  is  "typical"  about  a  given  set  of  data 

1 1 .  Distinguish  between  sample  and  population 

1 2.  Answer  questions  about  the  concept  of  normal  curve 

The  second  technique  was  a  concept  map  of  the  concept,  statistics.  The  purpose  of  obtaining  concept 
maps  was  to  understand  how  participants  related  various  aspects  of  statistics. 
Procedures 

Teachers  at  each  site  met  with  the  site  coordinator  (local  university  mathematics  educator,  science 
educator,  or  statistician)  for  one  afternoon  during  late  spring  1992.  Part  of  the  time  at  this  meeting  was  . 
devoted  to  completion  of  the  untimed  Content  Survey;  response  times  ranged  from  20  to  45  minutes.  The 
Content  Survey  was  administered  a  second  time  in  summer  1992  (at  the  end  of  the  three-week  workshop 
on  statistics).  These  data  were  available  on  all  56  subjects. 

On  the  morning  of  the  first  day  of  the  summer  workshop,  concept  maps  were  explained  and 
instructions  for  making  concept  maps  were  provided.  Simple  illustrations  of  concept  maps  were  given  to 
illustrate  both  the  hierarchical  nature  of  a  concept  map  and  the  interconnections  that  could  be  drawn  among, 
concepts  across  the  various  levels  in  any  particular  map.  Correct  and  incorrect  ways  of  drawing 
components  of  concept  maps  were  identified  (e.g.,  all  connecting  lines  would  be  labeled  in  a  correctly 
drawn  concept  map),  though  it  was  repeatedly  emphasized  that  a  concept  map  as  a  whole  was  never 
viewed  as  right  or  wrong,  only  as  reflective  of  that  individual's  thinking  about  the  concepts.  Instructions 
for  drawing  a  concept  map  concluded  with  the  advice  that  a  list  of  concepts  might  first  be  organized 


according  to  groups  of  ideas  that  seemed  to  fit  together,  after  which  the  concept  map  could  be  drawn. 
Participants  were  asked  to  think  silently  about  the  concepts  that  came  to  mind  when  the  word,  statistics, 
was  mentioned  and  to  make  a  list  of  those  related  concepts.  Participants  were  asked  to  organize  their  list 
of  concepts  into  related  groups.  Then  they  were  asked  to  write  statistics  in  an  oval  at  the  top  of  a  blank 
page~ and  to  begin  work  on  drawing  the  concept  map.  About  35  minutes  was  allotted  for  construction  of 
concept  maps,  though  everyone  completed  their  maps  in  about  30  minutes. 

Concept  maps  were  gathered  again  in  February  1993  at  a  meeting  of  all  participants  and  site 
coordinators.  The  instructions  for  preparing  a  concept  map  were  repeated  before  participants  were  asked 
to  draw  their  maps.  Because  of  low  attendance  at  this  meeting,  only  32  pairs  of  concept  maps  were 
available  for  analysis. 
Analysis 

The  items  on  the  Content  Survey  were  scored  on  a  holistic  basis  on  a  scale  of  0-4;  0  indicated  that  there 
was  no  response;  1 ,  that  the  response  was  irrelevant;  2,  that  partial  understanding  displayed;  3,  that  almost 
complete  understanding  was  displayed;  and  4,  that  the  response  was  fully  acceptable.  The  scores  for 
individual  items  were  compared  across  the  two  administrations  with  t-tests. 

The  concept  maps  were  analyzed  in  terms  of  four  critical  concepts  in  the  state  curriculum  for  grades  K- 
6  as  identified  by  the  researchers:  graphing,  collection  of  data,  prediction,  and  measures  of  center.  Maps 
were  first  coded  according  to  whether  these  concepts  were  included  in  the  maps.  Then  relationships 
among  the  four  concepts  were  analyzed  by  categorizing  pairs  of  concepts  as  dependent  or  independent 
Concepts  were  classified  as  dependent  if  they  appeared  on  the  same  branch  of  the  map;  otherwise,  they 
were  classified  as  independent.  For  each  pair  of  concepts,  tallies  were  made  of  the  number  of  times  one 
concept  was  subordinate  to  the  other  and  the  number  of  times  the  concepts  were  independent. 


Content  Survey 

On  the  first  administration  of  the  Content  Survey,  there  was  a  wide  range  of  responses  to  each  of  the 
items.  For  questions  related  to  reading  histograms,  approximately  one-third  of  the  responses  reflected 
good  understanding  of  the  content  knowledge  being  assessed.  Teachers'  knowledge  with  regard  to 
interpreting  boxplots  and  scatter  plots  was  quite  limited.  Responses  to  questions  on  measures  of  center 
were  similarly  weak;  justifications  of  answers  were  often  contusing,  incomplete,  or  inaccurate.  Analysis 
of  responses  provides  insight  as  to  what  they  do  and  don't  know. 

On  the  second  administration,  the  variety  of  responses  was  not  so  great.  More  importantly,  however, 
there  were  noticeable  changes  in  the  clarity  of  explanations  offered  by  teachers,  in  part  evidenced  by 
greater  use  of  statistics  vocabulary. 

Comparison  of  the  scores  across  administrations  indicates  that  performance  improved  significantly  on 
all  items;  performance  was  significantly  better  at  the  .001  level  for  six  items,  at  the  .01  level  for  three 
items,  and  at  the  .05  level  for  two  items.  Only  one  item  (#9)  did  not  show  significant  improvement. 
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Concept  Maps 

Inclusion  of  critical  concents.  The  concept,  graphing,  was  subdivided  into  three  puts: 
graphs/graphing  only,  specification  of  specific  school  graphs  (i.e.,  bar,  pie,  circle,  line,  picture,  Venn 
diagram),  and  specification  of  specific  statistical  graphs  (i.e.,  histogram,  line  plot,  stem  and  leaf,  box  plot, 
scatterplot).  Inclusion  of  "graphs  only"  in  concept  maps  decreased  from  4 1%  to  22%  of  the  maps,  while 
inclusion  of  "school  graphs"  and  "statistical  graphs"  increased,  respectively,  from  47%  to  72%  and  rrom 
9%  to  78%  of  the  maps.  Clearly,  there  was  a  shift  away  from  consideration  of  graphs  in  general  to 
consideration  of  specific  graphical  representations. 

The  concept,  collection  of  data,  was  also  subdivided  into  three  parts:  surveying  (i.e.,  surveys,  polls, 
interviews,  rating  scales,  questionnaires),  counting  (i.e..  tally/count,  observation,  experiment, 
measurement,  investigation),  and  sampling  (i.e..  sampling,  population).  Inclusion  of  the  each  of  the  three 
parts  in  concept  maps  increased.  "Surveying"  increased  from  41%  to  50%,  "counting"  increased  from 
38%  to  41%.  and  "sampling"  increased  from  22%  to  41%. 

Prediction  and  measures  of  center  (i.e..  mean,  median,  mode,  average)  were  tallied  as  specific 
concepts.  Inclusion  of  "prediction"  in  concept  maps  increased  from  16%  to  28%  of  the  maps,  and 
inclusion  of  "measures  of  center,"  from  66%  to  78%. 

Counts  Were  also  made  of  the  number  of  maps  that  included  the  four  concepts.  For  the  first/second  set 
of  maps,  3%/0%  included  none  of  these  concepts,  16%/3%  included  one  concept,  34%/25%  included  two 
concepts,  41%/50%  included  three  concepts,  and  6%/22%  included  all  four  concepts. 

g*utinnships  amony  concepts.  In  the  first  set  of  maps,  for  graphing  and  collection  of  data  (which 
appeared  together  in  18  maps),  graphing  was  a  subordinate  concept  in  9  maps*  ™*  the  concepts  were 
independent  in  9  maps.  No  one  suggested  that  collection  of  data  should  be  subordinate  to  graphing.  For 
graphing  and  measures  of  center  (which  appeared  together  in  20  maps),  measures  of  center  was 
subordinate  in  1  map.  and  the  concepts  were  independent  in  19  maps.  For  collection  of  data  and  measures 
of  center  (which  appeared  together  in  1 3  maps),  measures  of  center  was  subordinate  in  2  maps,  and  the 
concepts  were  independent  in  1 1  maps.  For  graphing  and  prediction  (which  appeared  together  in  5  maps), 
the  concepts  were  independent  in  all  5  maps.  For  collection  of  data  and  prediction  (which  appeared 
together  in  3  maps)  prediction  was  subordinate  in  1  map,  and  the  concepts  were  independent  in  2  maps. 
For  prediction  and  measures  of  center  (which  appeared  together  in  3  maps).the  concepts  were  independent 
in  all  3  maps. 

In  the  second  set  of  maps,  for  graphing  and  collection  of  data  (which  appeared  together  in  27  maps), 
graphing  was  a  subordinate  concept  in  10  maps,  collection  of  data  was  a  subordinate  concept  in  1  map, 
and  the  concepts  were  independent  in  16  maps.  For  graphing  and  measures  of  center  (which  appeared 
together  in  24  maps),  measures  of  center  was  subordinate  in  5  maps,  and  the  concepts  were  independent  in 
19  maps.  Forcollecticflofdataandmw  maps),  measures 

of  center  was  subordinate  ir  8  maps,  and  the  concepts  were  independent  in  13  maps.  For  graphing  and 
prediction  (which  appeared  together  in  9  maps),  prediction  was  subordinate  in  1  map,  and  the  concepts 
were  independent  in  8  maps.  For  collection  of  data  and  prediction  (which  appeared  together  in  8  maps) 
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prediction  was  subordinate  in  4  maps,  and  the  concepts  were  independent  in  4  maps.  For  prediction  and 
measures  of  center  (which  appeared  together  in  8  maps)  the  concepts  were  independent  in  all  8  maps. 

Finally,  for  each  set  of  maps,  those  that  contained  more  than  one  of  concepts  (26  maps  from  the  fust 
set  and  3 1  maps  from  the  second  set)  were  coded  according  to  the  number  of  possibh  relationships  that 
were  actually  drawn.  For  example,  if  two  concepts  were  included,  there  would  be  only  one  possible 
subordinate/superordinate  relationship  that  could  be  drawn  in  the  map,  while  if  four  concepts  were 
included,  there  would  be  six  possible  subordinate/superordinttc  relationships  possible.  Since  the  number 
of  possible  relationships  was  dependent  on  the  number  of  concepts  included  in  a  map,  data  were  collapsed 
according  to  whether  there  the  number  of  relationships  drawn  was  zero  or  one  or  more  (Table  1). 


Table  1.  Percentages  of  Maos  Illustratine  Possible  Relationship 

Number  of 

Number  of  relationships 

concepts  in  map 

0                   1  or  more 

Map  One 

2 

81.8  18.2 

3 

46.2  53.8 

4 

50.0 

Map  Two 

2 

87.5  12.5 

3 

37.5  62.5 

4 

12.5  87.5 

Discussion 

Understanding  of  content.  The  workshop  seemed  to  have  a  measurable  effect  on  teachers' 
performance  in  answering  statistics  questions.  First,  their  performance  improved  significantly  on  almost 
all  items  on  the  Content  Survey,  suggesting  that  their  content  knowledge  generally  improved.  However, 
there  continued  to  be  numerous  gaps  and  holes  in  their  understanding.  Analysis  of  these  gaps  allowed  the 
TEACH-STAT  faculty  to  redesign  the  workshop  so  as  to  attempt  to  fill  those  gaps.  Second,  all  four 
critical  statistics  concepts  appeared  more  often  in  the  second  set  of  concept  maps  than  in  the  first  set,  and 
individual  teachers  included  more  of  these  concepts  in  their  second  maps  than  in  their  first  maps.  This 
suggests  that  the  teachers'  views  of  statistics  had  broadened,  perhaps  indicating  richer  cognitive 
understanding  of  the  content. 

Relationships  among  concepts.  First,  for  the  first  set  of  maps,  less  than  half  of  the  teachers  included 
three  or  more  of  the  four  concepts  in  their  concept  maps.  Graphing  was  almost  universally  seen  as 
important  to  understanding  of  statistics,  while  measures  of  center  and  collecting  data  are  viewed  as 
important  by  half  to  two-thirds  of  participants.  This  suggests  not  only  that  many  teachers  may  not  have 
been  very  familiar  with  the  objectives  of  the  statistics  strand  of  the  state  curriculum  but  also  that  teachers 
individually  apparently  did  not  think  of  these  four  concepts  together  when  they  consider  what  might  be 
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included  in  the  domain  of  mathematics  labeled  "statistics."  For  the  second  set  of  maps,  almost  three- 
fourths  of  the  teachers  included  three  or  more  of  the  four  concepts  in  their  concept  maps.  Graphing, 
collection  of  data,  and  measures  of  center  were  individually  included  in  mote  than  three-fourths  of  the 
maps.  Prediction  remained  a  concept  infrequently  considered  by  teachers  as  part  of  statistics.  Teachers 
views  of  statistics  m  their  second  maps,  however,  certainly  reflected  more  attention  to  concepts  that  are 
important  in  the  state  curriculum. 

Second,  in  the  initial  maps,  understanding  of  subordinate/superordinate  relationships  was  nor'  common 
among  teachers,  but  when  such  relationships  existed  among  pairs  of  concepts,  teachers  always  saw  those 
relationships  in  the  same  direction.  There  were  no  differences  of  opinion  among  teachers  about  which 
concept  in  a  pair  was  subordinate  to  the  other.  This  is  somewhat  surprising,  given  that  there  are  typically 
many  different  views  of  appropriate  sequencing  of  mathematics  topics.  In  the  second  set  of  maps,  the 
number  of  subordinate/superordinate  relationships  illustrated  increased,  but  it  was  still  common  for 
teachers  to  view  the  four  concepts  as  independent.  Almost  half  (45*)  of  the  teachers  showed  no 
relationships  among  these  concepts  at  all.  With  one  exception,  however,  when  relationships  were  shown 
they  were  again  shown  coasistently  across  maps.  Since  the  summer  workshop  did  not  deal  with 
hierarchies  of  relationships,  this  result  raises  the  possibility  that  there  may  be  some  "intuitive"  or  "natural" 
development  of  relationships  among  these  four  concepts.  Understanding  this  intuition  might  prove  fru.tfi.1 
for  helping  teachers  understand  students'  thinking  so  that  instructional  decisions  can  be  made  to  take 
advantage  of  students'  thinking. 

Third,  in  both  sets  of  maps,  there  was  a  positive  relationship  between  the  number  of  concepts  included 
in  a  map  and  the  percentage  of  possible  relationships  that  were  actually  drawn  (Table  1).  Inclusion  of 
more  concepts  in  a  map  might  reflect  a  richer  understanding  of  statistics,  and  one  might  expect  that  as  the 
richness  of  the  conception  of  statistics  increases,  the  more  likely  that  relationships  will  be  seen  among 
those  concepts.  This  finding  might  suggest  that  one  goal  of  statistics  instruction  for  teachers  is  to  improve 
the  richness  of  understanding  of  statistics  so  that  those  teachers  see  more  relationships  among  concepts. 
Increasing  personal  understanding  of  relationships  might  be  a  necessary  fust  step  toward  helping  teachers 
improve  in  their  ability  to  teach  students  about  the  relationships  among  concepts. 

firn^lmmments.  Teachers  thought  somewhat  differently  about  statistics  before  and  after  the 
workshop  They  recognized  more  of  the  "bits  and  pieces"  of  statistics  that  mathematicians  and 
mathematics  educators  might  want  categorized  as  "statistics  content."  However,  teachers  seemed  to  have 
poorly  developed  relationships  among  these  bits  and  pieces.  Rather,  teachers  seem  to  v.ew  concepts  as 
isolated  from  each  other.  For  example,  although  more  teachers  included  "prediction"  in  their  second 
concept  maps,  none  of  them  suggested  in  either  map  that  prediction  might  be  developed  from  know.ng 
measures  of  center.  That  is,  none  of  them  showed  a  subordinate  relationship  for  prediction  to  measures  of 
center.  If  teachers  are  to  understand  these  kinds  of  relationships,  workshop  leaders  are  probably  going  to 
be  quite  explicit  about  discussing  or  modeling  them. 

Teachers'  lack  of  relational  understanding  would  seem  to  inhibit  their  effectiveness  in  helping 
elementary  school  students  begin  to  develop  relationships  among  the  concepts.  For  example,  teachers  may 
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not  be  able  to  help  children  discuss  clearly  the  relationships  between  pairs  of  concepts.  Too,  teachers  are 
perhaps  unlikely  to  connect  pairs  of  concepts  during  instruction,  so  students  are  unlikely  to  develop 
connections  between  the  pairs  of  concepts.  Further,  this  lack  of  relational  understanding  would  seem  to 
inhibit  teachers'  skill  at  structuring  worthwhile  statistics  problems  for  elementary  school  students  and  to 
assist  those  students  overcome  difficulties  that  inevitably  arise  while  solving  such  problems. 

There  is  still  much  we  need  to  know  about  bow  to  help  teachers  develop  an  adrqmitf  understanding  of 
statistics  so  that  their  instruction  is  effective.  Yet,  if  the  statistics  standards  (e.g.,  NCTM,  1989)  are  to  be 
implemented,  teachers  must  develop  that  understanding.  It  is  possible,  especially  based  on  the  data  from 
both  the  Content  Survey,  to  make  recommendations  about  the  kinds  of  professional  development 
experiences  that  are  appropriate  in  helping  teachers  "round  out"  their  content  knowledge  of  statistics  in 
order  to  be  better  prepared  to  address  the  learning  needs  of  the  students  they  teach.  Such  information, 
particularly  when  tied  to  the  observations  of  the  concept  maps,  may  be  useful  to  mathematics  educators 
who  are  concerned  with  what  teachers'  know  about  statistics  content. 
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UNEOSTANDINGTHE  LAW  OF  LARGE  NUMBERS 
niffnjdKcnoM.AmokjWett,miU>hm^ 

UnivCTsity  of  Massachusetts,  Amhosl 

Twelve  students  answered  (pestbwinuobmgthedistrimfon 

instruction*  interventim.<^ 

having  io  do  itM^distributkmi^sampUs. 

Perhaps  the  most  fundamental  concept  in  inferential  statistics  is  the  sampling 
distribute  The  nKrfba^ 

(LLN) — that  statistics  of  larger  samples  (e^ineaiis)mofeck)selyapproxiiiwtet^ 
corresponding  parameters  erf  pcfu^ 
samples.  Mastery  of  trusUw  can  cany  a  st^ 

Kahneman  and  Tversky  (1972)  suggested  that  people  had  fairly  poor  intuitions  about  the  LLN. 
Below  is  a  problem  we  adapted  from  them. 

ftttt-Office  ProM-n  (Tails  version).  When  they  turn  18,  American  males  must  register  at 
a  local  post  office.  In  addition  to  other  information,  the  height  of  each  male  is  obtained. 
Trie  national  average  height  for  18-yearoW  males  is  69  inches  (5  ft.  9  in.).  Every  day  for 
one  year,  5  men  registered  at  a  small  post  office  aid  50  men  registered  at  a  big  post 

°ffiCe  Attheendofeachday,aderkateach 

average  height  of  the  menwho  registered  there  that  day. 

I  would  predict  that  the  number  of  days  on  which  the  average  height  was  more 
than  71  inches  (5  ft  11m.)  would  be 

a.  greater  for  the  small  post  office  than  for  the  big  post  office. 

b.  greater  for  the  big  post  office  than  for  the  srnafl  post  office. 

c  There  is  no  basis  for  predicting  for  which  one,  if  either,  it  would  be  greater. 

Only  1 5-20%  of  the  undergraduates  in  a  study  by  Well  PoUatsck,  and  Boyce  ( 1 990) 
answered  this  problem  correctly  (option  a).  Roughly  65%  answered  c,  suggesting  that  they 
believed  sample  size  has  no  effect  on  the  variabffityof  ttememKah^ 
(1972)  concluded  that  this  answer  is  indicative  of  the  "representativeness  heuristk;''  according 
to  w  luch  the  likelihood  of  drawing  a  particular  sample  is  judged  by  considering  how  similar 
the  sample  is  to  tho  parent  population.  In  this  problem  tr*  two  sampte 
because  sample  size  is  not  a  feature  of  a  popuUtwa  it  is  not  used  as  a  criteria  to  judge  the 
similarity  between  the  samples  and  the  populatkm.  Accordingly,  people  tend  to  think  even 
small  samples  will  adequately  represent  the  critical  features  of  the  population. 

We  have  been  designing  software  that  demonstrates  various  features  of  the  LLN  and 
testing  it  in  tutoring  interviews  with  undergraduates.  The  software  permits  drawing  samples 
of  various  sizes  from  a  population  of  elements  and  plotting  the  means  of  those  samples  in  a 
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sampling  distribution.  By  comparing  the  empirically  constructed  distributions  of  different 
sample  sizes,  or*  can  observe  that  tlie  means  of  larger  samples  tend  to  duster  more  dos*fy 
around  the  population  mean  than  do  means  ofsrauTersample&  man  earlier  study  we 
conducted,  students  received  instruction  on  sampling  distributions  of  the  mean.  Computer 
simulations  were  used  to  construct  sampling  distributions  based  cm  different  sized  samples. 
This  intervention  increased  correct  responses  to  questions  concerning  the  variability  of  means 
as  a  function  of  sample  size  by  a  factor  of  four.  However,  when  we  asked  questions  about  the 
distribution  of  elements  within  a  sample,  many  subjects  over  generalized  what  they  learned 
about  statistics  to  the  distribution  of  the  samples  themselves  (Lohmeier,  1992;  WeH  Pollatsek, 
&  Boy ce,  1990).  In  this  study,  we  look  more  closely  at  the  nature  of  students'  responses  to 
various  problems  before  and  after  similar  computer-enriched  instruction 

Method 

Tutoring  interviews  were  conducted  with  12  undergraduates  recruited  from  psychology 
courses  at  the  University  of  Massachusetts.  The  individual  sessions  lasted  about  75  minutes 
and  were  videotaped.  Before  introducing  the  simulation  software,  students  solved  two 
problems.  The  first  problem  "Post-office  taiT  was  identical  to  the  one  given  above.  The  second 
problem,  "Post-office  lure/'  is  given  in  abbreviated  form  below: 

Post-office  lure.  When  they  *jm  18 ...  50  men  registered  at  a  big  post  office  [same 
paragraph  as  in  the  Post-office  tail  problem]. 

At  the  end  of  one  day,  a  derk  at  each  post  office  computed  the  percentage  of  men 
who  registered  that  day  who  were  less  than  66  inches  tafl. 

I  would  expect  that  the  percentage  of  men  less  than  66  inches  would  be  [same 
three  options  as  in  the  Post-office  tail  problem]. 

This  problem  was  constructed  to  test  the  degree  of  understanding  of  the  LLN  after 
instruction.  Note  that  the  lure  problem  does  not  ask  about  the  distribution  of  sample  means 
from  the  two  post  offices  over  the  period  of  a  year,  but  about  the  distribution  of  the  itutividutd 
men's  heights  at  the  post  offices  on  a  particular  <&*/.  Because  the  expected  value  for  the 
requested  percentage  in  both  sarxv  fes  equals  the  corresponding  percentage  in  the  population, 
the  coned  answer  to  the  lure  problem  is 

For  each  problem,  students  were  instructed  to  first  read  the  problem  aloud  and  then  to 
solve  it  while  "thinking  aloud."  The  interviewer  (Lohmeier)  encouraged  students  to  vocalize 
their  thoughts  and  also  probed  them  when  responses  were  unclear.  After  selecting  and 
justifying  an  answer,  the  page  on  which  the  problem  was  written  was  turned  over,  at  which 
time  the  student  was  asked  to  "restate  the  problem  in  your  own  words." 

Following  the  instructional  intervention,  which  lasted  about  40  minutes,  students  again 
solved  the  Post-office  tail  and  Post-office  hue  problems  under  the  same  instructions.  These 
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were  followed  by  three  transfer  problems.  The  fiist  of  these,  Tost-office  center,"  was  similar  to 

the  PctfoftKe  tail  problem  The  o^  "the  number 

of  days  on  whkh  the  average  hetgft 

imnus  2  inches)"  rafter  thjmabcwt  me  tmruencyo^ 

distributor  Thu*  thee 

rerord  more  such  days.  The  other  tw 

structurally  compatible  with  the  Post-office  tail  problem  ("Geology  tail" )  and  Post-office  hire 
problem  (Treasury  hire"). 

Results 

We  discuss  three  aspects  of  students  responses:  a)  their  answers,  b)  rationales  for  their 
answers,  and  c)  the  accuracy  of  their  restatements  of  the  problem 

Answers  to  Problems 

Answers  (along  with  students'  restatements  of  the  problem)  are  summarized  inTaWes  1 
and  2.  Table  1  shows  performance  on  the  tail  and  c^tef  problems,  Tabk  2  on  the  lure 
problems. 

Table  1.  Summary  of  r>erformance  on  tail  and  center  problems 

After 


Before 
Post  Office  Tail 


Post  Office  Tail 


Post  Office  Center 


S#  ans  qty  object 


i 
ii 

3 
4 
5 
9 
7 
2 

12 
6 

10 


# 

% 

? 

? 

? 

? 
# 
# 
# 
P 
P 


mean 
mean 
mean 
mean 
mean 
? 

elem 
elem 
elem 
elem 

? 


S#  ans 

object 

§#  ans 

qty  object 

S#  ans 

qty  object 

ft  S 

mean 

4  S 

# 

mean 

?  L 

* 

mean 

1  S 

# 

mean 

1  s 

% 

mean 

8  L 

# 

mean 

7  S 

# 

mean 

2  S 

% 

mean 

10  L 

P 

mean 

2  3 

P 

mean 

7  S 

% 

mean 

3  L 

? 

mean 
elem 

10  S 

P 

mean 

4  S 

P 

mean 

11  L 

% 

9  S 

% 

mean 

12  S 

? 

mean 

9  L 

% 

? 

6  S 

? 

mean 

8  S 

? 

? 

5  L 

% 

? 

12  S 

# 

? 

6  S 

% 

elem 

6  L 

P 

? 

3  S 

? 

? 

11  E 

% 

mean 

1  L 

♦* 

• 

ii  E 

# 

mean 

5  E 

P 

mean 

4  L 

* 

• 

5  L 

# 

mean 

10  E 

? 

mean 

2  S 

# 

mean 

4  L 

# 

elem 

3  E 

% 

? 

12  S 

? 

mean 

*  Missing  values  indicate  that  the  student  was  not  asked  to  restate  the  problem 

We  look  first  at  answers,  coded  under  columns  labeled  "ans."  On  the  tail  problems,  the 
correct  response  is  that  S  (the  smaller  sample)  is  more  likely;  for  the  center  problem,  L  (the 
larger  sample)  is  correct  Correct  answers  are  grouped  at  the  top  of  a  column  and  enclosed  in  a 
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box  Tne  number  of  correct  ans wers  on  the  Port-office  tafl  problem  iiKreasedn™nllo  9  over 
instruction,  and  remained  reasonably  high  (8  and  10)  on  the  2  transfer  problems.  Moreover,  for 
the  most  part,  students  who  responded  correctly  had  not  simply  learned  to  answer  "smaller," 
since  they  gave  the  correct  answer  larger*  when  the  question  concerned  the  frequency  of 
values  in  the  center  as  opposed  to  the  talis  of  the  sampling  distribution.  Judging  from  these 
results  alone,  one  would  conclude  that  the  instruction  had  been  quite  successful 

Table  Z  Summary  of  performance  on  hire  problems 


Post  Office  Lure 

Post  Office  Lure 

Treasury  Lure 

S#  ans 

object 

S#  ans 

object 

S»  ans 

object 

1  E 

ekm 

3  £ 

ekm 

*  E 

-? 

ekm  | 

3  E 

% 

ekm 

9  E 

% 

ekm 

1  £ 

% 

ekm 

4  E 

% 

•ekm 

11  E 

% 

ekm 

2  S 

% 

ekm 

5  E 

% 

ekm 

12  E 

# 

ekm 

6  S 

% 

ekm 

11  E 

% 

ekm 

5  S 

* 

ekm 

8  S 

% 

ekm 

9  E 

% 

? 

8  S 

% 

ekm 

10  S 

% 

ekm 

7  E 

• 

• 

1  S 

# 

mean 

12  S 

? 

ekm 

6  L 

% 

ekm 

2  S 

? 

mean 

4  S 

? 

mean 

8  L 

% 

ekm 

10  s 

? 

mean 

3  L 

% 

ekm 

10  L 

% 

ekm 

4  L 

% 

ekm 

5  L 

% 

ekm 

12  L 

% 

ekm 

6  L 

% 

ekm 

7  L 

% 

ekm 

2  L 

% 

? 

7  L 

% 

ekm 

11  L 

# 

ekm 

Performance  on  the  lure  problems  appears  to  show  a  negative  effect  over  instruction 
Before  instruction,  7  students  correctly  answered  the  Post-office  lure;  after  instruction,  only  4 
correctly  answered  the  same  probkm,  and  only  1  correctly  answered  the  Treasury  lure.  These 
results  replicated  findings  of  an  earlier  study  (WeH  Pdllatsek,  &  Boy  ce,  in  preparation), 
suggesting  that  after  instruction  students  have  some  understanding  of  the  LLN,  but  are  not  yet 
abk  to  fully  discriminate  between  situations  when  it  is  and  is  not  applicable. 

Restatements  of  Problem 

After  students  had  given  an  answer,  they  were  asked  to  restate  the  probkm  in  their 
own  words.  These  statements  gave  an  indication  of  how  students  encoded  the  problem, 
providing  a  context  for  further  evaluating  their  answers.  We  were  interested,  in  particular,  in 
the  degree  to  which  incorrect  answers  resulted  from  encoding  errors.  It  for  example,  students 
misinterpreted  a  tails  probkm  as  asking  for  the  distribution  of  elements  in  a  sample  (it.,  as  a 
lure  question),  the  answer  E  (equal)  would  be  correct  given  their  interpretatioa  Entries  in 
Tables  1  and  2  under  the  columns  headed  "qty"  (quantity)  and  "object"  were  obtained  by 
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coding  students'  restatements.  The  object  column  shows  whether  the  student  said  the  problem 
was  asking  about  a)  means  of  the  two  samples  or  b)  sample  elements  (etem).  The  qty  column 
codes  a  student's  restatement  according  to  the  quantity  sought  number  <#),  percent  (%),  or 
probability  (P).For  example,  below  is  the  restatement  by  S6  of  the  PostK)ffice  tail  problem 
before  instmctioa  wruch  was  cwled  as  T,elem"  based™ 

What  the  odds  would  be  that  someone  511"  would  be,  would  it  be  greater  that  they'd 
go  to  the  smaller  post  office —well,  that  you'd  get  someone  0>at  height  at  the  smaller 
post  office  or  the  larger  post  office .... 

Overall  the  accuracy  of  encoding  the  taapicMenw  improved  ovwinsto 
before  instruction  only  3  students  correctly  restated  the  tail  problem,  after  instruction  8  gave 
correct  restatements  on  the  Post-office  tafl  problem  ami  7  on  the  Geok)# 
-number*  was  the  specified  quantity  for  the  tails  and  center  problems,  "percent"  and 
"probability"  were  also  considered  correct  encodings.)  Moreover,  although  before  instruction 
there  were  5  clearly  inco  rrect  (as  opposed  to  iiwoinplete)  responses  on 
problem,  in  each  of  the  post4nstniction  problems  only  1  students  restatement  was  incorrect 
Nine  of  the  restatements  of  the  lure  problem  were  correct  before  instruction,  and  none 
were  incorrect.  ("Number"  was  considered  an  iiKorrect  encoding  of  the  quantity  on  hire 
problems.)  While  the  number  of  correct  restatements  remained  about  the  same  after 
instruction  (8  and  9),  the  number  of  incorrect  responses  grew  to  4  and  2,  with  half  of  these 
teinterpreUbons  involving  means  rather  than  elements.  This  is  further  indication  that 
performance  on  questions  involving  distributions  of  the  mean  improved,  to  some  extent,  at  the 
expense  of  performance  on  questions  involving  distributions  of  samples. 

Our  major  interest  in  coding  restatements  was  to  ddermine  to  what  extent  incorrect 
answers  resulted  from  related  encoding  errors.  People  may  respond  "equal"  (E)  to  the 
problems  about  distributions  of  means  because  they  interpret  them  as  questions  about  the 
percentage  of  elements  in  the  sample  distribution  above  or  below  some  value.  We  obtained 
little  evidence  for  this  hypothesis.  Of  the  12  E  answers  given  over  the  4  sampling-distribution 
problems,  in  only  1  case  was  the  problem  restated  in  terms  of  elements. 

Students  who  responded  L  to  the  tail  problems  may  also  have  been  interpreting  the 
problems  as  asking  about  sample  elements.  This  answer  would  be  reasonable  if  they 
rrustnterpreted  the  question  as  asking  not  only  about  sample  elements  (rather  than  means),  but 
also  about  the  number  (rather  than  percent)  of  elements.  The  responses  of  S2  and  SI 2  on  the 
pretest  were  consistent  with  this  interpretation.  However,  they  gave  the  same  answer  to  the 
lure  problem  before  mstruction,  and  yet  correctly  interpreted  the  questions  as  ronceming 
percents.  We  say  more  about  this  below. 
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Rationales 


We  can  make  only  a  few  comments  about  rationales  students  gave,  first,  after 
instruction  students  who  correctly  answered  the  samr^rngKiishibutions  problems  gave 
rationales  that  were,  for  the  most  part  consistent  with  the  LLN.  Summing  over  the  3  after- 
instruction  problems,  22  of  the  27  correct  answers  (81%)  were  accompanied  by  rationales  that 
were  consistent  with  the  LLN,  as  exemplified  by  the  rationale  of  S9  to  the  Post-office  tail 
problem  after  instruction. 

I  don't  think  there  is  any  basis  again ...  no,  no,  na  These  are  means.  It  would  be  greater 
for  the  small  post  office.  This  is  a  shift  that  I  didn't  make  from  talking  about  a 
population  distribution  to  the  distribution  of  sample  means.  This  is  the  same  question  I 
read  before,  isn't  it?  And  they're  talking  about  two  different  distributions.  I  did  not 
make  that  shift ....  When  the  sample  is snvuJer  ma  dismrxition  of  sample  means,  the 
standard  deviation  will  be  greater  from  the  mean,  and  for  any  given  number  away  from 
the  mean,  there  will  be  a  greater  number  of  points. 

This  excerpt  suggests  this  student  learned  a  new  distinction  as  a  result  of  instructioa 
This  is  the  only  student  who,  after  instruction,  answer  all  proHems  correctly 

Students  who  incorrectly  answered  E  to  the  sampfcr^-distribution  problems  for  the 
most  part  argued  as  did  S3:  ^  just  don't  th^ 

that"  This  same  argument  was  ako  given  by  most  students  who  correctly  answered  E  to  the 
lure  problems.  The  vagueness  of  this  argument  suggests  that  most  correct  responses  to  the  lure 
problem  before  instruction  were  not  based  on  the  understanding  that,  on  average,  the  two 
samples  would  have  the  same  percentage  of  elements  in  the  specified  area  It  also  suggests 
that  incorrect  responses  of  Eon  the  tail  problems  were  not  based  so  much  on  the 
represenUtrveness  heuristic,  but  on  the  belief  that  there  is  not  enough  mfdrma  tion  given  to 
make  a  prediction -—a  variety,  perhaps,  of  an  equal-ignorance  argument 

Finally,  the  majority  of  students  (78%)  who  gave  incorred  answers  of  L  to  the  hue  and 
tail  problems  justified  these  with  what  we  refer  to  as  the  "rrwre-is-more"  argument  This  is  the 
belief  that  the  larger  sample  will  have  larger  x,  where  x  can  be  scores,  means,  percentages, 
variability,  etc  For  example,  below  is  the  justification  given  by  S2  to  the  Post-office  tail 
problem  before  instruction 

There  would  be  more  people  going  to  the  bigger  post  office.  So  the  average  number  of 
days  would  be  greater  for  the  big  post  office....  If  they  have  more  people  going  to  the 
big  post  office,  men  the  average  is  going  to  cc™  out  rugher  than  tne  small  one. 

For  a  few  students,  this  belief  may  consist  primarily  of  a  failure  to  understand  the 
difference  between  number  and  percent  Some  made  no  apparent  distinction  between  the  two; 
others  distinguished  number  and  percent  but  vacillated  between  them  during  the  interview; 


304 


Volume  1 


still  others  apparently  recognized  some  di^i«K»  but  reasoi^  from  the  inore-is-iw« 
notion,  thought  it  unimportant  *s  illustrated,  again,  by  S2: 

I  guess  it  would  be  greater  for  the  big  post  office.  When  you're  talking  about 
percentage,  you're  talking  about  a  number  of  people ....  You'd  have  less  people  going 
to  the  small  post  office  and  more  at  the  big  post  orto...  more  of  a  chance  at  the  big 


The  more-is-more  rationale  may  explain  L  answers  on  lure  problems  by  students  who 
nevertheless  correctly  encoded  the  problems  as  dealing  with  percents  rather  than  numbers. 


We  should  emphasize  that  our  objective 
hour  intervention  for  teaching  the  LLN.  It  may  even  be  overly  ambitious  to  expect  much 
understanding  after  a  semester  of  statistics  mstructioa  Rather,  we  are  interested  in  exploring 
related  intuitions  that  exist  prior  to  instruction  and  the  nature  of  difficulties  that  arise  as 
various  concepts  are  introduced  as  part  of  instruction  Our  research  suggests  that  students' 
difficulties  leitrning  the  LLN  are  not  based  on  incompatible  intuitions,  such  as  the 
representativeness  heuristic  and  that  indeed,  by  using  the  computer  to  demonstrate  the 
corstruction  of  sarnpling  distributions,  most  students  quickly  develop  some  luxierstanding  of 
why  means  of  larger  samples  are  less  variable  than  those  of  smaller  samples.  However,  poor 
understanding  of  percentages,  and  whatever  other  inisurderstandings  support  the  more-is- 
more  rationale,  present  a  barrier  for  many  students.  Finally,  we  used  lure  problems  in  this 
study  to  test  the  degK*  of  umJerstanding  of  the  LLN.  We  are  not  satisfied  that  students 
understand  the  LLN  as  long  as  they  continue  applying  it  to  distributions  of  sample  elements. 
While  it  was  not  part  of  instruction  in  this  study,  we  would  expect  that  it  would  facilitate 
understanding  if  during  instruction  students  were  given  problems  which  deal  both  with 
distributions  of  means  and  with  distributions  of  samples,  addressing  explicitly  why  the  LLN 
applies  in  one  case  but  not  in  the  other. 
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YOUNG  CHILDREN'S  INTERPRETATIONS  OF  CHANCE  SITUATIONS 

KathWnE  Moir 
University  of  Califomit,  Riverside 


SUMMARY 

Research  literatures  offer  discrepant  views  concerning  what  understanding  of  chance 
entails,  its  relation  to  thinking  probabilistically,  and  the  nature  of  alternative  interpretations. 
This  study  capitalized  on  the  technology  of  videotapes  to  closely  examine  children's 
interpretations  within  tasks  involving  randomness  and  a  qualitative  level  of  differential 
probabilities.  The  author  worked  individually  with  12  kindergartners  and  12  third  graders  in 
their  exploration  of  four  different  spinners.  Two  independent  coders  analyzed  all  of  the  tapes 
for  manifestations  of  interpretation.  Codings  across  258  data  points  resulted  in  a  82%  inter- 
rater  reliability.  Understanding  of  chance  followed  understanding  of  probability.  Chance  apart 
from  probability  was  rare.  However,  probabilistic  reasoning  without  chance  was  common,  in 
the  sense  that  children  held  strong  or  absolute  expectations  about  outcomes  based  on  relative 
distribution  of  colors  in  the  immediate  spinner. 

There  are  increasing  call*  for  educators  to  incorporate  chance  and  probability  in  the  mathematics 
curriculum  beginning  at  the  primary -grade  years  (e.g.  from  the  National  Council  of  Teachers  of 
Mathematics  and  the  National  Sciences  Board  of  the  National  Academy  of  Sciences).  This 
recommendation  comes  at  a  time  where  there  is  little  agreement  concerning  the  psychology  of  chance. 
Analysts  of  intellectual  history  and  the  research  literatures  of  children's  and  adults'  cognition  offer  a  miriad 
of  conceptualizations  of  what  chance  entails  and  how  hard  it  is  to  grasp. 

Within  the  adult  probabilistic  reasoning  literature,  Tversky  and  Kahneman's  research  together  with 
the  numerous  studies  their  work  has  evoked  have  been  characterized  by  an  intense  debate  concerning  the 
adequacy  of  adults'  understanding  of  chance  and  probability.  On  the  one  hand,  Nisbett,  Krantz,  Jepson 
&  Kunda  (1983)  argue  that  adults  frequently  use  ideas  of  chance  and  probability  in  everyday  reasoning 
and  that  these  ideas  and  the  heuristics  based  upon  them  are  "part  of  people's  intuitive  equipment." 
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However,  Tversky  and  Hahnemann  (Tvenky  &  Kahneraan.  1974,  Kahheman,  1991)  argue  that  adulu  fail 
to  recognize  the  extent  to  which  chance  contributes  to  what  they  experience  of  the  world  and  this  failure 
(even  on  the  part  of  the  statistically  sophisticated)  leads  to  consistent  "cognitive  illusions." 

Within  the  children's  cognition  literature,  Piagef  s  (1975)  seminal  work  on  the  subject  posits  thai 
prior  to  about  age  seven,  children  fail  to  grasp  chance  due  to  their  "overriding  sense  of  order."  Around 
seven,  children  come  to  conceptualize  indeterminacy,  albeit  initially  without  a  sense  of  the  patterns  that 
can  emerge  across  chance  events.  Piaget  argued  that  probability  emerges  in  adolesence,  first  understood 
as  the  relation  between  variability  and  constancy  within  these  patterns.  Again  a  literature  in  response  has 
manifested  numerous  apparent  inconsistencies  with  the  original  research.  For  example,  Kuzmak  and 
Gclman  (1986)  conclude  that  by  five  years  of  age  children  understand  randomness  in  that  they  differentiate 
between  determined  and  indetermined  events. 

Different  literatures  also  present  contradictory  views  of  the  genesis  of  probability  and  its  relation  to 
chance.  Falk,  Falk  and  Leven  ( 1980)  assume  Piaget's  stance  that  probability  is  built  upon  the  underlyuig 
idea  of  chance  as  randomness,  but  come  to  radically  different  conclusions  concerning  the  time  at  which  the 
child  can  understand  it.  They  conclude  that  even  the  first  grader  can  understand  probability,  at  least  on 
some  intuitive  level.  From  the  perspective  of  historical  analysis,  Gigerenzer  et  ai  (1989)  argue  thi 
probability  does  not  necessarily  entail  an  understanding  of  chance.  Probability  may  first  emerge  ii 
conjunction  with  a  purely  deterministic  sense  of  expectation  (as  in  the  thinking  of  Pascal  and  Pierre  Simon 
de  la  Place). 

From  the  current  state  of  these  literatures,  it  is  ambiguous  what  adult  or  child  understands  ol 
chance,  its  relation  to  probability,  and  the  nature  of  alternative  interpretations.  This  research  project 
capitalizes  on  the  rich  range  of  conceptualizations  of  chance  raised  in  the  various  literatures  and  the  powci 
of  videotape  technology  to  re-examine  the  nature  of  children's  understandings.  Kindergartens  and  thin' 
graders  individually  participated  in  an  instructional  experiment  across  a  sequence  of  tasks  involving 
aspects  of  chance  including  randomness,  a  quantitative  level  of  probability,  and  sampling.  This  first  papei 
examines  children's  chance,  probabilistic  and  alternative  interpretations  in  a  spinners  task. 
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METHODOLOGY 


Subjects  consisted  of  12  Irindergamers  and  12  third  graders,  evenly  divided  by  gender,  who 
volunteered  from  a  multi-ethnic  school  of  middle  and  lower  middle  S.E.S..  Each  subject  worked 
individually  with  the  experimenter/author  across  the  five  task  series,  in  three  or  four  sessions  of 
approximately  30  minutes  in  length.  All  sessions  were  videotaped. 


and  foster  the  children's  understanding  of  some  aspect  or  aspects  of  chance.  This  paper  focuses  on  the 
second  acuVry,  a  series  of  spinner  games1.  Spinners  were  selected  since  the  simultaneous  visual  display 
of  the  entire  sample  space  would  seem  to  support  a  probabilistic  interpretation.  With  spinners  students  are 
also  able  to  generate  their  own  data  in  a  relatively  efficient  manner. 

Materials  in  the  spinner  activities  set  included  a  game  board,  colored  chips  and  a  variety  of 
spinners.  The  game  board  was  in  the  form  of  a  large  bar  graph  with  two  columns  of  eight  squares.  A  red 
chip  and  a  yellow  chip  were  used  in  conjunction  with  three  spinners  of  varying  color  distribution:  50%  red 
/  50  %  yellow,  75%  red  /  25%  yellow  and  90%  red  /  10  yellow  %.  A  yellow  chip  and  a  green/red  chip 
(two  chips  glued  together)  were  used  in  conjunction  with  a  four-color  spinner,  with  an  even  distribution  of 
red,  green,  blue  and  yellow. 

Each  game  began  by  the  child  making  a  spinner  choice  or  chip  choice,  with  the  goal  of  trying  to 
reach  the  top  of  the  game  board  first.  Players  advanced  when  it  was  their  turn  and  the  spinner  landed  on 
their  color.  (To  avoid  the  potential  control  of  gentle  spins,  the  spinner  had  to  spin  around  at  least  twice.) 
Prior  to  each  game,  the  child  made  predictions  concerning  who  would  win  and  wliere  the  anticipated  loser 
would  end  up  on  the  board.  The  child  and  experimenter  played  many  games  with  the  different  spinners, 
as  well  as  repeats  of  games  with  the  same  spinner. 


The  study  took  the  form  of  an  instructional  intervention,  structured  to  foster  reflective  analysis 
upon  data  the  child  collected  across  a  range  of  situations.  Each  activity  was  designed  to  both  diagnose 


problem,  involving  predictions 
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Table  1 :  Abbreviated  Version  of  Coding  Schema 


Category 

Coding  Criteria 

Personal  Aesthetics 

•  S  makes  selection  of  chip  or  spinner  on  the  basis  of  aesthetics,  cf.  color 

Personal  Control 

*  S  assumes  one  can  or  should  be  able  to  control  spinner  outcome  by  means 
of  nuances  in  how  one  acts  on  the  spinner  or  general  competence  with 
spinners 

Rejection  of  Probability 

*  S  explicitly  denies  differential  expectations  for  different  outcomes  that 
have  in  fact  unequal  probabilities 

Data  Driven 

•  Interpretations  based  on  patterns  in  what  has  already  happened,  devoid  of 
any  sense  of  spinner  function  as  affecting  these  patterns 

Probability  without 
Chance 

•  Deterministic  probabilities  (O  or  1) 

•  No  aspect  of  chance 

•  Focus  on  given  outcome,  not  distribution  of  events 

Chance  without 
Probability 

♦  Conceptualization  of  spinner  as  random  generator 

•  No  anticipated  patterns  across  the  random  event;  no  greater  likelihood  of 

some  outcome(s)  than  others 

Chance  with  Probability 

•  Conceptualization  of  random  generator 

•  Outcomc(s)  cannot  be  predicted  with  certainty,  but  some  outcomes  more 

likely  than  others 

FRAMEWORK  OF  INTERPRETATIONS 

A  coding  schema  was  designed  to  differentiate  the  subjects'  interpretations  within  the  spinnei 
games.  (See  Table  1.)  A  primary  focus  of  the  framework  was  the  relation  between  chance  am) 
probability.  In  the  most  primitive  category,  Rejection  of  Probability,  the  student  explicitly  denie« 
differential  expectations  for  multiple  outcomes  that  in  fact  have  different  probabilities.  The  form  ol 
probability  in  the  category  Probability  without  Chance  is  limited  to  a  deterministic  prediction  of  who  wit' 
win  the  game  or  where  the  spinner  will  land  next.  This  interpretation  accords  with  the  Outcome  Approach 
as  defined  by  Konold,  wherein  the  "the  primary  goal  in  situations  involving  uncertainty  i«  not  to  arrive  a' 
a  probability  of  occurrence  but  to  successfully  predict  the  outcome  of  a  single  trial. . .  Probability  value? 
are  evaluated  in  terms  of  their  proximity  to  anchor  values  of  100%,  0%,  and  50%."  (Konold,  1991,  p 
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146).  in  Chance  without  Probability,  children  conceptualize  the  indetcrminancy  of  spinner  and  game 
outcomes,  but  fail  to  understand  the  different  probabilities  associated  with  the  various  outcomes.  In 
Chance  with  Probability,  children  have  a  sense  both  of  the  ^determinancy  of  spinner  and  game  outcomes 
and  the  differential  probabilities  associated  with  the  different  colors  (at  least  on  a  qualitative  level  of  greater 
or  lesser  chances).  The  framework  also  included  two  alternative  interpretations:  Personal  Control , 
wherein  children  thought  of  the  spinner  function  as  within  their  control,  and  Data-Driven  ,  where  the 
children  reasoned  on  the  basis  of  correlations  or  patterns  in  the  situation  without  conceptualization  of  any 
connections  of  these  data  to  spinner  function. 

Coders  assessed  interpretation  across  a  range  of  situations:  before  a  spinner  game  begins  (e.g. 
choice  of  spinner  and  rationale,  anticipated  effect  of  playing  with  a  different  spinner,  projections 
concerning  game  outcome,  and  projections  as  to  where  on  the  bar  graph  the  anticipated  loser  will  be  when 
the  game  ends),  during  the  game  (e.g .  anticipation  or  interpretation  of  spinner  outcome,  interpretation  of 
the  game's  progression,  projections  and  changes  in  projections  about  game  outcome,  and  implicit  theories 
about  spinner  function)  and  after  the  game  (e.g.  accounting  for  the  results  and  their  relation  to  the 
anticipated  results,  and  anticipations  about  what  would  happen  if  the  game  was  repeated  or  a  different 
spinner  was  substituted).  Two  coders  independently  coded  the  entire  data  set 


RESULTS  AND  DISCUSSION 
The  assignment  of  one  of  nine  categories  (the  seven  above  plus  'Other"  or  "Uncodeable")  to  any 
manifestation  of  interpretation  resulted  in  258  data  points  and  an  inter-rater  reliability  of  82%.  All 
disagreements  were  resolved  by  consensus,  upon  joint  reviewing  of  the  videotape.  The  findings  revealed 
a  complex  of  developments  from  the  kindergarten  to  third  grade  level.  (See  Table  2.) 
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Tabic  2:  Cross-Age  Comparison  of  Interpretations 


Interpretation 

— 3    V'« — r 

ff  OI  M 

applying 

1UUU  IV 

instances 

#  of  3rd1* 
applying 

Total  3rd 

instances 

Personal  Aesthetics 

(8)66% 

(16)  10% 

(0)  0% 

(0)0% 

Personal  Control 

(6)50% 

(18)11% 

(3)25% 

(4)4% 

Rejection  of  Probability 

(6)50% 

(26)  16% 

(2)  17% 

(3)  3% 

Dtta  Driven 

(5)  42% 

(10)  11% 

Probability  without  chance 

(10)83% 

(38)23% 

(5)  42% 

(27)28% 

Chance  without  Probability 

(3)  25% 

(5)3% 

(1)8% 

(2)2% 

(4)  33% 

(11)7% 

(7)  58% 

(41)43% 

Other 

(3)25% 

(3)2% 

(1)8% 

(1)1%  • 

Uncodeable 

(4)  33% 

(10)  16% 

(2)  17% 

(2)2% 

To  code/  not  to  code  disagreeracni 
Final  decision  not  to  code 

16)  m 

to  4* 

<I)H 

w»* 

Total  coded  episodes 

163 

95 

Although  the  majority  of  kindergartners  acted  on  the  basis  of  Personal  Aesthetics  at  some  point  in 
their  protocol,  no  third  graders  ever  manifested  this  irrelevant  interpret  uon.  The  other  two  spurious 
interpretations.  Personal  Control  and  Rejection  of  Probability,  were  rarely  used  by  any  third  grader 
together  accounted  for  27%  of  the  kindergartners  interpretations.  Chance  without  Probability  was  rare  at 
both  grade  levels,  accounting  for  just  3%  of  tondergartners'  interpretations  and  2%  of  the  third  graders 
Whereas  the  two  grade  levels  exhibited  Probability  without  Chance  at  about  the  same  relative  frequenc) 
(23%  among  the  kindergardners  and  28%  among  the  third  graders).  Chance  with  Probability  was  much 
more  common  among  the  third  graders  (7%  in  comparison  with  43%). 

Two  issues  of  particular  theoretical  interest  emerge  in  these  findings.  In  violation  with  PiagetV 
model  of  the  genesis  of  chance  and  probability,  chance  in  the  sense  of  random  generator  emerges  aftei 
probability  and  chance  without  probability  was  rarely  seen.  In  line  with  historical  analyses  of  thi 
development  of  these  ideas,  probability  was  first  manifested  as  deterministic  expectations.  Mon 
generally,  the  manifestation  of  the  alternative  interpretations  of  Personal  Control  and  the  ubiquitou1 
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Probability  without  Ounce  reveal  the  underlieing  challenge  of  conceptualizing  the  source  of  the  variability, 
the  bounds  of  the  predictable,  and  the  bounds  of  control 
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TRACING  MILIN'S  BUILDING  OF  PROOF  BY  MATHEMATICAL  INDUCTION: 
A  CASE  STUDY1 


s  Altfnn  and  Carolvn  A.  Maher 
Rutgers  University 


Milin,  a  fourth  grade  boy,  was  observed  in  a  videotaped  small  group  assessment 
discussing  a  mathematical  activity  with  three  other  students .  nis  contribution  to 
the  solution  of  the  problem  posed  to  the  group  was  based  on  an  argument  by 
mathematical  induction.  This  paper  traces  me  development  of  his  construction  of 
this  method  of  justification. 

Children  working  in  social  settings  (small  group  or  whole  class)  frequently  have  opportunities  to  observe 
and  listen  to  the  solutions  and  Justifications  of  others  (Davis  A  Maher,  1990;  Davis.  Maher  A  Alston. 

1991)  .  Individuals,  however,  often  begin  by  building  initial  solutions  of  a  problem  which  are  their  own 
construction,  then  consider  the  ideas  of  others,  comparing  them  to  their  own  for  a  more  refined 
representation  (Maher  A  Martlno.  1991). 

In  &  longitudinal  study  of  children's  thinking.  Milin  has  been  videotaped  during  classroom  problem- 
solving  sessions  and  in  follow  up  task  based  interviews  since  first  grade  (Davis,  Maher.  A  Martino. 

1992)  .  He  has  been  in  mathematics  classes  where  children  are  given  opportunities  to  explore  mathematical 
ideas  in  open  problem-solving  situations  (Maher  and  Alston.  1991).  In  grade  three  his  class  was 
presented  a  counting  problem  asking  pairs  of  students  to  build  all  possible  towers  four  cubes  tall,  given 
unifix  cubes  of  two  colors.  The  following  day  the  students  shared  their  strategies  and  results  in  whole 
class  discussion.  Questions  that  the  students  were  unable  to  resolve  at  this  time  were  left  open  for  future 
consideration.  In  grade  four.  Milin's  class  worked  on  a  similar  task  which  called  for  building  all  possible 
towers  five  cubes  tall,  given  unifix  cubes  of  two  colors,  red  and  yellow  (Maher  A  Martino.  1992).  This 
class  activity  was  followed  by  individual  task  based  interviews  with  a  number  of  the  children  and  a  small 
group  assessment  discussion  with  a  group  of  four  (Maher.  Martino  A  Davis  ,  submitted  for  publication). 

Episodes  from  the  videotaped  data  showing  evidence  of  pivotal  moments  in  Milin's  construction  and 
reconstruction  of  his  mathematical  argument  were  identified  and  analyzed  with  respect  to  the  strategies  and 
language  used  to  build  and  justify  his  solutions.  In  particular,  the  following  behaviors  were  considered: 
( 1 )  questions  and  reflections  that  Milin  posed  to  himself;  (2)  his  interactions  with  classmates;  and  (3)  his 
response  to  teacher  questioning. 


1  This  wort  was  supported  in  pan  by  tr»i  MDR  9053597  from  the  National  Science  Foundation.  The  opinion* 
wprc-wed  mt  not  necesurtly  those  of  the  sponsoring  i&ncj  md  no  endorsement  ihodd  be  Infenrd 
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Documentation  reported  in  this  paper  was  taken  from  the  videotapes  and  Mi  tin's  written  work  from  five 
mathematical  activities,  during  two  months  of  his  fourth  grade  year  (See  Table  1 ). 


Table  1  Malhrmitirfll  ArriviriPt 


ACTIVITY 

CONTENT 

DATE 

LENGTH 

Classroom  Lrssoo 

Budding  towers  of  5; 

justification  of  solution 

February  6,  1992 

SO  minutes 

Fust  Interview 

Reconstruction  of  solution 
usmg  cues;  consideration 
of  simpler  orobkms 

February  7, 1992 

54  minutes 

Soooftd  Interview 

Exieniioo  to  lowers  with  3 
colon;  buUdinf  from  lowers 
of  I  to  towers  2  cubes  tail 

February  21, 1992 

33  minutes 

Third  Imerview 

Organization  in  "families"  for  . 
low  en  of  1-5  cubes  tall 

March  6. 1992 

30  minutes 

Group  Assessment 
Discussion 

Solution  and  discus&ioo  of 
justifications  for  towers  3  uU  with 
Smiianic  Jeff  and  MicbeUe 

March  ia  1992 

45  minutes 

In  two  subsequent  whiten  assessments,  in  May  and  October  of  1992,  the  durability  of  Milin's  method  of 
justification  was  also  documented2.  Four  months  later,  in  a  different  problem  situation  extending  the 
lower  problems  lo  ideas  about  conditional  probability,  we  again  observed  Milin  persuading  his  classmates 
of  the  validity  of  his  solution  based  on  mathematical  induction. 


Episodes  documenting  Milin's  building  of  his  solution  and  justification  are  presented  chronologically 
beginning  with  an  excerpt  from  the  fourth  grade  classroom  session  and  concluding  with  episodes  from  the 
Group  Assessment  Discussion. 

Episode  1:    Beginning  of  Renrfani7atinn  from  Pairs  of  Opposite  tn  fWg 
During  the  class  session,  Milin  and  Michael,  his  partner,  generated  pairs  of  lowers  by  building  duplicates 
with  the  color  of  the  cube  in  each  position  in  the  first  tower  replaced  by  the  other  color  in  its  "opposite". 
The  only  indication  of  recognition  of  an  exhaustive  "case"  was  when  Milin,  in  the  4th  grade  session, 
explained  the  two  single  color  towers:  *n 

Teacher:    Is  there  anything  else  that  helps  you  to  make  new  lowers? 

Milin:      We  already  know  that  wc  did  5  (cubes)  of  these  (all  red)  and  5  of  these  {'J  yellow)  •  so< 
we  won't  do  that  anymore. 

2  For  a  detailed  analyiu  of  MlUo't  wnuen  assessments  refer  to  Four  cast  studitt  of  tht  stability  and  durability  of 
chtLtrtn's  methods  of  proof  by  Maber  and  Maruno  in  Qus  volume. 
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The  boys  tentatively  sealed  on  32  as  i  solution,  noting  agreement  with  several  other  groups.  Milin 
defended  their  solution  when  questioned: 

Milin:      It  gets  harder  (to  And  mote)  -  If  you  go  about  4  minutes  without  finding  one,  you're 

,  probably  done. 
Teacher   Can  you  know? 

Milin:      No  -  Try  for  10  minutes!  -  for  one  hundred  hours! 

In  sharing  solutions  with  the  class,  some  children  grouped  particular  towers  according  to  certain 
characteristics.  First  noted  were  the  Ave  towers  with  one  red  cube  and  four  yellows  arranged  in  i  staircase 
pattern,  ilong  with  the  opposite  staircase  of  one  yellow  and  four  reds.  The  two  single  color  towers  were 
also  noted.  A  second  staircase,  with  two  adjacent  red  cubes,  generated  4  more  towers.  Another  set  of  4 
towers  thit  were  opposite  in  color  to  this  set.  was  added.  Members  of  the  class  offered  similar  staircases 
for  the  two  red  cubes  separated  by  one.  two  and  then  three  yellow  cubes.  Milin  volunteered  to  explain.  ^ 

Milin:      For  1  '$  (towers  with  the  2  reds  separated  by  1  yellow)  there's  only  3.  For  2's  (towers 
with  the  2  reds  separated  by  2  yellows)  there's  only  2  and  for  3  s  (towers  with  the  2 
reds  separated  by  3  yellows)  there's  only  1. 

Stephanie  added  that  there  would  be  10  altogether  with  exactly  2  red  cubes,  noting  first  the  four  with  2 
adjacent  red  cubes  and  then  the  6  that  Milin  had  just  described.  Another  child  volunteered  that  there  would 
be  10  more  towers  like  these  but  opposite  in  color. 

Episode  2:  MiHn'i  e«Phiintinn  havfl  m  ri«*« 

In  the  first  interview,  Milin  said  that  the  class  sharing  session  had  shown  him  how  to  be  "sure  about  the 
towers" .  He  quickly  described  and  built  the  towers  for  cases  A.  E.  B.  F,  C  and  0  (See  Figure  1 .) 
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Mllln't  PvtUl  Construction  of  Towen  5  High 


By  using  his  original  strategy  of  opposites.  he  came  up  with  12  more  towers  for  a  total  of  32  but  was 
unable  to  provide  a  convincing  argument 

Teacher    You  really  think  you  have  them  all? 
Milin:      Uh  huh. 

Teacher    You  know  you  have  all  of  these  (Groups  C  and  G) ...  and  you  know  you  have  all  of 
these  (Groups  B  and  F). 
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Milin:      But  when  we  caroe  to  the  separating  part  we  kept  on  checking  them ...  and  we  took 
about  10  minutes  and  still  didn't  find  any. 


Episode  3:    Considering  Simpler  Problems 

Later  in  the  first  interview.  Milin  considered  towers  4  high  and  3  high.  He  approached  these  problems  by 
looking  at  the  various  cases  for  towers  5  tall,  subtracting  the  appropriate  number  of  towers  from  cases  B. 
F.  C  and  G  and  then  estimating  a  total  of  24  for  towers  4  tall  and  1 8  for  towers  3  tall.  When  asked  about 
towers  2  tall,  he  responded: 

Milin:  1  could  do  this  right  now. 

Teacher.  Sure. 

Milin:  One  of  these  (one  red  and  one  yellow),  switch  that  around  like  this.  ..  about  4 

Teacher:  You  think? 

Milin:  On  one's  (towers  one  cube  tall)  there  would  be  two. 


Episode  4:    Taller  Towers  Built  from  Smaller  Ones 

At  home  Milin  built  a  set  of  16  towers  4  tall  and  recorded  his  results  for  towers  1. 2.  3  and  4  cubes  tall 
with  two  colors.  He  returned  to  the  second  interview  with  this  data . 

Teacher:    If  you  were  going  to  go  from  towers  of  ...  one  and  make  them  into  towers  of  two? 

How  would  you  do  that? 
Milin:      You  put  one  tower  on  top  of  the  other. 

In  conversation,  Milin  said  that  he  remembered  a  similar  problem  in  3rd  grade,  but  thought  that  the  task 
had  included  three  colors.. 

Teacher,    instead  of  with  two?  would  that  make  it  different? 

Milin:      Uh  huh ...  if  there's  3  colors  then  you  could  make  three  (towers  2  tall)  of  these  (holds 
up  one  of  the  cubes) .... 

Milin  began  to  build  from  the  3  towers  one  cube  high  that  he  had  identified  (white,  yellow  and  red). 
However,  his  first  three  towers  were  each  a  single  color,  which  he  failed  to  consider  later  when  looking 
for  the  third  member  of  a  "pair". 

Milin:      (Talking  to  himself)  ....  hit  a  red  on  top  of  that  ..by  this  there  will  be  pairs  of  three. 
Teacher    What  do  you  mean? 

Milin:      See  .. .  because  ...(Indicating  his  towers  of  2  with  white  and  yellow  and  white  and  red) 
by  this  there'd  have  to  be  a  pair  of  three  somehow. 

Milin  moved  a  yellow  and  red  tower  into  the  group  to  make  his  "pair  of  three". 

Episode  S:    Organizing  by  Pamilipc 

Minn  began  the  third  interview  by  building  4  towers  of  height  two  after  choosing  two  towers,  each  one 
cube  tall,  one  a  black  and  the  other  a  blue  cube. 
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Teacher    Why  did  that  happen? 

Milin:      This  happened  because  you  had  to  put  something  else  on  top  of  these. 
Teacher:    What  could  you  put? 

Milin:       If  you  had  blue,  you  could  put  another  blue  ...  or  a  bluck  on  it. 
When  asked  about  towers  3  tall.  Milin  first  looked  at  the  four  2  tall  towers  that  he  had  built. 
Milin:  OK  ...  You  could  have  these  four  ....  Another  four. 

Milin  generated  the  set  of  8  towers  3  tall  by  taking  each  of  the  four  towers  of  height  2,  building  two 
duplicates  of  it  and  placing  a  blue  cube  on  one  and  a  black  on  the  other.  He  explained  as  he  positioned  the 
first  set  alongside  its  corresponding  tower  two  cubes  tall. 

Milin:  See  ....  That  would  go  into  this  family. 

Milin  used  the  term  "family"  throughout  the  rest  of  the  interview  to  explain  the  relationship  from  shorter  to 
taller  towers.  After  building  towers  of  height  three,  Milin  explained  that  mis  strategy  would  also  work  for 
towers  four  and  five  cubes  tall. 


It  mlnatti  Into  tht  Inltrvltwi 

Milin:  ..  and  that  would  work  with  all  these  too  (Points  to  the  row  of  towers  3  cubes  tall). 

Teacher  OK  -  so  how  many  are  there  going  to  be? 

Milin:  16  -  2  for  this,  2  for  this,  2  for  this,  2  for  this,  2  for  this,  2  for  this,  2  for  this,  and  2 

for  this  (Pointing  to  each  of  the  8  towers). 

Teacher.  Yes. 

Milin:  ...  and  once  you  get  to  16  ...  32  ....  You  get  two  for  all  of  them  and  you  get  32. 

Teacher:  Oh,  really? 

Milin:  But  it  doesn't  work  on  6,  towers  of  6. 

Teacher:  Why? 

Milin:  Cause  it's  different ....  'cause  I  got  50.  I  made  staircases  


Milin  then  organfced  particular  "families",  by  building  towers  first  from  3  to  4  cubes  tall,  then  from  4  to  5 
cubes  tall  and  finally  from  5  to  6  cubes  high.  As  he  did  this  he  made  several  conjectures  about  why  the 
"family"  strategy  would  not  work  for  towers  6  cubes  tall. 

19  mlnattt  Into  Inttrvltw: 

Teacher:  You're  saying  you  couldn't  do  that  for  all  of  them  going  from  5  to  6? 

Milin:  Uh  huh.  because  there's  going  to  be  less. 

Teacher  Why? 

Milin:  (Laughing)  Because  some  of  the  "families"  can't  afford  them' 

21  minatts  Into  tl*  Inttrvltw,  referring  tack  t«  hU  written  records  : 

Teacher:    Does  this  strategy  then  Just  not  work  after  a  while? 

Milin:      Uh  huh.  after  3.  maybe  cause  10  is  an  even  number  and  you  can  divide  by  5  or 
something  like  that 
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Milin  continued  building  lowers  of  height  6  from  the  towers  5  cubes  tall,  asking,  as  he  worked,  whether 
anyone  else  had  been  thinking  about  these  problems.  As  the  interviewer  turned  lo  talk  with  colleagues 
about  setting  up  a  group  assessment,  Milin  broke  into  their  conversation: 

Milin:      but  this  (Referring  to  the  recorded  solutions  on  his  paper)  ...this  might  not  do  it, 

but  it  might. 
Teacher:    It  might? 

Milin:      I  might  be  wrong  or  something. 

The  interviewer  then  concluded  the  interview  by  asking  Milin  to  summarize  what  he  had  found  out  about 
towers  with  3  colors. 

v      Teacher:    You've  done  a  really  good  job  of  keeping  some  of  these  records.  I'm  going  to  ... 
Milin :      (Interrupting)  But,  I  think  I  did  something  wrong  on  ...  ummm,  from  32  to  ...  going 

to  6     1  think  1  did  something  wrong. 
Teacher:  Why? 

Milin:      1  don't  thing  that  rule  would  break  down  like  

Teacher    If  it  didn't  break  down,  how  many  should  there  be? 
Milin:  64. 


Episode  6:    Argument  Based  on  Mathematical  function:  Milin's  Explanations  in  the  Group 


Throughout  the  discussion  the  other  three  children  based  their  arguments  on  number  patterns  and  instances 
of  cases.  Milin  made  a  drawing  and,  on  8  different  occasions,  offered  explanations  that  used  an  inductive 
argument  (See  Figure  2  for  Milin's  drawing). 


His  explanation  in  each  instance  was  based  on  generating  from  a  shorter  tower  exactly  two  towers  that 
were  one  cube  taller.  For  example: 

Teacher    Can  you  explain  for  me  why,  from  2,  you  could  get  4. 
Milin:      I  know  - 
Teacher:    OK  *  Milin. 


AraMmgnt  Discussion 


Figure  1 


Miuni  DrawiBit  of  Towcn  Two  aod  Three  Cubes  Hit* 
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Milin:      (Pointing  to  his  towers  that  were  one  cube  high)  Because  -  for  each  one  of  them,  you 
could  add  one  -  No  •  two  more  -  because  there's  a  black,  I  mean  a  blue,  and  a  red  — 
See  for  that  you  just  put  one  more  -  for  red  you  put  a  black  on  top  and  a  red  on  top  - 1 
mean  a  blue  on  top  instead  of  black.  And  blue  -  you  put  a  blue  on  top  and  a  red  on  top 
•  and  you  keep  on  doing  that 

During  this  discussion,  he  expressed  certainty  that  this  pattern  would  continue. 

Milin:      ...  and  for  each  one  you  keep  on  doing  that  and  for  6  you'd  get  64. 
Teacher:    Does  that  make  any  sense? 

Milin:       We  followed  the  pattern  to  5  -  Why  cant  it  follow  the  pattern  to  6? 


Conclusions 

Several  observations  can  be  made  about  this  development  The  first  is  that  the  development  of  a  stable  and 
durable  argument  took  time  and  occurred  gradually  through  a  number  of  varied  experiences.  Each 
successive  activity  provided  Milin  opportunities  to  build  on  his  earlier  constructions.  He  was  encouraged 
to  think  more  deeply  about  the  ideas  and  to  continue  this  at  home.  Milin's  building  of  a  stable  justification 
was  not  done  in  isolation.  His  first  strategy  was  to  build  a  justification  by  cases  that  were  triggered  by 
classmates'  observations.  When  he  pursued  the  heuristic  of  thinking  of  a  simpler  problem  he  was  able  to 
construct  an  argument  that  made  sense  to  him.  Milin's  construction  was  facilitated  by  his  classroom 
community,  through  strategies  that  were  shared  and  the  knowledge  that  other  children  were  engaged  in 
similar  exploration. 
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BLOCKING  METACOGN1TION 
DURING  PROBLEM  SOLVING 

linda  I  Defiutrc 
California  Sute  University,  Long  Beach 

Abstract  The  paper  presents  a  case  study  (Barclay)  in  which  the  subject  consciously  chose  not  to  be 
aware  of  his  metacognitive  activity  and  concurrently  seemed  to  remain  relatively  constant  in  his 
problem -solving  success  and  to  shrink  in  his  confidence  and  willingness  to  try  problems.  Data 
included  journal  entries,  group  and  written  problem  solutions,  jour  videotape  sessions  of  talking 
aloud  while  solving  a  problem,  a  pre-  and  post-Attitude  Inventory,  and  prompted  retrospection. 

Metacognition  has  been  widely  discussed  and  accepted  as  an  important  factor  for  success  in 
problem  solving.  Yet,  the  path  of  its  development,  and  the  mechanisms  that  spur  someone  along  that 
path,  as  well  as  the  effect  of  that  development  have  received  much  less  attention  (Schoenfdd,  1992). 
Earlier  work  established  that  self- report  dau  can  be  used  to  study  the  development  of  metacognition 
(DeGuire,  1987,  1991).  The  present  paper  is  a  companion  piece  to  DeGuire,  1993.  The  purpose  of  the 
1993  paper  was  to  present  a  case  study  (Jackie)  that  chronicled  Jackie's  positive  development  in  meta- 
cognition, which  in  turn  produced  significant  growth  in  problem  solving  success  and  several  charac- 
teristics related  to  such  success.  Mechanisms  that  spurred  development  in  Jackie  all  had  to  do  with 
externalizing  thought  processes  in  some  way,  e.g.,  writing  "mctacognitions"  in  a  separate  column  in 
the  written  solution  of  problems.  The  purpose  of  the  present  paper  is  to  present  a  case  study  (Barclay) 
in  which  the  subject  consciously  chose  not  to  be  aware  of  his  metacognitive  activity  and  concurrently 
seemed  to  remain  relatively  constant  in  his  problem-solving  success  and  to  shrink  in  his  confidence 
and  willingness  to  try  problems.  Though  there  is  no  universally  accepted  meaning  of  the  word  ■meta- 
cognition," all  usual  definitions  include  the  monitoring  and  regulation  of  one's  cognitive  processes; 
this  is  the  aspect  emphasized  here. 

Context  of  the  Case  Study 
The  subject  of  the  case  study  (Barclay)  was  a  student  in  a  course  on  Problem  Solving  for  the 
Elementary  Classroom,  taught  by  the  researcher.  The  dau  for  the  case  study  were  gathered  through- 
out the  semester-long  course.  The  course  began  with  four  sessions  (two  weeks)  d  rvotcd  to  an  intro- 
duction to  problem  solving,  several  problem-solving  strategies  (e.g.,  make  a  chart,  .'ook  for  a  pattern, 
work  backwards),  and  metacognition.  After  the  introduction,  the  course  progressed  from  fairly  easy 
proi'em-solving  experiences  to  quite  complex  and  rich  problem-solving  experiences.  Throughout  the 
course,  students  discussed  and  engaged  in  reflection  and  metacognition.  Often,  especially  early  in  the 
course,  students  solved  problems  in  pairs,  with  one  student  serving  as  the  "thinker"  and  the  other  as 
the  "doer"  (Schultz  St  Hart,  1989).  Most  other  in-das*  problem  solving  took  place  in  groups  of  3  to  5 
students. 
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During  the  course  the  students  were  given  8  problem  sets  to  be  solved  and  written  up  outside  of 
class  in  order  to  be  evaluated  The  written  report  was  to  be  an  in-progress  record  of  all  work  on  the 
problem,  including  blind  alleys,  and  was  to  include  a  separate  column  for  "metacognitions."  All 
solutions  were  evaluated  so  as  to  give  more  weight  to  the  cognitive  and  metacognirjve  processes  in  the 
solution  than  to  the  final  solution  of  the  problem.  Students  in  the  course  also  completed  an  Attitude 
Inventory  (Charles,  Lester,  9c  O'DafTer,  1987,  p.27)  twice*  once  early  in  the  course  and  once  at  the  end 
of  the  course,  and  wrote  10  journal  entries.  The  topics  of  the  journal  entries  were  chosen  to  encourage 
reflection  upon  their  own  problem-serving  processes  and  their  own  development  of  confidence,  strate- 
gies, and  metacognitkm  during  problem  solving. 

Barclay  was  one  of  two  students  who  volunteered  to  be  videotaped  while  thinking  aloud  during 
problem  solving.  There  were  four  videotape  sessions,  spaced  approximately  equally  apart  .  The 
problems  used  in  the  videotape  sessions  are  representative  of  the  problems  used  throughout  the  course. 

In  abbreviated  form,  they  were  the  following: 

Videotape  Session  1:  (Number  Problem)  Three  whole  numbers  multiply  to  36.  Five  more  than 

the  sum  of  the  numbers  is  a  perfect  square.  What  is  the  sum  of  the  numbers? 
virf^f  p*  s*«inn  2:  (Fence  Problem)  You  have  10  boards,  each  1  unit  by  I  unit  by  2  units. 
(The  red  rods  from  sets  of  Cuisenaire  rods  were  used  as  a  model  for  this  problem.)  You  want  to 
build  a  fence  10  units  long  by  1  unit  wide  by  2  units  high.  It  Is  possible  to  build  the  fence  In  a 
variety  of  ways.  (Side  views  of  2  ways  were  pictured.)  With  how  many  different  arrangements 
of  the  boards  could  you  build  the  fence? 
Videotape  Session  3:  (Locker  Problem)  There  are  1000  lockers,  numbered  from  1  through 
1000,  and  1000  students.  Each  student  walks  by  the  lockers  one  at  a  time.  The  first  student 
opened  all  of  the  lockers.  The  second  student  then  closed  every  other  locker,  that  is,  the  one 
with  the  even  numbers  on  them.  The  third  student  changed  the  status  of  every  third  locker, 
that  is,  opened  it  if  it  was  closed  and  dosed  it  if  H  was  open.  The  fourth  student  then  changed 
the  status  of  every  fourth  locker.  One  by  one,  the  students  changed  the  status  of  the  appro- 
priate lockers.  At  the  end,  which  lockers  were  left  open  and  which  were  left  closed? 
v1rirntfPT  ***tinn  4'  (Extension  of  Checkerboard  Problem)  How  many  different  rectangles  are 
on  an  8 -by -8  checkerboard?  Note,  rectangles  are  considered  different  if  they  are  different  in 
position  or  size.  So,  a  2-by-l  rectangle  is  considered  different  than  a  l-by-2  rectangle. 
The  following  case  study  is  the  stoiy  of  the  Barclay's  development.  Throughout  direct  quotes  are 
from  his  written  problem  solutions,  journal  entries,  or  videotape  transcripts. 

The  Case  Study  of  Barclay 
Barclay  was  older  (mid-20's)  than  the  typical  college  student,  working  full-time  and  taking 
courses  at  night.  He  had  taken  mathematics  through  Calculus  1.  earning  A's  throughout.  He  had 
had  no  teaching  or  classroom  experience.  As  a  mathematics  lesrner,  he  described  himself  as  "a  sponge." 

He  considered  himself  a  "whiz  at  mathematical  problems  If  you  count  puzzles,  that/a  one  of  my 

main  hobbies."  However,  he  had  had  no  training  in  problem  solving  or  in  problem -solving  strategies. 
After  the  intrndnrtnry  phase  of  the  course 

In  a  journal  entry  shortly  after  the  introductory  phase  of  the  course,  Barclay  felt  his  approach  to 
problem  solving  and  his  confidence  in  his  problem  solving  abilities  had  been  reinforced  in  the  course. 
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He  reported  that  his  most  commonly  used  strategy  was  "work  on  simpler  problems.  .  .and  put  them 
together  to  make  the  whole  thing  work."  This  strategy,  as  he  seemed  to  interpret  it  (i.e..  break  the 
problem  into  parts  and  work  on  each  part  separately)  remained  his  preferred  and  dominant  strategy 
throughout  the  course.  At  this  point,  he  was  consciously  working  on  being  aware  of  his  cognitive  and 
metacognitive  processes. 

At  the  first  videotape  session,  Barclay  solved  the  problem  rapidly  and  called  it  "simple."  He  had 
very  little  difficulty  reporting  his  cognitive  processes  but  reported  few  metacognitive  processes.  He  did 
monitor  his  local  procedures  in  solving  the  problem  but  not  whether  or  not  he  had  considered  all 
possibilities.  When  this  fact  was  pointed  out  to  him,  he  checked  further  for  other  combinations. 

A  couple  days  later,  in  his  journal,  he  wrote  about  his  conception  of  metacognition  and  his  own 
level  of  awareness  of  his  cognitive  and  metacognitive  processes.  x 

Metacognition  is  the  thought  process  that  goes  on  that  a  person  may  or  may  not  be  aware  ot 
that  guides  him  through  a  problem.  It  *  what  decides  on  a  strategy  and  gives  ideas  on  how  to 
1  go  or  what  works  and  what  doesn't.  It's  as  an  overseer.  I  think  I  was  fairly  aware  of  my  thought 
processes  (before  this  course].  I  would  put  myself  at  a  5  on  a  scale  of  1  to  10. ...  This  class  ha 
started  me  thinking  about  this  more  and  I  would  say  that  I  am  mjltk  more  aware  of  ray 
thought  processes  now.  I  pay  more  attention  to  how  I  think,  I  would  put  myself  at  a  7  now. 
So.  Barclay  understood  metacognition  primarily  as  monitoring,  whether  consciously  or  not,  and  he  was 
de6nitely  trying  to  be  aware  of  his  "thought  processes." 

During  the;  second  part  of  ihc  course 

Barclay's  written  problem  solutions  during  the  second  part  of  the  course  showed  Increasing  meta- 
cognitive activity.  In  one  solution,  he  began  with  his  favorite  strategy  and  soon  excitedly  exclaimed 
that  he  saw  a  pattern,  though  he  had  not  consciously  decided  to  look  for  a  partem.  In  another  solu- 
tion during  this  time,  Barclay  expressed  genuine  amaienient  at  the  simplicity  of  a  solution  done  in  class 
in  which  a  pattern  was  found  and  used  to  find  the  number  of  ways  a  task  could  be  done.  In  his  solu- 
tion of  this  problem,  he  had  laboriously  (and  correctlyl)  generated  all  252  w»ys! 

It  was  during  this  time  that  Barclay  began  to  express  some  frustration  with  meUcognidon 
Shortly  before  the  second  videotape  session,  he  wrote  in  his  journal. 

I  am  sometimes  very  aware  of  my  cognitive  processes,  but  most  of  the  time  they  go  on  without 
me  noticing.  ...  I  guess,  for  roe.  sometimes  I  jutf  need  to  let  the  thoughts  flow.  If  I  think 
about  it  too  much,  it's  a  hindrance.  I've  gotten  into  these  loops  where  1  m  thinking  about  my 
thoughts  about  thinking  about  thoughts. .  .you  get  the  idea. 
In  our  discussion  at  the  beginning  of  the  second  videotape  session,  when  asked  whether  his 
awareness  or  his  cognitive  or  metacognitive  processes  had  changed  in  any  way,  he  dearly  indicated  that 
he  was  making  choices  about  whether  or  not  to  attend  to  his  metacognitive  activity. 

Well,  it  depends.  If  I  think  about  it.  I'm  seeing  more  than  I  ever  saw.  But. .  .1  don't  always  do 
too  much  thinking  about  what  I'm  thinking. ...  But  at  times  I  am  more  aware  when  I  try  to 
make  myself  more  aware.  Especially  when  we  do  the  written  problems  with  the  metacogn  Uve 
column. 
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In  his  solution  of  the  Fence  Problem  tt  the  second  videotape  session,  Barclay  began  counting 
possible  arrangements  but  with  many  lapse*  in  his  verbal  reports.  Soon  he  expressed  some  frustration. 
This  is  getting  complicated.  There's  got  to  be  an  easier  way  to  do  it.'  Clearly  some  kind  of  monitor- 
ing was  taking  place.  He  then  began  using  internal  patterns  to  verify  his  counts,  again  indicating 
monitoring  of  local  procedures.  An  overall  pattern  ehided  him.  There  were  many  5-10  second  pauses 
during  this  struggle,  with  facial  and  bodily  expressions  (e.g..  tapping  on  desk  while  staring)  suggesting 
unreported  mental  activity.  When  prompted  to  try  to  think  out  loud,  Barclay  grimaced  and  com- 
mented, "It  messes  me  up.'  However,  he  complied.  Several  minutes  later,  he  again  commented  "I 
know  thia  has  got  to  be  the  wotst  way  to  get  the  answer.'  During  the  next  several  minutes,  he  see- 
sawed among  pursuing  his  counting  pattern  and  commenting  on  hia  sense  of  being  overwhelmed  and 
his  approach  being  too  complicated,  with  several  5-10  second  lapses  in  his  verbal  report  and  occasional 
lapses  as  long  as  30  seconds.  Throughout  this  time,  there  were  occasional  prompts  from  the  researcher 
to  think  out  loud,  each  greeted  by  Barclay  with  varying  degrees  of  a  racial  grimace.  At  one  point,  he 

decided,  "Maybe  I  could  fust  go  brute  force,  count  up  ail  the  4  H's  and  just  If  I  write  it  all  down, 

maybe  1  11  be  able  to  see  it."  He  shifted  his  point  of  view  but  only  to  count  it  in  a  slightly  different  way. 
This  time,  however,  he  was  successful.  "There  you  go.  (laughter)  I  don't  know  why  I  didn't  see  that 

before. .  .{proceeding  to  count,  with  lots  of  uninterpretable  mumblingl  Add  them  all  up,  .1  get. . 

.89.  That's  the  number  of  combinations. ...  89  ways.  That  seems  like  an  odd  number,  {long  pause]" 
He  was  "not  100%  confident"  of  his  solution.  After  several  seconds  of  interchange,  with  the  research- 
er probing  Barclay  to  explicitly  consider  the  In-dass  solution  approach  to  the  similar  problem  he  had 
recalled  earlier  in  this  solution,  he  made  the  connection.  "A  simpler  problem?  . .  .AHHHH!!!  doing  a 
simpler  problem!!!  Light  went  on!  (laughter)"  He  then  proceeded  to  use  this  approach  and  solve  the 
Fence  Problem  rapidly  in  less  than  2  minutes.  Then  he  felt  "100%  confident"  of  his  solution. 

Of  course,  Barclay  preferred  the  second  solution  path  to  the  first.  The  researcher  pointed  out 
that,  during  the  solution,  he  had  picked  up  on  the  signal  of  being  overwhelmed,  that  he  had  several 
times  noted  that  there  had  to  be  an  easier  way  to  solve  it  and  that  he  had  even  thought  of  a  similar 
problem,  yet  he  had  never  stepped  back  from  the  problem  long  enough  to  let  these  pieces  fall  together 
to  suggest  the  second  solution  path.  Time  did  not  permit  further  probing  on  these  points. 

During  the  third  part  of  the  course 

After  videotape  session  2,  Barclay's  written  solutions  changed  in  that  what  he  reported  In  his 
"metacognitions"  column  were  mostly  cognitions  (i.e.,  the  processes  he  used)  with  little  or  no  attention 
to  monitoring  and  loottog  back.  In  a  journal  entry  he  reported  that  "I'm  still  uncertain  aa  to  how  to 
define  'metacognitlon."  Somehow,  his  earlier,  dear  conception  of  meucognltion  had  become  clouded. 

In  the  discussion  at  the  beginning  of  the  third  videotape  session,  Barclay  gave  the  following 
status  report  on  his  view  of  himself  aa  a  problem  solver  and  his  awareness  of  his  metacognitlve  and 
cognitive  activity. 
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I  think  I  have  more  tools  to  solve  problems  now  than  I  had  before  I  think  that  it's  actually 

my  cognitive  awareness  that's  increased.  However,  I  think  it's  something  you  have  to  con- 
sciously work  at.  1  don't  think  I've  been  working  at  it  as  much  as  I  could. ..  I  fed  it  hindered 
me.  It  slowed  me  down. ...  I  think  that  a  lot  of  these  tools. .  .1  use  them  but  it's  more  on  the 

metacogniuve  levd,  so  I'm  not  aware  that  I'm  using  them  iThey're)  probably  automatic  to 

some  extent ...  On  a  scale  of  1  to  10  with  1  being  low  awareness,  1  would  say  I'm  average,  a 

5  There  was  a  point  in  this  course  when  I  put  it  higher.  I  think  it's  higher  than  when  I 

started  this  course. 

After  an  initial  reading  of  the  Locker  Problem  for  the  fourth  videotape  session,  Barday  began 
looking  at  the  first  10  lockers  and  recording  status  changes  in  a  grid.  He  began  to  focus  on  how  many 
lockers  were  changed  each  time.  Later,  he  changed  his  focus  to  which  ones  each  student  changed  He 
was  mumbling  a  lot  with  several  lapses  into  silence,  some  short  and  some  fcirly  long  (15  to  30  seconds). 
It  was  not  dear  what  pattern  he  was  attempting  to  follow.  He  continued  in  this  manner  for  about  20 
minutes,  grimacing  when  reminded  to  say  what  he  was  thinking,  occasionally  complaining  that  this 
was  getting  too  complicated.  At  one  point,  when  reminded  to  say  what  he  was  thinking,  he  said, 

(grimacing)  I'm  tired  of  making  a  lot  of  mistakes  Here's  what's  really  going  on  in  my 

mind  Because  I  know  I'm  doing  all  this  busy  work,  my  mind's  busy  working  subconsdously. 

But  I'm  not  really  aware  of  what's  going  on  Eventually  M  come  up  with  a  better  idea 

working  it  this  way. 

He  returned  to  counting  and  looking  for  a  pattern.  After  several  more  minutes,  he  glanced  at  the 
original  problem.  Since  time  was  growing  short,  the  researcher  prompted  him  to  reread  the  problem. 
He  realized  he  needed  to  look  for  wiikh  lockers  would  be  kft  open,  not  how  many.  After  prompting 
by  the  researcher  to  see  whether  he  knew  for  sure  any  lockers  that  would  be  open,  he  paused  (11  sec- 
onds), then  checked  his  chart  and  again  paused  (10  seconds),  and  finally  replied.  "1.  4,  9. .  .squares. . 

.The  next  one's  going  to  be  16  Now  I  fed  a  little  stupid."  He  went  on  to  complete  the  solution 

but  could  not  explain  why  the  lockers  worked  that  way,  even  after  considerable  probing  by  the 
researcher  Later,  in  his  journal,  he  completed  the  explanation  of  the  solution.  He  wrote,  "I  liked  this 

problem  But  this  problem  really  frustrated  mel  It  wasn't  really  the  problem's  fault. ...  I  wrote 

one  the  numbers  in  RED  ink.  This  prevented  me  from  seeing  the  pattern  of  perfect  squares.  My  mind 
disregarded  the  red  ink."  He  seemed  unable  to  relate  his  difficulties  to  not  ever  stepping  back  from  the 
problem  to  assess  his  overall  progress  and  to  reread  the  problem. 
During  the  last  part  of  the  course 

During  the  last  part  of  the  course,  Barclay's  performance  on  his  written  problem  solutions  was 
quite  uneven.  In  his  "metacognitions"  columns,  he  continued  to  report  primarily  cognitions,  rardy 
monitoring  beyond  the  levd  of  local  procedures.  Toward  the  end  of  this  time,  Barclay  suimnariaed  his 
concept  of  metacognition  and  his  view  of  his  own  levds  of  metacognition  and  awareness. 

Metacognition  is  the  background  thinking  that  goes  on  behind  problem  solving. .  .the  "little 
voice"  inside  your  head  that  tells  you  when  you're  on  the  right  track  or  when  you  need  to  try 

something  new.  Very  often  this  "voice"  will  give  "hints."  This  is  mctacopitive  thinking  

1  fed  that  when  I  first  learned  about  metacognition,  I  was  contused  about  it  As  I  looked  more 
and  more  at  my  background  thinking  I  was  able  to  get  a  better  understanding  of  metacogni- 
tion. Through  all  this  1  have  become  more  aware  of  my  own  thought  processes  Now.  my 
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awareness  has  become  less,  but  not  to  the  point  where  I  started.  I  think  that  practicing  being 
aware  is  helpful,  but  the  mental  effort  of  this  awareness  is  a  hindrance.  I  would  rate  myself  at  ft 
4  on  awareness  at  the  beginning  of  the  course.  1  think  at  one  point  I  would  have  rated  myself 
at  an  •  or  9,  but  now  I  think  I've  settled  into  the  area  of  a  6. 
Barclay's  solution  of  the  Extension  of  the  Checkerboard  Problem  during  the  fourth  videotape 
session  was  amazing  in  that  he  actually  solved  it  by  brute  force  and  counted  all  1296  rectangles! 
Throughout  the  solution,  he  did  internal  checks  of  local  procedures.  He  struggled  for  quite  some  time 
with  generalizing  while  he  continued  to  count.  There  were  frequent  pauses  during  this  time.  When 
asked  what  he  was  thinking,  he  replied.  "I'm  not  thinking.  I'm  Just  letting  my  brain  come  up  with  an 
idea.  It's  not  coming  up  with  one."  He  was  gradually  filling  in  his  chart.  Finally,  "all  I've  got  to  do  ia 
Just  add  up  all  these.  ...  I'm  pretty  sure  that  will  be  the  answer  although  I'm  not  sure.how  I  check 
that  right  off."  He  continued  to  struggle  for  some  time  with  finding 

a  way  of  adding  these  up  without  doing  this.  There's  got  to  be  a  way.  . .  .  Meanwhile  I'm 
trying  to  think  of  a  way  subconsciously.  I'm  going  to  go  ahead  and  keep  figuring  because  that 
keeps  my  mind  off  of  what  I'm  thinking  about  which  is  my  problem.  Now  I'm  thinking  about 
what  I'm  thinking  about  what  I'm  thinking  about  and  that  gets  even  worse.  So.  .  .it's  a  trap. 
That  happens  to  me  a  lot.  I'm  thinking  about  what  I'm  thinking  about.  Then  it  just  turns 
into  a  big  loop.  Anyway,  bade  to  the  problem. 
Soon,  he  came  up  with  the  sum.  Unfortunately,  this  approach  left  him  with  a  specific  solution  that 
was,  at  best,  difficult  to  generalize.  Only  wtth  extensive  prompting  and  guiding  from  the  researcheT 
was  he  able  to  generalize  it  to  an  n-by-n  checkerboard. 

At  the  end  of  the  course,  Barclay  had  experienced  some  changes  in  his  attitudes,  a*  measured  by 
the  Attitude  Inventory.  In  the  "willingness"  category,  3  of  his  6  responses  had  changed,  to  indicate  he 
was  less  willing  to  try  problems.  In  the  "perseverance"  category,  4  of  his  6  responses  had  changed,  to 
indicate  he  was  more  persevering  in  solving  problems.  In  the  "self- confidence"  category,  4  of  his  I 
responses  had  changed,  to  Indicate  he  was  less  confident  of  his  problem-solving  abilities. 


Barclay  seemed  to  have  mixed  feelings  about  trying  to  be  aware  of  and  monitor  his  cognitive  and 
metacognitive  processes,  insisting  that  such  awareness  hindered  him.  Thus,  he  consciously  chose  at 
times  to  block  his  metacognitive  processes  from  his  consciousness,  such  as  in  the  third  and  fourth 
videotape  sessions  and  possibly  in  the  second.  During  these  sessions,  he  agonized  through  difficult  and 
complex  counting  procedures,  only  reaching  confidence  in  his  solutions  with  help  from  the  researcher. 
Thus,  he  was  frustrated  in  these  sessions.  His  ability  to  persist  in  these  counting  strategies  was  quite 
amazing!  Yet  his  frustration  took  a  toll  on  his  willingness  to  focus  on  his  metacognttion.  One  an 
only  hypothesize  how  smoothly  and  quickly  these  sessions  might  have  gone  If  he  had  allowed  himself 
to  step  back  from  his  solution  processes  long  enough  to  see  other  ways  of  solving  the  problems. 

The  contrast  with  Jackie's  development  (DeGuire,  1993)  during  the  same  course  gives  some 
in-tight  into  what  might  have  been  for  Barclay.  Jackie  began  the  courte  with  much  more  limited 
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problem- wiving  experience  than  Barclay.  She  eagerly  embraced  meucogoition  and  her  problem- 
solving  abilities  seemed  to  develop  continuously  with  no  indication  of  leveling  off.  She  struggled  with 
the  problems  in  the  first  2  videotape  sessions.  By  the  third  videotape  session,  she  correctly  solved  the 
Locker  Problem  and  went  on  to  explain  why  the  tutu*  changes  of  the  lockers  fit  the  pattern.  In  the 
fourth  videotape,  she  quickly  solved  the  Extension  of  the  Checkerboard  Problem  and  went  on  to 
generalize  it  to  an  n-by-n  checkerboard.  By  the  end  of  the  course,  changes  in  her  Attitude  inventory 
showed  a  dear  increase  in  her  persistence,  her  tnjoyment,  and  her  confidence  in  solving  problems. 

Barclay  often  attributed  his  lack  of  success  of  seeing  a  pattern  or  solving  a  problem  to  his  nota- 
tion, his  carelessness,  his  lack  of  "tools,"  or  to  other  factors.  Yet  he  had  creative  and  useful  notation, 
he  was  meticulously  careful  enough  to  actually  succeed  in  counting  large  numbers  of  possibilities,  and 
he  dearly  had  the  "tools"  when  strategies  were  pointed  out  to  him.  These  factors  seem  leu  plausible  as 
an  explanation  than  to  attribute  his  lack  of  success  to  his  rductance  to  step  back  from  his  solution 
process  long  enough  to  assess  and  monitor  his  progress  and  to  consider  other  solution  approaches.  He 
preferred  to  let  his  subconscious  somehow  feed  him  ideas  and  solution  approaches  rather  than  to  take 
charge  and  consciously  search  his  available  tools.  Such  reluctance  to  interfere  with  approaches  in 
which  he  had  been  successful  and  which  had  become  rather  automatic  for  him  is  understandable.  Yet, 
the  temporary  interference  caused  by  focusing  on  his  mcucognitive  processes  would  likely  have  pro- 
duced substantial  gains  in  ease  in  his  problem-solving  success  and  perhaps  prevented  the  dedine  in  his 
confidence  and  willingness  to  try  problems.  Either  Barday  did  not  believe  mctacognition  would  pro- 
duce tuch  results  or  he  was  unwilling  to  take  the  risk,  Jackie's  development  (and  other  research  results 
about  the  role  of  mctacognition  in  problem  solving)  make  it  dear  that  the  risk  would  have  paid  off  well 
for  him. 
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THE  ARITHMETIC-ALGEBRA  TRANSITION  IN  PROBLEM  SOLVING: 
CONTINUITIES  AND  DISCONTINUITIES 
Bernadene  Janvier.  Nadine  Bednarz 
CIRADE,  Universite*  du  Que*bec  I  Montreal 

Abstract 

Considering  the  arithmetic  experience  acquired  by  students  in  problem  solving  over  many 
years,  the  Introduction  of  algebraic  reasoning  in  problem  solving  gives  place  to  conflicts  and 
structuring  of  thought.  The  fundamental  changes  that  mark  the  passage  from  arithmetic  to 
algebra  will  be  examined  from  the  point  of  view  of  problems  traditionally  presented  in 
algebra,  and  from  the  point  of  view  of  the  procedures  used  by  132  students  of  secondary  1 
(12-13  years  old)  in  these  problems,  before  any  introduction  of  algebra.  These  spontaneous 
reasonings  will  then  be  confronted  in  individual  Interviews  with  what  is  normally  expected  in 
algebra. 

Introduction 

.  If  we  consider  the  children's  previous  experience  during  their  primary  schooling  and  at  the 
beginning  of  secondary  school  (6  to  13  year  olds),  problem  solving  is  not  new  to  them.  They  have 
developed  over  many  years  in  these  problems  a  certain  number  of  strategies,  a  certain  number  of 
concepts.  An  arithmetic  culture  is  already  in  place,  that  manifests  itself  in  a  particular  body  of  problem!, 
and  by  different  procedures,  different  ways  of  approaching  these  problems.  These  procedures  are 
carried  over  to  certain  knowledges  concerning  numbers  and  operations,  and  to  certain  relations  of 
mathematical  symbolism  (Kuchemann,  1981;  Booth,  1984...). 

When  a  student  begins  problem  solving  in  algebra,  he  is  faced  with  a  new  mathematical 
"culture,"  with  reference  to  new  problems,  to  a  new  way  of  approaching  and  reasoning  these  problems 
requiring  a  readjustment  of  his  previous  knowledge  concerning  number  and  operations  and  a  different 
relation  to  symbolism.  This  process  of  acculturation  leaves  open  possible  conflicts  and  structuring  of 
thought  in  the  passage  from  one  mode  of  solution  to  another.  Problem  solving  seems  therefore  to  be  an 
interesting  area  in  which  to  examine,  from  a  didactic  perspective,  the  possible  continuities  and 
discontinuities  in  the  passage  from  one  mode  of  treatment  to  another.  The  present  research  focuses  on 
the  study  of  these  continuities  and  discontinuities  in  the  passage  from  arithmetic  to  algebra:  on  what 
reasoning,  on  what  arithmetic  experience  can  this  learning  of  algebra  be  built?  On  what  reasoning,  and 
on  what  experiences  must  it  work  against? 

These  questions  raise  the  issue  of  the  reasoning  used  by  students,  before  any  Introduction  to 
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algebra,  in  problems  traditionally  presented  in  this  domain,  particularly  the  types  of  stable  arithmetic 
reasoning  used  by  them.  Moreover  the  question  of  the  arithmetic-algebra  transition  requires  us  to  reflect 
on  the  nature  of  the  problems  given  in  the  two  domains,  and  on  the  pedagogical  strategy  used  to  assure 
this  transition. 


Approaches  lo  algebra  by  problem  solving:  lac  arithmetic  algebra  transition. 

For  several  centuries  the  teaching  of  algebra  was  based  on  a  certain  body  of  problems,  for  which 
arithmetic  and  algebra  proposed  different  methods  of  attack  (Cbevallard,  1989).  In  this  approach, 
algebra  was  presented  as  a  new  and  more  efficient  tool  for  solving  problems  which  had  previously 
been  solved  by  arithmetic,  as  an  indispensable  tool  that  allowed  one  to  attack  problems  that  arithmetic 
could  only  treat  locally.  It  also  appeared  as  a  privileged  means  of  expressing  general  solutions 
to  a  whole  class  of  problems.  In  this  regard  we  find  the  following  definition  in  an  old  textbook 
(Arithmenque  des  ccoles,  1927)  "algebra  is  a  science  that  simplifies  problem  solving  and  generalizes  the 
solutions  by  establishing  the  formulas  to  solve  problems  of  the  same  type."  (p.  406).  These  two 
functions  of  algebra  guide  the  choice  the  ordering  of  problems  used  for  its  introduction  (see  table  1)*  and 
orient  the  pedagogical  approaches  elaborated  (see  table  2). 


Tafakl 

Types  of  protlcat  ustd  in  teaching,  Airing  the  latroducttM  to  algebra, 

( 1 )  Simplify  problem  solving,  deal  with  problems  that  arithmetic  can  only  treat  locally. 

We  find  here  (Arithmltique  des  ecoles,  1927)  problems  of  the  type  "unequal  sharing",  the  relations 
involved  In  this  sharing  being  Increasingly  complex. 

ex.  We  divide  a  sum  between  three  persons  A,  B,  C.  A  receives  800$  less  than  B,  who 
receives  200$  less  than  C.  What  does  each  person  receive,  if  the  total  to  divide  is 
3000$. 

(2)  Generalize  solutions  by  establishing  formulas:  we  find  here,  for  example,  problems  without 
numeric  givens  explicitly  envisioning  a  generalization. 

ex.   We  divide  a  sum  of  money  between  two  children,  giving  to  one  child  twice  as  much  as 

to  the  other.  How  can  we  establish  the  amount  given  to  each.  ? 
or  another  example: 

Two  cyclists  start  together  and  go  in  the  same  direction,  one  going  a  certain  number  of 
kilometers  more  than  the  other.  What  distance  separates  them  after  a  certain  number  of 
hours? 
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We  attempt  in  this  way  to  gradually  show  the  pertinence  or  this  new  science  that  we  call  algebra 
(see  Clalrant,  Elements  d'algebre,  1760,  p.  S8-95): 


—  Starting  with  a  particular  problem,  similar  to  those  the  first  algebraists  presupposed  (problem 
of  unequal  sharing) 

—  we  give  the  solution  of  this  problem  the  same  as  we  could  find  it  without  algebra 

—  then  we  retake  the  algebraic  method  to  express  the  solution  to  the  problem  (rhetorical  solution, 
that  is  then  expressed  in  symbolic  form  at  each  step). 

—  Variations  around  the  same  problem  will  then  be  proposed  to  show  the  power  of  the  solution 
developed  (increase  in  the  number  of  relations,  number  of  parts,  increase  in  the  complexity  of 
the  relations,  new  problems  of  the  same  type  in  another  context). 


The  evolution  of  the  teaching  of  algebra  shows  that  this  junction  between  the  two  domains 
(arithmetic  and  algebra)  that  is  found  here  in  problem  solving  was  subsequently  eclipsed.  In  this  way 
algebra  would  not  appear  as  a  too!  for  solving  complex  problems,  since  the  problems  posed  to 
students  at  the  start  could  easily  be  solved  by  arithmetic,  nor  as  giving  access  for  the  solving  of  a 
large  class  of  situations. 

Under  these  conditions  how  does  the  passage  from  arithmetic  to  algebra  take  place  for  the 
student?  Given  the  importance  of  problem  solving  in  arithmetic  and  algebra,  and  the  difficulties  students 
have  when  they  attempt  an  algebraic  solution,  some  reflection  on  the  profound  nature  of  the  changes  that 
mark  the  passage  from  arithmetic  to  algebra  is  imperative. 


Different  types  of  problems  chosen  on  the  basis  of  a  reference  framework  developed  by  the  team 
were  given  in  written  £jrm  to  four  groups  of  students  in  secondary  I  (132  students,  12-  *  '\  years  old), 
before  any  introductory  algebra  had  been  presented. 

Individual  interviews  were  then  conducted  with  some  of  the  students  who  were  chosen  on  the 
basis  of  different  profiles  in  the  arithmetic  procedures  used  to  solve  these  problems.  These  interviews 
aim  essentially  to  determine  students  reactions  to  an  algebraic  treatment  of  problems. 
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Reference  framework 

The  characteristics  we  hive  previously  given  of  the  introduction  scenario  to  algebra  that  has  been 
established  over  several  centuries,  allowed  us  to  undertake  the  analysis  of  the  problems  traditionally 
presented  in  algebra,  and  their  complexity,  from  another  point  of  view  than  the  one  actually  considered 
in  teaching,  that  is,  the  equation.  We  have  seen  previously  that  the  gradation  of  the  proposed  problems 
were  conceived  in  function  to  the  relations  implicated  in  the  structure  of  the  problem.  This  is  the 
perspective  that  was  retained  by  our  research  group.  Our  framework,  developed  through  a  systematic 
examination  of  different  types  of  problems  found  in  the  arithmetic  and  algebra  sections  of  textbooks  at 
various  grade  levels  and  not  restricted  to  current  textbooks,  is  based  on  the  "relational  calculus" 
(Vergnaud,  1976)  involved  in  the  representation  of  such  problems  (the  nature  of  the  relationships 
between  the  givens,  knowns  and  unknowns,  the  ordering  of  these  relationships...).  The  research  team 
studied  various  types  of  problems  (problems  of  the  type  of  unequal  division,  problems  involving 
transformations  of  quantities,  problems  involving  links  between  non  homogeneous  quantities  and  a 
rate...)*.  This  framework  allows  us  to  bring  out,  in  this  a  priori  analysis  of  problems,  the  cognitive 
complexity  of  the  task's  demands  on  students  in  terms  of  relational  calculus. 

ResuKj 

In  what  follows  we  will  restrict  our  discussion  to  a  well  defined  class  of  problems,  whose  "type 
of  unequal  dividing"  are  generally  given  in  introductory  algebra.  Table  3  illustrates  the  difficulties  the 
students  have  in  some  of  the  problems  used  in  the  research,  and  confirm  the  influence  of  elements  of 
complexity  that  were  identified  previously  in  the  problem  analysis  stage:  the  influence  of  the  type  of 
links  (composition  of  two  additive  versus  multiplicative  relationships,  non-homogeneous  composition 
of  two  relationships;  of  the  sequencing  of  links  (linear  versus  non-linear,  direct  or  indirect)). 


For  an  uulyiu  of  such  problems  ice  Bednarz,  Jmvicr,  Mary,  Lepafe  (1992), 
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Furthermore,  an  analysis  of  procedures  used  by  the  students  in  the  set  of  problems  they  were 
liven  allows  us  to  point  out  dixTerent  arithmetic  profiles  of  reasoning,  illustrating  different  ways  of 
managing  the  quantities  and  relationships  involved  (see  table  4). 
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Table  4 

[1]  The  known  in  the  problem  is  uken  as  a 
staning  point.  They  treat  it  as  an  initial 
state  and  operate  on  it  to  generate  the 
various  unknown  quantities  (198  is 
treated  here  as  a  state  that  allows  the 
application  each  of  the  relationships). 

(21  They  give  themselves  a  starting  state  by 
using  a  fictional  number.  Here  we  find 
procedures  like  numeric  trials.  (They  fix 
a  number  for  which  everything  can  be 
reconstructed.) 


For  example 

In  the  problem...  c  (Table  3) 
They  do 
198*6-33 
198  +  3-66 


In  the  problem...  b 

10     20  25 

^  30   .  60    .  75 

100    200  250 


131  They  create  a  known  state  >y  using  a 
strategy  of  equitable  sharing  (dividing 
the  whole  by  the  number  of  categories). 
The  number  obtained  serves  as  a 
generator  to  find  the  various  unknown 
quantities  (the  division  of  the  whole 
gives  one  of  the  desired  quantities.  This 
number  serves  to  generate  the  other 
quantities). 

[41  They  take  into  account  globally  the 
different  relationships  involved,  (they 
seem  to  see  1  share,  3  shares  and  6 
shares) 


In  the  problem.. 

198+3-66 
and 

66  +  6-  11 
66  +  3-22 


For  example,  in  the  problem...  b. 
They  do 
380  +  10-38 
then  38x3*114 
and  114x2  =  228 
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The  results  of  the  interviews  of  the  subjects  representing  different  arithmetic  solution  patterns 
point  out  some  fundamental  changes  in  the  passage  from  arithmetic  to  algebra.  Among  what  appears  to 
be  the  major  difficulties  are:  the  ability  to  think  in  terms  of  an  unknown,  the  difficulty  to  carry  out  a 
substitution  of  one  unknown  quantity  by  another,  and  the  composition  of  different  unknown  quantities 
that  allows  one  to  keep  track  of  the  relationships  present  and  the  successive  states.  The  three  first 
profiles  of  reasoning  (table  4)  enables  us  to  anticipate  this  last  difficulty  by  a  sequential  arithmetic 
treatment  resting  on  intermediate  states  that  characterize  this  reasoning. 
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SUMMARY 

This  study  carefully  examined  how  two  different  cooperative 
learning  configurations  affected  the  quality  and  quantity  of  student 
interactions  and  the  accompanying  teacher  responses.  Middle  school 
students  using  a  mathematics  curriculum  designed  for  group  work  were 
observed  during  two  academic  quarters.  It  was  discovered  that 
students  who  worked  in  groups  of  two  gave  more  frequent  and  detailed 
explanations  of  their  thinking  than  did  students  working  in  groups  of 
four.  Futhermore,  students  working  in  pairs  seemed  less  withdrawn  and 
engaged  in  less  off-task  behavior  than  did  students  in  groups  of  four. 

INTRODUCTION 

Although  there  is  a  growing  body  of  research  which  addresses  the 
issue  of  cooperative  learning,  there  remains  a  gap  in  the 
understanding  of  how  this  complex  instructional  approach  is  enacted  by 
groups  of  students  .  and  teachers.  Few  studies  have  systematically 
examined  the  interaction  process  that  occurs  in  small  groups;  most 
studies  have  attempted  to  predict  achievement  from  a  few 
characteristics  of  the  individual,  group,  or  classroom.  Without  data 
on  students'   actual  experiences   in  these  groups,  research  presents  an 

incomplete    picture    of    the    influence    of    group    work    on  individual 

learning . 

In  part,  the  success  of  cooperative  learning  and  its  subsequent 
popularity  has  been  attributed  to  the  emphasis  on  student  discussion 
and  elaboration.  Research  in  cognitive  psychology  has  found  that  if 
information  is  to  be  retained  in  memory  and  related  to  information 
already  in  memory,  the  learner  must  engage  in  cognitive  restructuring, 
or  elaboration,  of  the  material  (Wittrock,  1978).  One  of  the  most 
effective  means  of  elaboration  is  explaining  the  material  to  someone 
else.      Noreen  Webb    (  1985)    found   that  the  students  who  gain  the  most 
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from  cooperative  activities  are  those  who  provide  elaborated 
explanations  to  others.  While  those  who  receive  explanations  learn 
more   than   students  who  work  alone,    it   is  clearly  the  explainers  who 


explanations  or  receiving  no  response  at  all  to  a  question  was  found 
to  be  detrimental  to  students*  achievement.  Finally,  students  gained 
more  from  giving  explanations  to  individuals  perceived  as  not 
understanding  an  idea,  such  as  other  students,  rather  than  giving 
explanations  to  those  who  are  likely  to  know  how  to  solve  a  problem, 
such  as  teachers  (Webb,  1985). 


The  purpose  of  this  study  was  to  examine  the  dialogue  of 
cooperative  learning  and  to  describe  the  quality  of  interactions 
between  students  and  between  students  and  teachers.  In  this  paper, 
cooperative  learning  was  defined  as:  students  working  in  a  group 
contributing  their  expertise  and  knowledge  while  seeking  a  solution  to 
a  problem.  All  group  members  must  understand  the  material  and 
contribute  to  the  group  process. 

Tne  authors  of  this  paper  selected  the  following  criteria  as 
indicators  of  the  effectiveness  of  cooperative  groups: 

1.  )  Students  are  observed  giving  explanations  to  other  individuals  or 
to  the  entire  group. 

2.  )  All  students  participate  in  the  group  in  a  positive  way  that 
contributes  to  the  problem  solving  task. 

3.  )  Students  show  understanding  of  the  problem  and  the  process  and 
attempt  to  find  a  solution .  Students  who  do  not  understand  the 
problem  make  their  needs  known  to  the  rest  of  the  group. 

4.  )     Students  respond  to  other  students'  questions. 

5.  )     Students    show    interdependence    and    work    together    rather  than 


benefit     the  most. 


Furthermore ,     receiving    only    answers  without 
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relying  on  the  teacher. 

These  general  characteristics  helped  to  provide  a  basis  for 
comparison  of  two  types  of  student  groupings:  students  working  in 
pairs  and  students  working  in  groups  of  four.  The . following  exchanges 
were  recorded  during  the  observations:  EXPLANATIONS ,  descriptions  of 
thought  processes  longer  than  five  seconds;  QUESTIONS  among  group 
members  including  questions  to  and  from  the  teacher ;  ANSWERS, 
solutions  without  accompanying  explanations;  INFORMATION,  defined  as 
any  observation,  illustration*  or  model  contributed  by  a  group  member 
or  the  teacher  which  was  not  sufficiently  detailed  to  constitute  an 
explanation?  OFF-TASK  BEHAVIOR,  comments  or  other  actions  which 
distracted  or  deterred  the  group  from  solving  the  problem. 

Middle  school  students  using  the  curriculum  Visual  Mathematics 
(1991)  were  observed  for  this  study;  this  program  incorporates 
cooperative  groups  in  daily  problem  solving.  Initially,  a  preliminary 
pilot  study  of  students  working  in  groups  of  four  was  conducted. 
During  this  study,  behavioral  characteristics  of  groups  emerged  which 
ruggested  that  a  comparison  study  of  students  working  in  pairs  would 
be  informative.  In  researching  the  groups  of  four  students,  twenty 
45-minute  observations  were  conducted!  (five  observations  in  each  of 
four  teachers'  classrooms  in  grades  six,  seven,  and  eight),  during 
winter  term.  Subsequently*  one  teacher  agreed  to  use  only  pair 
problem  solving  during  the  spring  quarter,  and  five  weeks  later, 
eleven  observations  of  this  classroom  were  conducted. 


Results  of  the  study  are  as  follows: 
*    Students    working    in    pair*    spent    more   time   qiving  explanations 
than  did   students  working    in   groups  of  four.      In  groups  of   two*  the 
mean  length  of  time  students  spent  giving  detailed  explanations  during 
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each  class  period  was  2  minutes  compared  to  49  seconds  in  groups  of 
four. 

*  The  mean  number  of  explanations  given  by  students  also  increased 
in  groups  of  two.  Students  in  groups  of  two  gave  an  average  of  6 
explanations  each  class  period,  while  groups  of  four  gave  only  2. 

*  There  were  fewer  instances  of  no  explanations  offered  by  students 
working  in  pairs.  In  groups  of  two,  during  9%  of  the  classes 
observed,  no  explanations  were  given  by  the  students.  In  groups  of 
four,  during  31%  of  the  classes  observed  no  explanations  were 
recorded . 

*  The  role  of  the  teacher  in  classrooms  using  pairs  and  groups  of 
four  was  different.  Teachers  interacted  much  more  with  groups  of  four 
than  with  groups  of  two,  but  much  of  this  interaction  was  for 
management  and  discipline.  This  was  largely  due  to  the  observation 
that  48%  of  the  groups  of  four  were  judged  to  be  dysfunctional  due  to 
excessive  off-task  behavior,  while  only  9%  >f  the  pairs  could  be 
similarly  classified. 

*  Related  to  the  above  observation,  students  working  in  groups  of 
four  made  21%  of  their  explanations  to  the  teacher,  while  students  in 
pairs  tended  to  give  explanations  to  each  other,  offering  only  6%  of 
their  explanations  to  the  teacher. 

*  Perhaps  the  most  striking  difference  between  the  groups  is  their 
relative  degree  of  involvement  in  the  problem  solving  process.  As 
measured  by  the  number  of  verbal  exchanges  by  each  student,  we 
observed  that  only  9%  of  the  pairs  had  a  non-engaged  member  compared 
to  48%  of  the  groups  of  four.  In  both  types  of  groups  there  tended  to 
be  a  dominant  individual  who  made  more  contributions.  However,  the 
reluctant  member (s)  seemed  more  likely  to  make  a  contribution  in  the 
smaller  group.      in  36%  of  the  student  pairs,  each  partner  contributed 
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equally    in    the   cialogue,    asking   questions   and   giving  explanations. 
This  was  never  the  case  in  groups  of  four. 

It  was  noted  that  although  only  one  teacher  from  the  study  of 
groups  of  four  volunteered  to  try  pair  problem  solving  spring  quarter » 
by  the  end  of  the  term  two  of  the  three  remaining  teachers  had  also 
adopted  this  configuration  in  their  classrooms.  When  asked  about 
this,  they  cited  management  and  total  group  involvement  as  reasons  for 
the  change .  One  teacher  reported  that  f requent ly  students  ih  groups 
of  four  tended  to  split  into  two  pairs  which  worked  independently  of 
each  other.  The  second  teacher*  concerned  about  lack  of  total 
participation  among  all  group  members,  had  unsuccessfully  tried 
seating  groups  of  four  at  smaller  tables,  hoping  closer  proximity 
would  encourage  collaboration. 

It  was  also  observed  that  the  role  of  the  teacher  changed 
noticeably  when  students  worked  in  pairs;  the  teacher  acted  as  a 
facilitator  between  groups,  asked  probing  questions,  and  encouraged 
students  to  explain  their  thinking.  In  contrast,  when  students  worked 
in  groups  of  four,  the  teacher  intervened  more  often  for 
management/discipline  purposes*  and  tended  to  ask  more  leading 
questions  in  order  to  involve  reluctant  students. 

Based  on  the  observations  made  during  this  research,  grouping 
students  in  pairs  appears  to  be  more  effective  than  grouping  in  fours. 
Students  engage  in  more  problem  solving  related  dialogue  in  pairs  and 
off-task  behavior  decreases  markedly.  Pair  problem  solving  seems  to 
provide  maximum  opportunities  for  students  to  explain  their  thinking, 
defend  their  procedures  and  conclusions,  and  question  other  students 
about  their  methodology. 
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FOUR  CASE  STUDIES  OF  THE  STABILITY  AND  DURABILITY 
OF  CHILDREN'S  METHODS  OF  PROOF  • 

Carolyn  A.  Miher  «nd  Amy  M.  Mtrtlno 
Rutgers  University 

This  research  is  a  component  of  a  longitudinal  *» 
hr%  "  of  the  development  of  mathematical  ideas  in  children. 
^JJlr1  children  were  presented  with  a  counting  problem  In  trade 
three  anTagalZ"n  £7.  four.    In  "«^eri"«J"'f^/"' ^ 

construction  in  subse^e*!  follow-up  assessment,  to  grade  five. 

■  Then.  has  been  considerable  in-erest  over  .he  Us,  few  yet*  (NCTM.  1989)  in  empowering  student,  ,o 
explain  their  thinking  .boot  m..hem,«ic.l  situ.tions  and  provide  justific.tions  for  their  solutions  to 
21,  in  our  snfdy  of  *e  development  of  ^  »~ »  «-*»  ~ JT^^ 
LinvenOn.nanrr^w.y.maunem.Ucal proof.  Thisp.per traces. ^n.of^d^velopr«n  ofp^f 
fore.choffournfth-gr.de  children:  Jeff.  Michelle.  Milin'.nd  Stephanie,  ^yses  of  the  v.deourpedd.u 
.ndof.hechUdron'swn.te.worth.vem,^^^ 

eng.ged  in  problem.so.vingsitu.uons  in  which  m.^m.tic.l  tools  .re  .vaiUble  (D.v«.  Maher  &  Maruno. 
l42  Malo  1992;  M.her  A  Martino.  1992.).  The  study  takes  place  in  .n  elementary  school  m  New 
,erseywhichhubeen.si.eform.U1em.ucs«e,cherdeve.opmen.sincel983.  This  long-term  partnmh.p 

wi.hLchershasresul.edmcooper.tiver^ 
rMT.Mart^D.vis.subm^^ 

student 's  invented  methods  of  proof,  three  modes  of  .ssessment  were  used:  (1)  the  children 
onstructionofjus^^ 

(2)  the  children's  wrinen  productions  of  jus.if.ction  rising  out  of .  paired-problem  solvmg  form...  three 
month,  Ul»  dune  15. 1992);  (3)  .he  children's  productions  rising  ou.  of  their  individual  wnUen 
justifiction  (October  5, 1992)  four  monlhs  later. 5 

•^T.sks  -  Three  v.riants  of.  combinatorial  Usk  consisting  of  building  towers  of  a  particular  height  were 
f^T.o  students  over  .  «wo-ye.r  period.  Students  were  «ked  to  build  as  many  different  towers  « 

Cuoes  in  two  cotors  were  available.  AUo.  they  were  asked  to  determine  J 
possible  towers  without  omitting  or  duplicating  any.  and  .0  provide  a  ^MrM  *«  '  ***** 
^gementsh.d  been  found.  The  design  of  the  ^on  allowed  studenu  to  work  tnp.rs  .nd  a«r  shate 
tireir  strategies  and  results  during  a  whole  class  discussion  led  by  the  teacher  on  tht  follow.ng  day. 


QueitonsU*  students  were  unable  to resolve  were  left  open  in  anticipation  of  a  .ater  administration  of 
variations  of  this  task. 

A  variant  of  the  task  (towers  three  cubes  ull)  was  given  to  four  children  m  grade  4  (March  10  1992)  The 

accounted  for  afi  possibi.ides.  Ou,  of  this  discussion,  three  methods  of  proof  erased:  proof  by  ^ 
pubhcauon;  Davis.  1992). 

To  «, .the  durability  of  the  children's  mathematical  behavior  demonstrated  on  the  March  10th  assessment, 
two  outer  assessments  f0„0wcd.  Tne  firs,  (June  ,5.  ,992)  was  administered  ,0  children  working  in  pair 
(Stephante  and  Milin;  Jeff  and  Michelle)  and  the  second  (October  5. 1992)  was  giver,  individually  ZL 
two  subsequent  written  assessments  were  used  ,0  trace  and  monitor  the  jusuficadons  presented  by  students 
during  the  first  assessment  session  (March  10th). 
The  following  questions  guided  the  study: 

Jh^m  -  The  data  for  this  study  come  from  sever.!  sources:  (1)  u^npts  and  analyse,  of  videotapes  of 
ehddren  wortang  tn  pairs  or  groups  of  four  during  the  problem-solving  sessions;  (2)  the  written  work 
w  Khstudems  producer!  during  these  taped  sessions;  (3)  researcher  observations  recorded  oo-srte.  and 
Wtwomd.vtd^  written  .ssessntents  for  budding  tower,  of  heigh,  three  (June  15  and  October  5)  Tne 
sesstons  tnclude:  .tudents  working  in  pairs  budding  .1J  possible  towers  four  cube,  taJJ  in  grade  3  and  .11 
poss.ble  towers  five  cubes  ull  i„  gr.de  4;  Ore  March  10th  cessment  Upe  of  the  discussion  of  four 
s  udents  »  grade  4;  and  students  working  in  pairs  toptx^e  ,  ,ritten  jusdficadon  for  their  soludon  to  the 
tower  problem  (in  this  case,  three  cubes  uli)  in  June  of  grade  4. 

BssuUi  -  In  budding  a  justificaUon  for  their  soludon,  on  March  100,.  three  methods  of  proof  emerged- 
proof  by  cases  (two  versions),  indirect  method  of  proof,  and  proof  by  m.them.Ucal  inducdon  <M.her  ' 
Maruno  &  D.v.,.  .ubmitted  for  public.Uon;  D.vis.  1992;  Maher  &  Martino.  1992.).  Stephanie  present 

red  and  blue)  tnto  the  foUowing  organizadon:  all  tower,  with  no  blue  cube,.  .1,  towers  with  exactly  one 
bl-ecubc  (three  towers  wid.  exactly  one  blue  cube  in  the  top.  middle  and  bottom  posidons  forming  a 
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staircase  pattern),  all  towers  with  exactly  two  blue  cubes  "stuck  together"  or  adjacent,  all  towers  with  thrc^ 
blue  cubes  and  all  towers  with  two  blue  cubes  "took  apart"  or  separated  by  a  red  cube  (see  Figure  1). 


Figure  1 .    A  written  production  of  Stephanie's  March  10th  version  of  proof  by  cases. 
The  videotape  of  the  March  10th  session  shows  that  Milin,  Jeff  and  Michelle  were  listening  to  their 
classmate  Stephanie's  version  of  proof  by  cases.  They  proposed  a  modification  of  her  organization  of 
proof  by  cases  by  suggesting  that  she  place  the  towers  with  exactly  *two  blue  cubes  separated"  ard  the 
towers  with  "exactly  two  blue  cubes  adjacent"  into  the  same  category,  "exactly  two  blue  cubes". 

For  the  case  of  towers  with  exactly  one  blue  cube,  the  children  introduced  an  indirect  method  of  proof  to 
justify  that  all  towers  with  one  blue  cube  were  accounted  for.  They  proposed  thai  once  a  blue  cube  was 
placed  in  each  of  the  three  tower  positions  (the  first  with  blue  in  the  top  position,  the  second  with  blue  in 
the  middle  position  and  the  third  with  blue  in  the  bottom  position)  to  place  the  blue  cube  in  a  different 
position  Cower  or  higher)  would  violate  an  initial  condition  (towers  of  height  three  and  exactly  one  blue). 

Milin.  during  the  same  March  10th  session,  explained  to  his  classmates  that  for  the  four  possible  towers 
that  were  two  cubes  tall  when  selecting  from  red  and  blue  cubes  there  were  only  two  blocks  (red  or  blue) 
that  could  be  placed  on  top  of  each  introducing  a  form  of  proof  by  mathematical  induction  (see  Alston  St 
Maher.  this  volume). 

Two  Written  Assessments  (June  15. 1992:  October  S.  19921  -  Two  written  assessments  were  administered 
following  the  March  10th  session  to  monitor  the  durability  of  students'  productions,  their  invented 
justifications,  and  the  influence  of  the  ideas  of  others  over  time. 

Analysis  of  the  children's  work  indicated  that  their  original  justifications  produced  during  the  March  10th 
session  were  stable.  Also,  individual  arguments  presented  appeared  to  influence  the  ideas  of  others.  This 
was  manifested  by  the  appearance  of  more  than  one  method  of  proof  (Michelle  and  Siephanie)  and  a  more 
elegant  variation  of  original  methods  (Jeff  and  Stephanie).  These  are  described  as  follows: 
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Jeff  and  Michelle4  -  On  ihe  June  1 5th  written  assessment,  Jeff  worked  with  Michelle  to  produce  an 
organization  of  three  groups  of  towers  when  selecting  from  green  and  black  cubes  (see  Figure  2). 


Figure  2.       Jeffs  June  15th  justification. 

He  wrote:  "same  color"  (all  towers  with  zero  cubes  of  one  color  and  three  cubes  of  the  opposite  color), 
"patterns  where  the  black  starts  at  the  top  and  works  its  way  down"  (all  towers  with  one  black  cube  and 
two  green  cubes)  and  "opposite  of  the  one  (group)  with  black  working  its  way  down"  (ail  towers  with  one 
green  cube  and  two  black  cubes).  This  recursive  organization  satisfied  Jeffs  accountability  for  all  towers 
with  exactly  two  black  cubes.  He  reasoned  thai  consideration  of  the  case  of  exactly  two  black  cubes  was 
more  easily  monitored  by  considering  the  case  of  exactly  one  green  cube. 

On  Jeffs  October  5th  written  assessment,  he  quickly  replicated  his  recursive  method,  calling  it  the  "step 
method".  Thus  Jeff  had  produced  a  method  of  proof  which  was  specific  to  the  case  of  towers  three  cubes 
tall  (sec  National  Research  Council,  1993). 

Michelle,  on  her  October  5th  assessment,  wrote  3x2  =  t  +  2  =  8.  and  wrote  that  3  x  2  represented  "the 
height  of  the  towers"  (three  cubes  tall)  multiplied  by  the  ".  lumber  of  colors"  (which  was  two,  black  and 
white).  She  then  considered  the  two  towers  which  were  a  single  color  and  wrote  "2",  possibly  to  account 
for  the  "all  black"  and  "all  white"  towers  (Figure  3).  Perhaps  Michelle  was  representing  Jeffs  June  15th 
"step  method"  for  three  towers  with  exactly  one  black  cube  and  three  towers  with  exactly  one  white  cube 
("3  x  2")  with  the  two  solid-colored  towers  added  on  ("+2"). 


36 


ERIC 


Volume  2 


Figure  3.       Michelle's  October  5lh  justification. 

In  a  subsequent  interview  in  which  Michelle  was  shown  her  solution  to  the  October  5lh  assessment  she 
was  unable  to  recall  what  she  had  written  earlier  to  represent  her  solution  Instead  she  presented  a  proof 
by  mathematical  induction  to  justify  her  solution  and  built  a  "tower  tree"  with  the  plastic  cubes.  She  also 
considered  the  case  of  building  towers  when  selecting  from  three  and  four  colors  and  represented  her 
solution  with  a  "tree"  made  with  the  cubes.  5 

Stephanie  and  Milin  *  Since  Stephanie  and  Milin  each  attempted  to  present  a  complete  proof  on  March 
10th,  the  evolution  of  each  child's  method  of  proof  will  be  discussed  separately. 

Stephanie  Recall  that  on  March  10th,  Stephanie  developed  a  version  of  proof  by  cases  which 
distinguished  between  "two  blue  cubes  adjacent"  and  "two  blue  cubes  separated".  On  June  15th,  using 
green  and  black  cubes,  Stephanie  first  considered  the  two  towers  of  a  single  color.  She  then  considered  all 
possible  towers  with  two  black  cubes  and  all  possible  towers  with  two  green  cubes.  Her  organization 
within  these  two  cases  indicated  a  refinement  of  her  March  10th  construction  of  proof.  She  incorporated 
the  tower  with  two  black  cubes  separated  by  a  green  cube  and  the  two  towers  with  two  black  cubes 
adjacent  to  each  other  into  one  group  which  she  called  "two  black".  She  did  the  same  thing  for  the  group 
she  now  called  "two  green".  Perhaps  she  had  considered  the  comments  of  Jeff.  Milin  and  Michelle  during, 
the  March  10th  discussion  when  each  had  suggested  that  all  towers  with  exactly  two  cubes  of  a  color  be 
grouped  together  resulting  in  reorganizing  *ter  cases  into  a  more  concise  method  of  proof.  Stephanie  also 
referred  to  the  "doubling  pattern"  (attributing  it  to  Milin)  and  used  it  as  a  way  to  monitor  her  construction 
of  towers  as  well  as  to  predict  the  number  of  towers  of  any  height  produced  when  selecting  from  two 
colors  of  cubes. 

On  her  October  5,  1992  assessment,  Stephanie  used  a  more  elegant  form  of  her  March  10th  version  of 
proof  by  cases  as  her  primary  argument  for  convincing  others  that  there  were  eight  and  only  eight  towers 
of  height  three  when  she  selected  from  red  and  white  cubes  (see  Figure  4).  Cases  were  organized 
according  to  number  of  red  cubes  in  which  there  were  no  longer  two  separate  categories  for  towers  of 


3D 


37 


ERIC 


exactly  two  of  i  color.  This  example  illustrates  that  although  Stephanie's  own  invented  method  of  proof 
was  durable,  she  was  able  to  consider  the  ideas  of  others  and  incorporate  them  into  a  more  elegant  version 
of  her  proof. 


cr«t  9*,t+**t  1*tu$  /KK^,, 


Figure  4.      Stephanie's  October  5th  justification. 

On  this  assessment  we  also  observe  Stephanie  incorporating  (he  ideas  presented  in  the  March  10th  session 
and  the  first  assessment  in  which  she  worked  with  Milin.  She  again  referred  to  a  "doubling  pattern"  (there 
are  4  towers  two  cubes  tall,  8  towers  three  cubes  tall,  etc.,.)  as  yet  another  method  to  support  the  results  of 
her  proof  by  cases. 

Milk  Milin's  method  of  proof  by  mathematical  induction  was  also  resilient.  On  both  his  first  assessment 
(with  Stephanie)  and  his  second  written  assessment,  be  used  his  "building  up"  or  "doubling"  argument  to 
obtain  the  total  number  of  towers.  In  the  October  5th  assessment  MUin  presented  a  procedure  for 
generating  numbers  of  towers  of  different  heights.  Milin'*  notation  to  describe  his  method  was  also 
interesting  (1=2, 2=4, 3=8, 4=  16,  etc...).  Without  the  benefit  of  the  earlier  videotape  to  substantiate  his 
reasoning,  a  reader  may  have  difficulty  making  sense  of  his  written  explanation.  However,  one  might 
reasonably  infer  that  his  argument  given  in  the  written  assessments  was  consistent  with  earlier 
observations.  However,  it  was  presented  in  a  much  more  abbreviated  format  (see  National  Research 
Council,  1993). 


All  of  these  instances  indicated  that  once  Jeff,  Michelle,  Milin  and  Stephanie  had  developed  their  own 
method  of  proof,  each  in  mm  was  ready  to  listen  to  and  consider  the  ideas  of  the  others.  Generally,  the 
methods  of  proof  constructed  by  each  child  were  durable.  Refinements  could  be  traced  from  earlier 
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conversations.  Although  no  student  completely  discarded  his  argument  in  favor  of  the  argument  of 
another  student,  each  student  further  refined  an  earlier  method,  thus  producing  more  elegant  justifications. 

Endnotes 

1 .  This  work  was  supported  In  part  by  grant  number  MDR  9053597  from  the  National  Science  Foundation.  The 
opinions  ei pressed  arc  not  necessarily  ibote  of  the  sponsoring  agency,  and  no  endorsement  should  be  inferred. 

2 .  For  a  detailed  account  of  Milin's  deve  toptnent  of  a  method  of  proof  see  (Alston  A  Maher,  this  volume). 

3 .  The  written  assessments  of  two  of  the  children  in  this  report.  Jeff  and  Milin,  appear  in  Measuring  Up  (1993) 
published  by  the  National  Research  Council. 

4         Recall  that  on  March  10th.  Jeff  and  Michelle  each  offered  a  modification  of  classmate  Stephanie's  version  of  proof  by 
cases  into  an  organization  which  focused  on  one  attribute,  the  number  of  blue  cubes  in  each  tower.  Each  also 
recognized  the  usefulness  of  the  additive  "doubling  pattern"  used  by  Milin  in  bis  proof  by  inathematical  induction.  In 
fact,  when  Jeff  was  Interviewed  one  month  prior  to  the  March  10th  assessment  be  noted  the  "doubling  pattern"  and 
used  it  to  calculate  the  number  of  towers  for  heights  four.  five,  tlx  and  eight  when  selecting  from  two  colors. 
Michelle  had  also  discovered  this  pattern  in  an  interview  which  took  place  two  weeks  prior  to  March  10th. 

5 .        In  a  subsequent  class  session  (February  2S.  1993)  Michelle  and  Milin  worked  together  on  an  activity  which  extended 
the  Ideas  developed  on  March  10, 1992.  Both  students  constructed  a  "tree"  with  towers  built  from  plastic  cubes  to 
justify  the  total  number  of  towers  to  height  six  when  selecting  from  two  colors. 
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PROBLEM  SOLVING  IN  AND  OUT  OF  SCHOOL 


Joanna  O.  Masingila 
Syracuse  University 

Building  upon  previous  research  in  mathematics  practice  an  mid  out  of  school,  problem  solving  in  several  everyday 
sitiutfums  is  contrasted  with  hew  problems  from  that  contexts  are  solved  in  school  situations.  The  uze  and  form  of problem 
soloing  were  examined  in  the  everyday  contexts  of  carpet  laying,  interior  design,  and  retailing.  This  out^-school  problem 
solving  was  then  compared  to  the  problem  solving  of  students  m  school  situations  as  they  solved  problems  from  these 
contexts.  Tmbookexercita  set  mtheu  contexts  ware  also  examined. 

Introduction 

Prior  to  the  last  decade,  conventional  wisdom  was  that  mathematics  was  culture- free 
knowledge.  Now  it  is  generally  accepted  that  mathematics  has  a  cultural  history  and  that 
mathematics  learning  occurs  during  participation  in  cultural  practices  as  well  as  in  school. 
However,  researchers  that  have  examined  mathematics  practice  in  school  and  mathematics 
practice  in  out-of-school  situations  have  noted  the  gap  between  these  two  (e.g.,  Carraher, 
Carraher  &  Schliemann,  1985).  Knowledge  gained  in  out-of-school  situations  often  develops 
out  of  activities  that:  (a)  occur  in  a  familiar  setting,  (b)  are  dilemma  driven,  (c)  are  goal 
directed,  (d)  use  the  learner's  own  natural  language,  and  (e)  often  occur  in  an  apprenticeship 
situation  allowing  for  observation  of  the  skill  and  thinking  involved  in  expert  performance 
(Lester,  19S9).  Knowledge  acquired  in  school  all  too  often  grows  out  of  a  transmission 
paradigm  of  instruction  and  is  largely  devoid  of  meaning  (lack  of  context,  relevance,  specific 
goal). 

Research  Design 

This  paper  is  based  on  several  studies  examining  the  mathematics  concepts  and  processes 
used  in  everyday  work  situations.  One  study  explored  the  mathematics  practice  of  carpet 
layers  (Masingila,  1992b),  another  examined  how  interior  designers  use  mathematics  in  solving 
problems  that  arise  on  the  job,  and  a  third  explored  the  mathematics  used  in  retailing.  In  each 
of  these  studies  the  problem  solving  done  in  the  out-of-school  work  situation  was  compared  to 
the  problem  solving  done  by  students  in  school  situations.  Textbook  problems  were  also 
examined  in  each  of  these  studies.  Various  conceptual,  theoretical,  and  methodological 
frameworks  guided  the  conceptualization,  design,  and  conduct  of  this  study:  a  cultural 


o 

ERIC 


373 

40' 


Volume  2 


framework  of  ethiwmathematics,  an  episterrological  framework  of  constructivism,  a  cognitive 
framework  of  activity  theory,  and  a  methodological  framework  of  ethnography.  (For  a  more 
detailed  discussion  of  these  frameworks  see  MasingUa,  1992a,  1993.) 

Methods  and  Data  Sources 
In  the  first  phase  of  the  studies  I  examined  the  mathematics  practice  in  an  everyday  work 
situation-  In  each  of  the  everyday  contexts  I  observed  and  informally  questioned  persons 
working  in  these  contexts.  These  studies  used  four  methods  of  data  collection  for  the  field 
work:  participant  observation,  ethnographic  interviewing,  artifact  examinabon,  and 
researcher  introspection.  The  data  were  analyzed  using  activity  theory  as  a  framework.  This 
allowed  for  the  data  to  be  interpreted  within  the  context  in  which  they  were  collected  and  thus 
be  as  meaningful  as  possible.  Following  the  example  of  Scribner  (1984),  I  used  occupations, 
work  tasks,  and  conditions  to  represent  the  three  levels  of  analysis— activities,  goal-directed 
actions,  and  operations.  I  analyzed  my  field  data  through  a  process  of  inductive  data  analysis 
using  two  subprocesses  that  Lincoln  and  Guba  (1985)  called  unitizing  and  categorizing. 

Phase  two  of  the  studies  involved  observing  and  questioning  pairs  of  students  working  on 
problems  that  occurred  in  the  work  contexts.  In  the  carpet  laying  study,  the  students  were 
ninth  graders  who  had  been  through  approximately  the  same  school  mathematics  as  the  carpet 
layers.  In  the  interior  design  and  retailing  studies,  the  students  were  college  students 
preparing  to  enter  these  two  careers.  Data  were  collected  for  this  phase  by  observation, 
informal  interviewing,  and  researcher  introspection.  I  analyzed  the  data  by  examining  what 
methods  each  pair  used  to  solve  the  problems,  and  then  compared  these  with  how  the  persons 
in  the  work  context  had  solved  the  same  problems,  I  looked  for  how  the  students  understood 
the  concepts  in  the  problems,  and  how  they  went  about  solving  the  problems.  I  also  analyzed 
comments  made  by  the  students  that  might  give  me  insight  into  why  they  did  what  they  did. 
Comparing  In-School  and  Out-of-School  Problem  Solving 
There  appear  to  be  two  common  threads  running  through  the  research  literature  on 
mathematics  practice  in  everyday  situations.  First,  the  fact  that  problems  are  embedded  in  real 
contexts  that  are  meaningful  to  the  problem  solver  motivates  and  sustains  problem-solving 
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activity.  Secondly,  in  solving  problems  that  arise  or  are  formulated  in  everyday  situations, 
problem  solvers  often  use  "mathematical  procedures  and  thinking  processes  that  are  quite 
different  from  those  learned  in  school.  Furthermore,  people's  everyday  mathematics  often 
reflects  a'  higher  level  of  thinking  than  is  typically  expected  or  accomplished  in  school"  (Lester, 
1989,  p.  33). 

Lave  (1988)  has  found  evidence  that  mathematics  practice  in  everyday  settings  differs  from 
school  mathematics  practice  in  a  variety  of  ways.  In  everyday  settings:  (a)  people  look 
efficacious  as  they  deal  with  complex  tasks,  (b)  mathematics  practice  is  structured  in  relation  to 
ongoing  activity  and  setting,  (c)  people  have  more  than  sufficient  mathematical  knowledge  to 
deal  with  problems,  (d)  mathematics  practice  is  nearly  always  correct,  (e)  problems  can  be 
changed,  transformed,  abandoned  and/or  solved  since  the  problem  has  been  generated  by  the 
problem  solver,  and  (f)  procedures  are  invented  on  the  spot  as  needed. 

I  found  several  differences  between  the  problem  solving  as  done  by  persons  in  the 
everyday  work  contexts  and  by  students  in  school  situations.  In  everyday  situations:  (a)  a 
mathematical  concept  is  sometimes  understood  and  used  differently  than  the  way  it  is  taught 
in  school;  (b)  people  are  flexible  in  dealing  with  constraints  inherent  in  a  problem;  and  (c) 
problem  solvers  develop  a  "feel"  for  their  work  and  trust  that  sense. 
Different  Conceptual  Understanding 

Percentage  of  change  is  a  common  concept  in  retailing  and  in  school  mathematics.  In 
school,  percentage  of  change  is  understood  to  be  the  amount  of  change  from  the  original 
amount.  A  typical  textbook  exercise  involving  this  concept  might  be  the  following: 

Find  the  percent  of  change  for  a  video  game  system  th£>  cost  $29  in  1980  and  $99  in  1990. 

(Davison,  Landau,  McCracken  &  Thompson,  1992,  p.  262). 

A  student  finding  the  answer  to  this  exercise  would  subtract  $29  from  $99  to  get  a  $70 
increase,  then  divide  $70  by  $29  to  get  an  increase  of  approximately  241%.  Percentage  of 
change  in  retailing,  however,  is  understood  t;*  he  the  amount  of  change  from  the  retail  price. 
Thus,  for  the  situation  in  the  textbook  exercise  above,  a  retailer  would  divide  $70  by  $99  to  get 
an  increase  of  approximately  71%.  Since  the  final  result  in  retailing  is  sales,  all  percentages  of 
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change  are  based  on  retail  prices.  In  this  case,  the  problem  solving  done  in  the  everyday 
context  is  different  because  of  the  different  conceptual  understanding  of  percentage  of  change. 
Flexibility  In  Dealing  with  Constraints 

Problems  that  occurred  in  each  of  the  everyday  situations  I  examined  were  filled  with 
constraints.  Constraints  I  observed  in  the  carpet  laying  context  include  that  (a)  floor  covering 
materials  come  in  specified  sizes  (e.g.,  most  carpet  is  12'  wide,  base  (vinyl  pieces  glued  around 
the  perimeter  of  a  room)  is  4'  long,  most  tile  is  r  x  V),  (b)  carpet  pieces  are  rectangular,  (c) 
carpet  in  a  room  (and  usually  throughout  a  building)  must  have  the  nap  (the  dense,  fuzzy 
surfc.ce  on  carpet  formed  by  fibers  from  the  underlying  material)  running  in  the  same 
direction,  (d)  consideration  of  seam  placement  is  very  important  because  of  traffic  patterns  and 
the  type  of  carpet  being  installed,  (e)  some  carpets  have  patterns  that  must  match  at  the  seams, 
(f)  carpet  seam  placement  for  commercial  jobs  is  sometimes  determined  by  how  the  amount  of 
carpet  ordered  la  divided  among  the  rolls  sent  from  the  manufacturer,  (g)  tile  and  wood  must 
be  laid  to  be  lengthwise  and  widthwise  symmetrical  about  the  center  of  the  room,  and  (h)  fill 
pieces  for  both  tile  and  base  must  be  six  inches  or  more  to  stay  glued  in  place.  Some  particular 
situations  have  more  constraints,  such  as  a  post  in  the  middle  of  a  room  that  is  being  carpeted 
or  a  pipe  sticking  out  from  a  wall  where  base  is  being  installed. 

Interior  design  work  has  the  same  type  of  constraints  as  carpet  laying— size  of  materials, 
patterns  and  seam  considerations,  physical  structures  in  a  building,  symmetry  of  ceiling 
grids— while  in  retailing  one  has  to  consider  factors  such  as  markups,  markdowns,  shrinkage 
(negative  difference  between  the  final  book  inventory  and  the  actual  verified  physical 
inventory),  how  the  time  of  year  affects  sales,  and  operating  expenses. 

The  students  who  worked  problems  from  the  carpet  laying  context  often  had  difficulty 
dealing  with  the  constraints  involved  in  the  problems.  For  example,  in  a  problem  involving 
the  installation  of  tile,  the  students  struggled  to  figure  out  a  way  to  install  the  tile  so  that  the 
constraints  about  lengthwise  and  widthwise  symmetry  and  fill  pieces  being  at  least  six  inches 
wide  were  fulfilled  (see  Maslngila,  1992b  for  more  discussion  about  the  students*  prnblem- 
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solving  work).  Similarly,  the  students  training  to  be  interior  designers  had  difficulty  trying  to 
determine  the  amount  of  wallpaper  needed  while  considering  the  repeat  pattern 

The  students  were  also  not  as  flexible  as  the  experienced  workers  in  seeing  more  than  one 
way  to  solve  a  problem.  In  a  pentagonal-shaped  room  that  needed  carpeting,  the  ninth-grade 
students  were  able  to  see  only  one  way  (without  guidance  from  me)  to  install  carpet  The 
estimator,  on  the  other  hand,  was  able  to  visualize  how  the  carpet  would  be  laid  if  it  were 
installed  with  the  nap  running  in  the  direction  of  the  maximum  length  of  the  room  and  with 
tr  e  nap  running  in  the  direction  of  the  maximum  width  of  the  room.  By  having  more  than  one 
solution,  he  was  able  to  weigh  cost  efficiency  against  seam  placement  and  make  a  decision 
while  considering  these  constraints  (Masingila,  1992c). 

One  of  the  problems  I  gave  the  interior  design  students  to  work  was  as  follows: 
You  need  to  purchase  some  materials  for  upholstering  some  chairs.  If  you  buy  the  whole  bolt, 
which  has  60  yards  of  material,  it  will  cost  $5.00  per  yard.  If  you  purchase  less  than  a  full  bolt,  it 
will  cost  an  additional  $2.50  per  yard.  At  what  point  does  it  become  more  economical  to 
purchase  the  whole  bolt  of  material? 
One  pair  of  students  solved  this  problem  by  first  finding  that  the  whole  bolt  would  cost  $300. 
They  then  guessed  that  50  yards  at  $6.50  might  be  close  to  $300,  and  then  tried  40  yards,  45 
yards,  and  46  yards.  They  decided  that  if  they  needed  to  purchase  'j  /thing  more  than  46 
yards,  they  would  buy  the  whole  bolt  The  interior  designer,  who  was  »~ced  with  this 
problem,  also  found  that  the  whole  bolt  cost  $300  and  then  divioed  by  $6.;0  .n  find  that  46 
yards  and  5  inches  is  approximately  the  amount  at  which  it  becomes  more  economical  to  buy 
the  whole  bolt.  However,  she  decided  that  if  she  needed  an  amount  close  to  46  yards,  "like  if  I 
needed  44  yards,  I  would  buy  the  whole  thing  because  Tm  spending  less  than  5%  over  what  I 
need  and  I  can  most  likely  use  the  material  for  something."  For  the  students,  this  problem  had 
only  one  answer;  for  the  interior  designer,  the  answer  depended  upon  the  situation. 

My  interpretation  of  this  difference  in  flexibility  on  the  part  of  the  students  and  the  carpet 
layers,  interior  designers,  and  retailers  is  that  the  students,  for  the  most,  have  not  been  exposed 
to  problems  with  real-Life  constraints  that  must  be  considered  and  addressed  in  order  to  find 
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solutions.  Although  there  are  many  exercises  in  school  mathematics  textbooks  that  axe  set  in  a 
floor  covering,  Interior  design,  or  retailing  context,  the  exercises  are  typically  devoid  of  real-life 
constraints  and,  as  a  result,  do  not  require  students  to  engage  in  the  type  of  problem  solving 
required  In  the  everyday  contexts  (Masingila  «c  Lester,  1992). 
Developing  a  "Feel" 

During  my  conversations  with  floor  covering  installers,  retailers,  and  interior  designers, 
they  all  mentioned  that  after  awhile  they  developed  a  "feel"  for  thefx  work.  In  the  carpet  laying 
context,  developing  a  feel  for  the  work  includes  being  able  to:  (a)  know  when  the  carpet  is 
stretched  tight  enough,  (b)  make  difficult  45°  angle  cuts  to  match  carpet  seams,  and  (c)  look  at 
a  room  and  know  what  the  obstacles  are.  Developing  a  feel  also  involves  number  sense;  for 
example,  knowing  if  the  square  yardage  of  carpet  you  calculated  makes  sense  given  the 
dimensions  of  the  room.  The  following  conversation  illustrates  the  use  of  number  sense  in  the 
retailing  context 

Joanna:    Since  the  markup  is  based  on  the  retail  price,  how  do  you  figure  out  what  to  have 

as  the  retail  price  when  you  buy  something? 
Bob:       Well,  if  the  markup  is  50%,  then  you  fust  double  the  cost. 
Joanna:    How  about  if  the  markup  is  40%? 

Bob:       After  awhile  you  develop  a  feel  for  it  Suppose  you  bought  something  for  $2  and 
you  want  to  mark  it  up  40%.  So  the  retail  price  should  be  around  $3.40.  I've 
done  this  for  so  long  that  I  just  sort  of  know  what  the  price  should  be. 
When  I  posed  this  same  situation  to  the  retailing  students,  none  of  them  had  a  ready 
answer.  They  each  punched  things  out  on  a  calculator  by  guessing  i<  certain  number,  trying  it, 
and  then  picking  a  better  number  based  on  that  calculation  Eventually,  they  arrived  at 
suitable  values  for  the  retail  price,  I  ut  they  did  not  display  the  same  number  sense  that  Bob 
demonstrated. 


There  Is  growing  evidence  that  very  little  knowledge  and  very  few  skills  can  be 
"transported  directly  from  school  to  out-of-school  use ...  To  be  truly  skillful  outside  school, 
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people  must  develop  situation-specific  forma  of  competence"  (Resnick,  1987,  p.  15).  If  we  hope 
to  close  the  gap  between  doing  mathematics  in  school  situations  and  doing  mathematics  in 
out-of-school  situations/  then  we  need  to  learn  about  and  from  mathematics  practice  in 
everyday  situation*  and  engage  students  in  school  in  doing  mathematics-  -developing  and 
using  processes  that  will  enable  individuals  to  have  the  resources  to  become  competent  in 
specific  situations  when  needed. 
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HOUSEHOLD  VISITS  AND  TEACHERS'  STUDY  GROUPS:  INTEGRATING 
MATHEMATICS  TO  A  SOCIO-CULTURAL  APPROACH  TO  INSTRUCTION 


This  paper  presents  a  collaborative  project  between  university  and  school  teachers.  Our  goal  is  to 
develop  classroom  teaching  that  builds  on  the  stutunts'  and  their  families'  knowledge  and  experiences 
{funds  of  knowledge).  Via  household  visits  and  study  groups,  'tese funds  of  knowledge  are  uncovered 
and  used  to  develop  learning  modules.  This  paper  reports  on  two  aspects  of  the  project  the  study 
groups,  where  we  have  an  ongoing  dialogue  about  what  mathematics  is  and  how  to  tap  into  the 
'  mathematical  funds  of  knowledge,  and  an  example  of  a  classroom  implementation,  where  we  were 
especially  interested  in  Integrating  mathematics  into  the  learning  module. 


Bishop  and  Abreu  (1991)  in  writing  ibout  the  ftp  between  out-of-school  and  in-tchool  mathematics 
comment  that  there  is  not  enough  research  on  how  to  actually  bridge  such  gap  in  school  teaching.  Nunes 
(1992)  writes  "how  can  teachers  identify  and  capitalize  on  mathematics  learned  outside  school?**  (p. 
557).  This  paper  addresses  these  issues  and  responds  to  the  challenge  presented  by  Wilson  and 
Mosquera  ( 1991),  namely  **we  are  challenging  all  researchers  to  consider  a  culture  inclusive  approach  to 
mathematics  education''  (p.  26). 


The  work  reported  here  is  part  of  a  research  project  that  has  as  a  primary  goal  to  gather  information 
on  the  knowledge  and  resources  existing  in  the  students'  homes  and  community  to  then  develop 
classroom  learning  modules  based  on  this  information.  The  teachers  in  this  project  teach  in  schools  with 
a  large  Mexican-American  and/or  Yaqui  Indian  student  population.  Our  position  is  a  rejection  of  the 
deficit  model  for  minority  education  and  a  belief  that  students,  their  families  and  other  members  in  their 
community  share  a  rich  body  of  knowledge  and  skills  that  can  become  valuable  resources  for  school 
instruction.  A  key  concept  in  this  research  is  that  of  Funds  of  Knowledge,  which  are  **the  essential 
bodies  of  knowledge  and  information  that  households  use  to  survive,  to  get  ahead,  or  to  thrive**  (Moll. 
Ve*ler-Ib4Aei,  &  Greenberg.  et  al.,1990,  p.  2).  Inert  are  three  components  in  this  project-household 
visits,  study  groups,  and  classroom  implementation.  The  teachers  receive  instruction  in  ethnographic 
interviewing.  They  then  visit  the  homes  of  some  of  their  students  to  lam  about  the  funds  of  knowledge 
in  these  households.  Questionnaires  on  the  family  structure,  parental  attitudes  towards  child  rearing, 
labor  history,  household  activities  are  used  to  provide  some  structure  to  these  home  visits. 
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The  study  groups  reflect  the  collaborative  nature  of  this  project  Elementary  school  teachers  and 
university  faculty  (in  anthropology,  language,  reading  and  culture,  and  mathematics  education)  come 
together  to  share  their  ideas  and  knowledge  about  classrooms,  teaching,  learning,  and  the  findinp  from 
the  households.  These  sessions  are  instrumental  to  the  development  of  learning  modules  that  build  on 
students'  experiences  and  that  promote  their  active  participation  in  the  teaming  process. 

Originally,  the  focus  of  the  project  wis  to  develop  learning  communities  for  reading  and  writing  in 
bilingual  classrooms.  The  expertise  of  most  members  in  the  project  is  in  the  area  of  bilingual  literacy. 
Some  of  the  guiding  principles  of  instruction  for  their  classrooms  are:  use  of  academically  challenging 
activities;  the  goal  of  reading  and  writing  is  the  making  of  meaning;  build  learning  on  the  students' and 
their  families'  funds  of  knowledge.  These  principles  are  also  applicable  to  the  teaching  of  mathematics. 
Thus,  the  project  has  now  expanded  its  scope  to  encompass  mathematics  instruction.  This  paper 
presents  some  of  our  efforts  in  this  area. 


Two  related  bodies  of  research  provide  the  conceptual  framework  for  the  work  reported  here: 
research  on  the  gap  between  inside  and  outside  school  mathematics  (Bishop  &  Abreu,  1991;  Lave,  198S; 
Saxe.  1991),  and  research  on  the  development  of  classroom  cornmuniuVi  where  mathematics  is  socially 
constructed  (Cobb,  1991;  Lampert,  1986;  Schoenfeid,  1991).  Quite  often  minority  students  end  up 
receiving  a  mathematical  education  that  stresses  basic  skills  and  rose  learning  (Porter,  1990).  Instead, 
this  project  encourages  a  mathematics  teaching  that  stresses  students'  construction  of  meaning  and 
connections  to  their  outside-school  world  (Charbonneau  A  John-Steiner,  1988).  Maier  (1980)  argues 
that  school  mathematics  should  become  closer  to  folk  mathcrnatics--that  is  "the  way  people  handle  the 
mathematics-related  problems  arising  in  everyday  life"  (p.  21).  The  differences  and  apparent  lack  of 
connection  between  uv  school  and  outside-school  mathematics  are  well  documented  (Bishop  k  Abreu, 
1991;  Carraher,  Carraher,  *  Schliemann,  1915;  Lave,  1988;  Saxe,  1991;  Schoenfeid,  1991).  Several 
of  these  studies  show  that  people  are  very  competent  in  dealing  with  mathematical  tasks  that  they  view  as 
relevant  to  themselves.  This  idea  of  relevance  is  key  to  the  project  teachers  as  >hcy  develop  the  learning 
modules. 


Conceptual  Framework 


50 


Volume  2 


My  primary  role  and  interest  In  joining,  the  project  U  to  work  on  developing  cUstroom  mathematSc. 
communities  that  reflect  a  two-way  dialogue  between  the  .chool  and  the  atudentt'  household*.  In  these 
communities  I  envision  students  working  in  small  groups  u.tnj  and  communicating  to  others  their 
-infonwl-  knowledge  of  mathematics;  mathematics  activities  being  contextual^  on  the  knowledge, 
skills,  and  experience,  present  in  the  student.-  households;  parent,  (and  ott*r  household  members) 
participating  in  this  learning  community. 

1  tun.  now  to  two  component,  of  our  work-the  study  group,  and  an  example  of  a  classroom 

implementation. 

About  the  Study  Group. 

TT*  teacher,  in  the  project  consider  these  regular  two-hour  after  school  meetings  as  one  of  the  most 
important  aspects  and  one  of  the  main  reasons  why  they  wanted  to  participate  in  the  project 

does  provide  a  set  for  exploration,  (first/third  grade  teacher) 
A  variety  of  i..ue.  are  tackled  in  any  of  these  «udy  group  session.:  discus.ion  of  the  finding, 
from  the  households,  brainstorming  on  possibte  teaming  module,  based  on  those  findings,  classroom 
management,  impact  of  the  project  on  the  students. 

Since  1  join*  the  project  we  have  been  having  an  ongoing  dialogue  on  what  mathematics  i.  and  on 
how  to  develop  mathematical  activities  from  .tudenu'  experience,  and  b*kground.  In  the  rest  of  this 
section  1  focus  on  two  tethers'  reflection,  about  rn.them.tic..  In  particular  in  relation  to  our  work  on 
Integrating  mathematics  in  the  project  The*  teacher,  reported  their  being  le.s  familiar  with  dunking 
about  mathematics  than  about  literacy.  The  fintAhbd  grade  teacher  expressed  her  need  to  have  a  teacher 
model  diffe«n.^hes««chb,m.*em.tic.  in  order  for  her  to  feel  that  .he  can  do  It  She  .aid 
that.be  knew  how  »  k.  h«r  .tudenu  play  wi*  l«g^  ^ 

with  mathematics.  She  expressed  her  need  to  have  .  theory  .bout  mathematics  caching,  no,  just  a  series 
of  activities  do.  T^fifmgr^eteach^ 

paper  and  pencil  and  textbook ."  She  view*  my  having  joined  the  project  a,  an  opportunity  for  her  to 
work  on  how  to  get  her  .tudent,  to  talk  about  mathem.tic,  in  cooperative  group,.  In  her  view,  the 
bigge*  obstacle  to  blending  the  le*h^^ 


students  were  resistant  to  change  md  seemed  to  have  "the  idea  that  real  work  isn't  getting  dooe  if  it's  not 

oriented  to  a  page  in  the  rook  and  a  worksheet  filled  out  and  checked  off." 

Both  teachers  commented  that,  as  they  started  to  think  about  mathematics  in  the  project  they  noticed 

how  much  the  spirit  of  the  project  could  carry  over  bow  they  teach  mathematics: 

The  philosophies  are  really  parallel,  learning  occurs  when  it's  authentic,  when  it  has 
something  to  do  in  the  child's  life  at  that  point  in  time,  and  I  think  it's  very  important  in  both 
the  literacy  and  the  mathematics,  but  I  had  more  training  on  how  to  do  this  in  literacy,  and  I 
have  not  had  the  training  oa  how  to  do  that  ui  mathematics...  When  we  [the  two  teachers]  met 
informally  to  discuss  it  (the  learning  module],  again  most  of  the  discussion  was  on  the 
literacy.  We  both  felt  we  had  more  expertise  in  that  area;  on  the  mathematics,  it  was,  well,  let 
me  ask  Marta...  and  you  bad  to  be  there  for  us  to  even  think  about  these  issues,  f  First/third 
grade  teac'  :) 

Hie  seeds  for  promoting  the  development  of  mathematics  classroom  communities  are  there,  yet  there 
are  also  some  obstacles  as  I  have  illustrated  in  this  section.  The  study  groups  have  served  as  a  forum  to 
start  a  dialogue  about  leaching  and  learning  mathematics.  But  in  order  to  really  integrate  mathematics  in 
the  project,  I  think  that  a  more  determined  effort  needs  to  be  made.  The  teachers  need  to  experience 
mathematics  as  learners  themselves,  they  need  to  "see  it  happen."  The  study  groups  by  themselves  are 
not  enough.  More  focused  sessions  working  on  developing  a  specific  learning  module,  and  looking  at 
the  mathematics  potential  in  the  module  is  one  step  further,  as  this  next  section  will  show. 


In  this  section  1  dc  ribe  an  example  of  a  learning  module  around  the  theme  of  construction  in  a 
second  grade  class.  This  theme  emerged  as  the  teacher  noticed  that  the  families  she  had  visited  were 
very  knowledgeable  about  construction  (framing  a  bouse,  bricklaying, ...).  In  the  summer  prior  to  the 
classroom  implementation,  the  teacher,  two  other  project  members  and  myself  met  regularly  to  plan  the 
modu'e.  This  teacher  uses  a  thematic  approach  in  her  leaching.  Thus,  the  final  learning  module 
integrated  children's  literature,  writing,  reading,  mathematics,  and  social  studies.  In  mathematics,  the 
teacher  wanted  to  develop  her  students'  awareness  for  different  shapes  as  well  as  work  on  measurement 
(including  the  concepts  of  perimeter,  area  and  volume),  (tarnation,  and  patterning 

But  a  key  aspect  of  this  project  is  to  build  learning  on  students'  experiences  and  knowledge.  This 
teacher  believes  very  strongly  in  following  her  students'  agenda.  Thi%  belief  shaped  our  planning 
sessions  and  made  me  realize  an  issue  that  I  have  not  yet  resolved  It  is  the  issue  of  preserving  the 
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"purity  of  funds  of  knowledge-  (students'  experiences  driving  the  teaming)  while  at  the  same  time 
pushing  for  "the  math  potential  of  certain  situations.*'  Our  goal  is  teacher  initiated  change.  The  teachers 
make  the  ultimate  decisions  as  to  what  to  try  in  their  classroom,  and  for  this  eacher  giving  her  students  a 
voice  in  the  planning  of  the  module  is  a  must  Thus,  the  module  was  developed  and  modified  as  the  and 
her  students  were  working  on  it  (as  Henderson  A  Landesman  (1992)  note,  In  this  approach,  time 
becomes  a  key  issue  as  it  is  hard  to  extract  the  mathematics  potential,  plan,  and  implement  at  the  same 
time).  As  i  starting  point  to  a  theme,  she  has  the  students  make  a  web  to  find  out  what  they  know  ibout 
the  theme  and  what  they  would  like  to  learn  about  this  topic.  The  theme  develops  largely  out  of  her 
students'  questions.  In  the  construction  module,  some  of  these  questions  were:  "how  do  you  put  a  2  x 
4?",  "how  do  you  frame  a  house?",  How  do  you  put  a  cooler?"  At  home,  the  prints  contributed  their 
expertise  by  helping  the  children  on  these  questions  and  commenting  on  their  uses  of  mathematics  in  the 
construction  tasks. 

The  students  worked  on  a  series  of  mathematical  activities,  such  as  building  with  manipulative 
materials,  measuring  bricks,  following  a  recipe  to  make  adobe  bricks,  creating  patterns,  estimating  the 
number  of  bricks  in  a  wall,  making  a  blueprint  for  their  haunted  house  for  Halloween,  and  as  a  final 
project,  building  their  community.  We  videotaped  some  activities,  audiotaped  the  pre  and  post  module 
interview  of  six  students  (three  pairs),  collected  students'  writing,  and  I  look  Held  notes  of  classroom 
observations.  There  was  clear  growth  at  the  literacy  level  (in  their  written  expression  and  in  their  overall 
acquired  knowledge  about  construction).  But  I  find  it  harder  to  convey  what  happened  in  mathematics. 
Many  of  the  Ingredients  that  1  envision  for  a  classroom  mathematics  community  are  present  in  this 
second  grade  class.  Tne  students  are  used  to  working  with  each  other  in  a  constructive  way,  and  are 
eager  to  engage  in  conversations  about  their  work.  The  atmosphere  in  the  class  Is  such  that  students  are 
encouraged  to  contribute  their  ideas  and  to  use  their  "informal"  methods  in  mathematics.  I  was 
impressed  by  their  persistence  and  their  willingness  to  pursue  a  problem.  The  students  took  on  any 
question  1  would  bring  up.  such  as  two  girls  trying  to  figure  out  how  many  cans  of  paint  would  be 
needed  to  paint  a  house  they  had  made  on  the  geoboard;  or  a  group  of  three  students  working  on  patterns 
took  on  the  challenge  to  figure  out  a  Fibonacci  pattern  I  made  with  pebbles.  They  all  appeared  to  be 
engaged  and  enjoying  what  they  were  doing.  The  teacher  commented  that  now  that  she  was  teaching 
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using  a  thematic  approach  -.id  involving  her  students  in  the  decision  making,  she  kept  hearing  her 


students  saying  "teacher,  you  do  the  neatest  things"  and  she  had  sever  seen  them  bored. 

Mathematics  is  integrated  throughout  their  v  fork  and  this  reflects  the  teacher's  view  of  what  doing 
mathematics  is: 

I  think  that's  what  the  whole  project  is  about,  making  them  realize  that  there  is  a  lot  that  they 
know  aboupmathematics  already,  everything  you  do  is  mathematics,  math  is  not  this 
worksheet  they  give  you, ...  I  think  in  the  past  we  thought  of  mathematics  as  being  formulas 
and  you  know,  lots  of  numbers  in  a  written  form,  and  now,  my  concept  of  mathematics  is 
totally  different,  it's  meaning,  to  me,  it's  finding  meaning  to  why  some  things  work  and  it 
doesn't  necessarily  have  to  be  in  numbers,  it  can  be  in  written  language,  in  literature,  (pause)  I 
don't  know,  just  finding  out  why  something  works,  that's  how  I  see  mathematics;  and  I  think 
that's  where  they  were  at,  I  think  that  if  we  start  looking  for  that,  if  we  start  looking  to  see  if 
they  arc  making  meaning  out  of  what  they're  doing,  building,  making  that's  mathematics. 

I  think  that  their  understanding  became  more  profound,  their  understanding  of  what  they 
knew,  like  M.  (a  student)  when  she  measured  that  brick,  and  said,  "oh, !  know  the  other  side 
is  going  to  be  the  same",  she  knew  that  that  brick  was  square  and  that  the  other  side  would  be 
the  same  and  I  think  that  for  her  it  was  like  "oh,  I  already  knew  that";  she  realized  how  much 
she  knew  about  a  square,  and  to  me  that's  mathematics;  to  me  that  was  a  real  breakthrough. 


These  teachers  feel  comfortable  with  the  household  visits  and  with  the  process  of  developing 
learning  modules  based  on  the  funds  of  knowledge  They  have  a  firm  belief  in  grounding  instruction  on 
students'  experiences.  When  asked  about  the  effects  they  have  noticed  in  their  classroom,  they  all 
report  a  dramatic  change  in  their  perceptions  of  their  students  as  learners.  They  attribute  this  change  to . 
their  having  experienced  the  wealth  of  resources  in  their  students'  households.  They  also  remark  on  a 
high  parental  involvement,  now  that  they  have  redefined  for  themselves  what  parental  involvement 
means.  The  second  grade  leacher,  referred  to  the  motivation  and  excitement  that  her  students  have  about 
learning.  The  first/third  grade  teacher  talked  about  the  development  of  her  students'  awareness  of  the 
fact  that  they  have  a  lot  they  can  contribute  to  their  own  learning. 

Our  current  interest  and  effort  is  on  the  pedagogical  implications  of  this  work.  We  are  focusing  on 
how  to  document  and  analyze  what  takes  place  in  the  classroom.  What  can  we  do  beyond  providing  a 
rich  description  of  the  classroom  atmosphere?  The  students  appear  to  be  using  rnathematics  to  make 
sense  of  their  environment  What  is  the  nature  of  their  mathematical  discourse?  What  kinds  of 
connections  are  they  making?  Since  this  project  emphasizes  contextual! zed  learning,  I  am  particularly 
interested  in  pursuing  the  issue  of  transfer  of  learning  across  situations. 
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ANALYSIS  OF  INTERACTIONS  BETWEEN  AFFECT  AND  COGNITION 
IN  ELEMENTARY  SCHOOL  CHILDREN  DURING  PROBLEM  SOLVING 


Valerie  A.  BeBdllfcKamg  and  Gerald  A.  Gold* 
Center  for  Mathematics,  Sdence,  and  Computer  Education 
Rutgers  University 
New  Brunswick,  New  Jersey  01903  USA 

As  researchers  we  seek  to  infer  particular  emotional  states  in  students 
from  our  observation  of  their  mathematical  behavior.  We  discuss  the 
analysis  techniques  used  In  identifying  interactions  between  qffect  and  , 
cognition  in  a  structured,  task-based  interview.  This  Is  part  of  an 
exploratory  longitudinal  study  looking  at  elementary  school  children 's 
mathematical  development  over  three  years.  We  consider  an  excerpt 
from  the  interview  of  one  fijth-grade  student  solving  a  'jelly  bean' 
problem,  to  illustrate  an  interaction  between  affect  and  cognition,  and  to 
conjecture  affective  pathways  constructed  by  the  child. 

Introduction 

The  role  of  sffect  in  mathematics]  problem  solving  is  of  great  interest  to  the  mathematics 
education  research  community  (Goldin,  19ft;  McLtod  and  Adams,  19S9),  and  affect  has  also  become 
of  broad  interest  in  the  study  of  learning  (Rengs  and  Dalle,  1993).  As  researchers,  we  face  the  crucial 
question:  How  does  one  measure  affect?  To  be  more  specific,  bow  can  we  reliably  infer  particular 
emotions  from  our  observations  of  a  subject?  What  are  valid  methods  for  eliciting  affect,  In  the  context 
of  task-based  problem-solving  interviews? 

In  our  research,  we  have  been  considering  two  levels  of  affect  -  "local  affect"  and  "global 
affect".  Goldio  (1911)  defines  "local  affect"  to  be  the  "changing  states  of  feeling  during  problem 
solving",  and  treats  it  as  an  internal  system  of  representation  for  problem  solving,  on  t  par  with  Imagistic 
representation,  formal  notat tonal  representation,  verbal  representation,  and  •  system  of  planning  and 
executive  control.  Global  affect,  in  contrast,  refers  to  general  feelings  and  attitudes,  reinforced  by  belief 
structures,  that  solvers  may  bring  to  a  problem  situation  but  that  are  not  so  readily  modified.  This  paper, 
through  exploratory  observation  and  analysis,  begins  to  describe  possible  methods  of  studying  both  global 
and  local  affect  during  problem  solving. 

Our  analysis  includes  e  number  of  techniques:  (1)  analyzing  student  responses  cognKively,  based 
on  videotapes  of  clinical  interviews;  (2)  considering  tone  of  voice;  (3)  looking  for  "meta-a/fect"  - 
affective  responses  referring  to  oneself  solving  problems;  and  (4)  using  the  Maximally  Discriminative 
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Facial  Movement  Coding  System  (MAX).  MAX  was  initially  developed  by  C.E.  Izard  in  1979  for 
measuring  tha  emotion  signals  In  the  facial  behaviors  of  Infants  and  young  children  (Izard,  1983).  Using 
these  four  tools,  we  hope  to  construct  an  affect  profile  fx  each  subject. 

The  MAX  system  codes  the  movement  of  three  facial  regions;  1)  the  brow  region.  2)  the 
eye/nose/cheek  region  and  3)  the  mouth  region.  The  basic  assumption  underlying  me  system  for 
identifying  emotion  expression*  is  that  emotion  activation  results  in  organized  patterns  of  facial 
movements  or  appearance  changes  that  represent  or  signal  the  emotions  of  human  experience  (Izard. 
1983).  The  coding  of  each  region  is  done  separately  according  to  categories  designed  to  distinguish 
among  the  types  of  movement  observed.  A  MAX  number  is  assigned  to  each  second  of  taping  to  Identify 
which  category  of  activity  (if  any)  has  taken  place.  Observers  art  trained  until  an  eighty  percent 
reliability  in  coding  is  achieved.  After  al!  regions  hsve  been  coded,  s  correspondence  Is  drawn  between 
combinations  of  the  three  codes,  and  the  states  of  feeling  that  are  to  be  Inferred:  states  such  as  Interest, 
surprise,  enjoyment,  sadness,  anger,  disgust,  discomfort/pain  or  fear,  as  well  as  various  blends  of  these. 
For  instance  the  combination  of  raised  eyebrows,  an  enlarged,  roundish  appearance  of  the  eye  region, 
and  corners  of  the  mouth  pulled  back  and  allghtly  up  corresponds  to  e  facial  expression  of  "enjoyment" 
in  the  MAX  system  (these  descriptions  are  highly  abridged). 

The  overall  purpose  of  the  techniques  we  are  using  is  to  be  sble  to  identify  Interactions  between 
affect  and  cognition  (DeBellto  and  Gold  In,  1991).  as  well  as  to  propose  affective  pathways  constructed 
by  the  solver  (Goldln,  1981).  This  type  of  analysis  is  further  motivated  by  the  need  to  find  ways  of 
observing  solvers  that  permit  Inferences  about  deeper  mathematical  understandings  (Lesh  and  Umon, 
1992).  The  aim  of  our  analysis  Is  to  independently  infer  internal  cognitive  and  affective  representational 
states  for  each  subject,  'fractions  are  Identified  when  these  are  compared  at  corresponding  times. 
Subject  end  Method 

The  initial  group  of  subjects  In  a  study  currently  In  progress  (Goldln.  et  al.,  1993)  were  twenty- 
two  elementary  school  children  from  s  cross-section  of  New  Jersey  communities:  two  urban  schools  (5 
third-graders  and  4  fourth -graders);  one  school  in  s  predominantly  blue-collar,  "working  class" 
comrminlty  (7  fourth -graders);  and  one  In  a  suburban,  "upper  middle-class"  district  (6  third  ♦graders). 
These  students  are  being  followed  In  a  three-year  longitudinal  study  which  looks  at  how  children's 
InternU  systems  of  cognitive  representation  develop  over  time.  As  part  of  that  project,  six  task-based 
Interviews  are  being  conducted  with  each  subject.  For  this  report,  we  have  selected  one  subject  and  will 
describe  a  single  episode  that  occurred  this  year  during  the  third  (of  the  six)  task-based  interview.  Our 
subject  is  Jerome;  he  is  ten  years  old  (two  weeks  before  his  eleventh  birthday),  and  presently  (at  Ae  time 
of  the  Interview)  in  the  fifth  grate.   He  attends  school  In  the  'working  class"  community. 

Three  task-based  interviews  were  conducted  at  each  of  the  above  schools  during  1992  and  the  first 
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half  of  1993.  Normally,  two  video  camera*  v/etc  set  up  to  record  each  Interview  teuton.  But  in  the 
third  interview,  to  look  more  specifically  at  affect,  three  video  cameras  were  used.  One  camera  focuses 
on  the  problem  solver's  work  (since  the  interviews  dick  the  use  of  external  materials);  the  second  camera 


child,  rooms  in  on  his  or  bar  facial  expressions. 

The  interviews  are  conducted  by  members  of  a  team  of  clinicians  (a  professor  together  with 
graduate  students  working  toward  advanced  degrees  at  Rutgers  University).  All  of  the  clinicians  have 
teaching  experience.  The  clinician  follows  a  carefully-structured  script.  In  the  interview  we  describe, 
two  problems  are  successively  Introduced  after  a  short  discussion  to  elicit  aspects  nf  the  subjects'  global 
affect.  The  children  are  encouraged  to  "think  aloud"  while  solving  the  problems,  and  are  sometimes 
asked  to  describe  the  way  they  are  feeling. 

The  question  "Could  you  think  back  to  the  first  time  you  remember  doing  mathematics? "  is 
followed  by  several  further  questions  to  engage  the  cliild  in  describing  as  vividly  as  possible  a  recollection 
of  an  early  mathematical  experience.  After  e  description  is  elicited,  questions  such  as  "How  did  you  feel 
about  that?",  "How  did  you  fed  when  that  happened?",  "Did  you  enjoy  it?',  "Was  there  anything  you 
didn't  like  about  it?"  are  asked.  Finally,  the  question  "Do  you  think  this  experience  has  anything  to  do 
with  how  you  feel  about  mathematics  now?"  is  askad  in  an  attempt  to  connect  the  eirly  experience 
described  to  the  child's  global  effect  in  relation  to  mathematics  today.  Similar  questions  regarding 
mathematics  in  school,  and  mathematics  at  home  or  with  friends,  are  also  asked.  Several  other  questions 
addrcas  global  affect  about  problem  solving:'  "Do  you  think  you're  good  at  solving  problems?",  "Why 
do  you  think  that?";  "Do  you  like  solving  problems?";  "What  do  you  think  makes  someone  a  good 
problem  solver?";  "Who  do  you  think  solves  problems  best  in  your  class?",  "Why  do  you  think  (name) 
is  a  good  problem  solver?". 

After  these  questions,  the  first  problem  Is  presented  (orally).  "Which  would  be  easier  ..,  to  cut 
e  birthday  cake  into  three  equal  pieces  or  four  equal  pieces?'  On  the  tab  If  in  front  of  the  subject  are  a 
ruler;  three  styrofbam  "cakes"  —  one  with  round,  one  with  triangular,  and  one  with  rectangular  crois- 
S"3ious;  e  ball  of  thin  white  string;  thin  markers  of  several  colors;  two  pencils;  e  pair  of  scissors;  e  pad 
of  1/4  inch  graph  paper;  a  pad  of  white  paper;  and  two  jelly  beans  -  one  orange  and  one  green.  Several 
problem  variations  are  then  explored  focusing  on  whether  the  shape  of  the  cake  matters,  and  the  task  is 
varied  by  introducing  icing  on  the  top  and  on  the  sides  of  the  cake.  The  goal  of  each  question  is  to  elicit 
a  coherent  description  and  external  representation  from  the  child. 

The  second  problem  is  also  presented  orally;  simultaneously  the  clinician  places  two  small  glass 
jars  of  jelly  beans  on  the  table:  'The  next  problem  is  about  jelly  beans.  This  jar  has  100  green  jelly 
beans'  (clinician  points  to  the  jar  containing  the  green  beans)  "and  this  jar  has  100  orange  jelly  beans" 


focuses  on  both  the  problem  solver  and  the  clinician;  and  the  third  camera,  though  at  e  distance  from  the 
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(clinician  points  to  the  jar  containing  the  orange  beam).  "Suppose  yog  taVe  ten  green  jelly  beam  from 
the  green  jar,  and  put  them  into  the  orange  jar"  (clinician  points  to  the  orange  jar),  "and  mix  them  up." 
(clinician  pretends  to  transfer  the  Jelly  beans  but  does  not  do  it)  "Then  suppose  you  take  ten  jelly  beans 
from  this  mixture  and  put  them  back  Into  the  gr«*  i*"  (clinician  pretends  to  transfer  the  Jelly  beans 
but  does  not  do  k)  "Which  Jar  would  have  more  of  the  other  coior  Jdly  beans  in  it?  Would  there  be 
more  green  jdly  beans  In  the  orange  Jar,  or  would  there  be  more  orange  Jelly  beans  in  the  green  Jar?" 
The  child  is  left  free  to  solve  the  problem,  at  first  without  bints  or  suggestions.  Then  s/he  is  encouraged 
to  explain  the  problem,  to  justify  any  answer  or  conjecture,  and  to  elaborate  through  questions  such  as, 
"Why?"  "Will  It  always  come  out  that  way?*  "Can  you  explain  to  me  using  the  Jelly  beans?"  If  no 
answer  is  given,  the  child  is  encouraged  directly  to  experiment  with  the  jelly  beans. 
Affect  and  CogrriHon  During  One  Episode  of  the  "Jtfly  Bean"  Problem 

When  Jerome  was  solving  the  "jelly  bean"  problem,  his  initial  response  to  the  question.  "Which 
Jar  would  have  more  of  the  other  color  Jeliy  beans  in  it?"  was  (Incorrectly)  that  the  oranie  Jar  would  have 
more  green  jelly  beans  in  it.  fte  stated,  "I  think  the  orange  jar,  because  if  you  mix  h  up  the  chances  of 
you  taking  ten  Jelly  beans  out  of  here  with  some  already  ...  I  Just  think  k*s  e  better  chance."  As  the 
interview  continued ,  he  changed  his  answer  to  be  (correctly)  tfiat  the  number  of  the  other  color  in  each 
Jar  would  be  the  same,  aaer  testing  an  example  which  transferred  nine  orange  jelly  beans  ar.J  one  green 
Jelly  bean  back  Into  the  gr**"  Jar.  When  the  clinician  asked,  "Will  h  always  be  equal?"  he  responded. 
"If  you're  using  ten  ...  I  think."  The  clinician  men  asked,  "What  if  you're  not  using  ten?"  Jerome 
concluded  that  if  you're  transferring  an  odd  number  (In  your  handful)  then  the  numbers  of  the  other  color 
in  each  jar  will  not  be  equal,  but  if  you're  transferring  an  even  number  of  jelly  beans  from  Jar  to  jar,  then 
the  numbers  of  the  other  color  In  each  Jar  will  always  come  out  the  same. 

He  maintained  this  position  and  decided  to  run  two  experiments:  one  experiment  which 
transferred  ten  Jelly  beans  (his  "even"  choice)  and  a  second  experiment  which  transferred  eleven  Jdly 
beans  (his  "odd"  choice).  He  van  his  first  experiment  (ten  Jelly  beans),  and  correctly  concluded  there 
were  an  equal  number  of  the  other  color  in  each  of  the  jars.  He  ran  his  second  experiment  (eleven  jelly 
beans),  and  found  that  there  were  seven  oranfe  jelly  beans  in  the  green  Jar  and  seven  peta  Jdly  beans 
in  the  orange  Jar.  This  contradicted  his  conception  that  with  odd  numbers  the  amounts  would  be 
different.  He  spontaneously  said  that  he  didn't  think  that  could  happen,  and  justified  the  outcome  by 
saying  there  must  have  been  "another  one"  (|dly  bean)  in  the  Jar  from  the  last  problem.  At  this  point, 
the  clinician  asked  Jerome  if  he  would  like  to  start  the  "odd"  experiment  over.  He  said,  "I  don't  care" 
and  began  to  set  up  the  experiment  for  another  trial.  Prior  to  atarting  the  "odd"  experiment  for  a  second 
time,  the  clinician  asked  Jerome,  "Whtt  do  you  think  Is  going  to  happen?" .  He  answered,  "Weil,  they're 
gonna  be  two  different  numbers."  Then  he  dW  the  experiment,  transferrlni  eleven  Jelly  beans  for  e 
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second  time.  Below  U  •  section  of  our  transcription  of  what  happened  next  ("..."  implies  a  ibort  pause 
In  speech): 

Jerome:  How  many  went  over?  (whispers  to  self)  One,  two,  three,  four,  rive,  six,  seven,  eight, 
nine.  1  wo  greens  went  with  this  one  ...  nine  ...  nine  oranges  ...  that's  eleven.  Now, 
ooe,  two. 

Clinician:       You  can  dump  them  out. 

Jerome:  (begins  to  count  jelly  beans  In  other  jar  -  silence  for  57  seconds)  Umm  ...  two,  four, 
six,  eight,  nine.  Well  there  won't  be  ...  they're  both  ...  they  keep  on  equaling  the  same 
amount  even  if  they're  odd!  But?  Two  ...  two  green  went  over  ...  and  ...  two  green 
-«ah  that  and  nine  orange  and  then  nine  green  are  left.  Well  they  still  stayed  the  same. 
The  same  amount  in  each  one. 

Clinician:       How  can  that  be? 

Jerome:         1  don't  know.  <silcnce  for  15  seconds) 

Clinician:        What  do  you  think  is  going  on? 

Jerome:         I  dunno.  (silence  for  3  seconds) 

Clinician:       What  are  you  minting  about? 

Jerome:          UHHH  ...  I'm  just  trying  to  figure  out  bow  did  this  happen,  (silence  for  17  seconds) 
Clinician:       Can  you  figure  it  out? 

Jerome:  (shakes  head  NO  after  6  seconds  and  stops  actively  solving  the  problem) 

Observations  and  Interpretations 

Analysis  of  'Ais  episode  begins  by  analyzing  Jerome's  internal  strategic/heuristic/executive 
representation  of  thr  problem.  Wt  conclude  be  has  prior  to  this  episode  established  a  subgoal  (of  testing 
or  demonstrating  his  "even/odd"  conjecture.  He  is  executing  a  plan  for  reaching  this  subgoal  by 
conducting  an  experiment  (one  case  each).  He  believes  his  conjecture  to  be  true,  and  is  carefully 
monitoring  a  second  trial  of  the  case  that  was  at  variance  with  it.  Transcription  of  the  tape  is  labeled  by 
the  time  that  has  passed  during  the  interview:  every  videotape  displays  the  hour :minute: second: tenth  of 
second  on  the  screen.  Independently,  the  facial  videotape  has  been  coded  using  the  MAX  system;  the 
MAX  coding  is  also  labeled  by  the  time  (to  the  second)  that  bat  passed  during  the  interview. 

The  MAX  system  provides  the  information  that  Jerome  was  enjoying  himself  as  he  was  exempting 
to  solve  this  problem.  When  the  clinician  asked  him  'How  can  that  be?'  and  be  responds  "I  don't 
know",  the  MAX  coding  indicates  a  surprise/enjoyment  blend,  based  on  Jerome's  facial  expression  the 
instant  after  the  question  was  asked.  This  seems  to  confirm  our  inference  that  Jerome  was  surprised  to 
find  the  numbers  of  the  opposite  color  jelly  beans  to  be  the  same.  During  the  17  seconds  of  silence  In 
the  above  episode,  the  MAX  coding  suggests  that  Jerome's  facial  activity  indicated  an  anger/enjoyment 
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Mend.  ThU  U  particularly  interesting,  since  tt  was  the  first  suggestion  of  'inter'  during  the  Interview. 
Soon  after  that,  Jerome  shook  his  head  "no"  and  stopped  solving  the  problem.  It  teems  that  for  Jerome, 
the  moment  that  anger  became  a  part  of  hit  problem  solving  experience,  he  chow  not  to  continue  to  solve 
the  problem.  Jerome's  tone  of  voice  seems  to  indicate  be  is  Interested  in  the  problem,  consistent  with 
the  'enjoyment'  state.  We  are  unable  to  identify  'anger'  in  his  tone  of  voice. 

Finally,  meti-m*.«We  questions  were  asked  in  reference  to  Jerome's  experience  of  solving  the 
jelly  bean  problem.  The  clinician  asked  him  when  he  felt  the  best.  Jerome  responded,  "When  I  used 
ten  and  bom  had  the  same  ...  same  amount".  Then  the  clinician  asked,  'When  did  you  fed  the  worst?" 
Jerome  replied,  "When  the  eleven  bad  the  same  amount ...  cause  I  didn't  want  that  to  happen.  I  thought 
I  was  right."  The  clinician  then  asked,  "How  do  you  feel  now?"  Jerome  said,  "I  still  don't  know  what's 
going  on  ...  I  Just  can't  picture  h  happening."  Again,  we  find  further  evidence  to  support  our  inference 
lhat  Jerome  was  reding  badly  at  this  time. 

The  responses  about  Jerome's  "first  experience"  doing  mathematics  indicate  that  he  has  positive 
global  atTect  toward  nuthematks.  He  fotdly  remembered  an  early  experience  doing  mathematics  with 
his  family,  describing  how  his  father  tried  to  teach  him  to  add  when  he  was  about  four  or  five  years  old. 
He  rentembered  having  "no  clue*  about  what  his  father  was  talking  about.  He  said  that  math  is  "pretty 
fun",  but  frustrating  when  he  cannot  do  something.  He  also  reported  that  he  doesn't  like  "subtracting 
that  much".  When  asked  "Why?"  he  ]ust  said  that  k  "annoys"  him.  Jerome  reported  that  he  has  also 
done  math  at  home  with  his  brothers,  who  are  "e  lot  older".  One  brother  is  a  junior  in  high  school,  and 
the  other  brother  is  a  senior  In  high  school.  He  said  that  his  brothers  told  hlra  that  he  was  "too  stubborn', 
and  have  stopped  doing  math  with  him.  Jerome  also  said  he  likes  to  solve  problems.  When  asked  why, 
he  replied,  'cause  If  you  get  Into  the  problem  and  it's  interesting  then  1  ilke  it  but  if  It's  just  like  boring 
then  tt  has  no  meaning  to  It ...  like  I'll  stiil  try  k  out  but  I  wouldn't  have  the  same  intensity  like  if  I  was 
interested.  Like  definitely  try  and  figure  out ...  like  I  know  I  want  to."  Here  he  talked  about  his  own 
feelings  (meti-affect)  In  hia  description  of  why  he  tikes  to  solve  problems.  He  Identified  the  difference 
In  his  level  of  "intensity"  to  solve  problems  when  they  are  of  Interest  to  him  or  mean  something  to  him. 
When  the  clinician  asked  Jerome  who  solves  problems  the  best  In  his  class,  he  responded,  "Matt,  because 
he  refuses  to  stop  until  he's  done."  For  Jerome,  the  "best"  problem  solver  is  the  one  who  perseveres. 
Yet  Jerome  himself  did  not  persevere  when  his  eiperiment  led  to  an  unexpected  outcome. 
Jerome's  Affective  Pathway 

The  preceding  discussion  permits  us  to  conjecture,  in  a  very  preliminary  way,  a  developing 
pathway  relating  Jerome's  intertill  affective  and  executive  representations  (Goldln,  1981),  We  inferred 
affective  states  involving  enjoyment,  enjoyment/surprise,  and  enjoyment/anger.  The  enjoyment  state 
allows  Jerome  to  establish  subgoils,  develop  and/or  access  plans  for  reaching  them,  and  carry  out  these 
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plans.  Taking  these  actio  as  maintain!  the  enjoyment  state.  The  affect  of  surprise  occurs  ii  response  to 
an  outcome  at  variance  with  Jerome's  prior  expectations.  It  evokes  an  effort  to  "figure  out  how  did  this 
happen. "  But  after  a  brief,  unsuccessful  attempt  to  do  mat,  he  seems  to  fed  anger.  This  state  apparently 
impedes  Jerome's  further  access  to  productive  strategies,  and  he  stops  solving  the  problem  -  the  quality 
of  perseverance  that  be  himself  articulated  as  central  to  being  a  good  problem  solver  is  lost. 


Our  descriptive  anal  ysU  permits  some  detailed  Inferences  and  conjectures  concerning  affect  during 
problem  solving,  and  its  interactions  with  other  internal  representational  systems  in  children.  But  much 
more  remains  to  be  done  before  we  can  have  complete  confidence  in  such  inferences. 
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rfttASCTTHS  COGNITIVE  AND  AFFECTIVE  BEHAVTOPS  IN  THE  MATHEMATICS 

CLASSROOMS  A  MULTIDIMENSIONAL  APPROACH 

Gilah  C.  Ladar  ft  BtlM  J «  Forqaaa 
Honaeh  University,  Auetrelie 

In  thie  paper  ve  describe  thm  cognitive  end  effective 
b«h«vi or*  of  on*  group  of  grade  7  mtudmntm  essigned  an 

open-ended  non-routlnm  mafchamaticel  tasfc:  dmtmrmining  the 
fm%mibility  of  a  new  mchool  canteen.  9f%  relied  on  self- 
r»port  ]Mtfurtf,  and  observable  and  infmrrmd  indicator*  of 
behevior.  Pafre  vara  aiiaiyaad  at  different  lavsle.  rroa 
tnese,  integrated  dmmcript£on»  of  students'  a/faetiva  and 
cognitive  engagement  vara  davalopad.  Operetioseliiing 
mffmctiv,  obmmrvmd  and  Infmrrwd  banaviore  vara  important 
objectives.  Gender  diffarancaa  in  these  bahaviora  vara  alao 
of  interaet. 
Introduction 

Tha  Ifandboo*  of  Keaearch  on  Mathematics  Teaching  and  Learning  (Grouva, 
1992)  ravaala  concam  among  raaaarchera  about  tha  rola  and  measurement 
of  affective  factor*  in  etudent  learning  of  mathematice.  Schoanfald 
(1992)  claimed  that  tha  domain  of  baliafa  and  affacta  vaa 
underconceptualized  and  in  naad  of  new  methodologiea  and  explanatory 
frameworks.  HcLeod  (1992)  argued  that  littla  iapact  on  aathaaatica 
education  had  baan  made  by  tha  vaat  r*aearch  literature  on  affactiva 
factors.  Work  concarnad  with  gender  differences  in  mathematice 
learning  formed  a  noteworthy  exception. 

Good,  Mulryan  end  McCaalin  (1992)  provided  a:i  exteneiva  overview 
of  reeearch  issues  associated  with  enall  group  learning  in 
aathaaatica.  Included  aaong  tha  aany  factore  reported  ae  contributing 
to  etudent  behaviore,  interections,  and  achievement  in  these  learning 
eettinga  were  gender,  group  composition,  students'  achievement  levels, 
and  taak.  Good  at  el.  (1992)  noted  e  "paucity  of  proceaa  data  to 
indicate  what  happena  during  email-group  instruction"  (p. 167)  end 
claiaed  that  aore  information  was  needed  about  "how  groupe  can 
fecilitate  certein  etudent  ettitudaa  and  problea-aolving  ebilitiee" 
(p.  W3). 

It  haa  long  been  recognized  that  attitudea  are  not  aiaple  to 
defina.  Despite  recognition  of  the  complexity  of  the  attitude  concept, 
■ore  limited  operational  definitione  hava  often  been  employed  to  meet 
measurement  needa.  Attitudea  to  mathematica,  for  example,  are 
typically  measured  using  a  veriety  of  pen-and-paper  self-report 
inatrumenta,  the  aoet  common  cf  which  were  deacribad  by  Ledar  (1987). 
In  atudying  attitudee  related  to  aathaaatico  learning,  omiseione  of 
the  context  of  learning  and  tha  evaluation  of  overt  behaviora  are  the 
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most  fr squint. 
Obi act Ives 

Attempting  an  integrated  daacription  of  etudente'  cognitive  and 
affactiva  bahaviora  in  a  mathematice  claeeroom  aatting  vit  an 
important  aim  of  this  study.  To  do  ao  required  the  operationalixation 
of  tha  af factiva  behaviors  obssrvsd  and  inf erred*  Gander  dirfcrencas 
vara  of  intaraat  aa  vara  coapariaona  betvaan  individual  etudente' 
beliefs,  raflactad  in  thair  raaponaaa  to  tha  self-report  inetrumsnts, 
and  thair  behaviora  whan  angagad  in  laaming  mathematice  in  a  avail 
group. 

Theoretical  framework 

Variables  included  in  models  concerned  with  gender  differences  in 
mathematics  leerning,  summarized  by  Ledar  (1992),  eerved  ae  a  ueeful 
context  for  our  work.  Pereietence,  confidence,  expectations  for 
auccasa,  attributional  atyle,  eocial  expectatione,  contextual  af facta, 
beliefe  about  eatheeatice,  perceived  ueefulneee  and  enjoyment  of 
mathematice,  stereotyping  of  and  eex-role  congruency  with  mathematica, 
willingness  to  work  independently,  maetery  orientetion  end  learned 
helpleesnese  were  emong  the  varieblee  of  mtereet.  Theee  variablae 
guidad  the  choice  of  etudente'  effective  and  cognitive  behaviora  to  be 
described  functionally.  The  observational  scheme  for  social  behaviora 
and  informetion-proceseing  componente  preeented  by  Cleeente  and 
Naetasi  (19B8)  is  similar  to  the  approach  adopted  in  thia  atudy  for 
oparationalizing  and  categorieing  theee  behaviors. 
Methodology 

The  deeign  and  methodology  of  the  etudy  vere  eheped  by  the  following: 
the  eetting  wee  to  be  the  regular  grade  7  mathematice  claaaroom 
the  task  eet  by  the  teacher  ehould  be  realietic  and  challenging 
the  obeerved  group  needed  to  be  mixed  eo  that  behavior  pattarne 
could  be  examined  for  gender  effecte 

affective  beliefe  were  to  be  described  through  eelf -report  data, 
and  beheviore  through  obeervational  maaeuree 

an  extended  period  of  obeervation  end  deteiled,  eaaily  re- 
examinable,  recorde  of  behaviora  and  interact iona  ware  needed  if 
high  ae  well  ae  low  inferencee  were  to  be  drawn 
Decieions  about  the  reeearch  techniquee  adopted  eroee  from  the  nature 
of  the  reeeerch  problem.  Observation  methode,  a  daecriptive  ayetem, 
videoteped  recorde,  interviews,  and  saif -report  date  were  ueed.  Tha 
obssrvational   and   eelf-report   data  were  analyaed  qualitatively.  The 
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latter  vara   aleo   quant i+atively  examined;   thaaa   findinge  hava  been 
reported  alaavhara  (Lader  a  Forgaes,  1991). 
The  eample.  setting  and  proctdurat 

Tha  eampla  compriaed  thraa  female  and  two  sale  atudanta  working  on  a 
non-rout  in*  open-ended  mathematical  problem  in  a  email  group.  Tha 
teacher  hed  organized  the  claee  of  28  etudents  into  aix  groups  of  four 
or  five  etudente  and  nominated  the  eampla  group  ae  one  worth 
observing.  Each  of  tha  five  etudente  had  been  re  ted  by  the  teacher  ee 
either  very  good  or  excellent  at  ma theme t ice. 

The  small  group  wee  obaerved  for  eeven  of  the  eight  consecutive 
(45  minute)  leeeone  in  which  they  worked  on  the  task.  The  leeeone  were 
videotaped  and  tha  tapee  carefully  transcribed.  Field  notee 
eupplemented  the  leeeon  tranecrlpte  and  etudente'  reactiona  to  each 
laeeon  were  monitored.  Self-report  meeeuree  of  etudente'  attitudea  and 
beliefe  about  mathematics  and  themselves  ae  learners  of  mathematics 
wsrs  gathered  prior  to  the  onect  of  the  smell  group  teak  end  egain 
aose  tlms  lstsr.  At  ths  and  of  aech  laeeon  etudente  indiceted  their 
feel  Inge  ebout  and  understanding  of  the  work  just  completed. 
Intervlewe  took  place  towarda  tha  end  of  the  echool  year. 

Operetlonel  definitione  of  the  variablae  of  intereet  were 
developed  and  excerpts  from  the  lesson  tranacripte  were  ueed  to 
clerify  them.  One  example  of  %n  operational  definition  is  shown  on 
Tsbls  1. 


Table  1:     The    operational    definition    of    * persistence'    used    in  the 
Study 


Variable 

Definition 

Exemple 

pareletence 

continuee  with 
conetructlve  work 
et  taek  or  vith 
verbalised  idea 
whan  encountere 
difficulty,  rebuff 
or  failure  without 
coaxing  or 
encouragement . 

B:      Thie  isn't  what  wa  need 

H:      How  ebout  if  you  give  everybody 

one  eurvey.. 
B:      This  isn't  what  we  need,  M 
M:      ...so  they  can  have  a  look  at 

them  (grabbing  aheete  from  B) 
C:      yea,  it  la  (C  takae  a  aheet  from 

B).  It'e  10  out  of  13  wanted  e 

new  canteen  out  of  the  teechere 

and  3  out  of  13. . . 
B:      This  ian't  what  we  need.  It'e 

that  profit  stuff, 

(indistinguishable  word)  know 

how  much  people... 
J:      This'll  hslp  too.  B,  this'll 

help  too,  all  right.  So  calm 

down 

397 
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Rqaultft 

Tha  cognitiva  (cog)  and  affactiva  (aff )  bahaviora  wara  aach  clasaifiad 
•t  two  lavals:  lowar  (LI)  and  highar  infaranca  (HI).  Cognitiva 
b«h.vior«,  including  oral  contribution,  to  mathsmatical  discuaaiona, 
w.r.  r.t.d  ..  high  (HL)  or  low  laval  W .  Taak  angagamant  v.. 
catagorizad  a.  cantral  (C)  (to  th.  mathamatical  taak)  or  paripharal 
(P). 

High  infaranca  analyaaa  of  cognitiva  and  affactiva  bahaviora  wara 
pracadad  by  an  outlina  of  tha  aaquanca  of  laaaona  ob..rv.d  and 
datailad  daacriptiona  of  tha  contant  of  aach  laaaon.  Thaaa,  togathar 
with  information  about  tha  atudanta'  parcaptiona  of  tha  laaaona  and 
thair  attitudas  and  baliafe  about  thamaalvaa  and  mathamatica,  providad 
an  awaranaaa  of  tha  contaxt  in  which  tha  fina-grainad  analyaaa  of 
avant  apiaodaa  occurrad.  Tha  <iiffarant  aat.  of  data  wara  informativa 
in  thair  own  right  and  wara  asaantisl  praraquiaitaa  for  tha  intagratad 
analyaaa. 

Spacific  axamplas  illuatrata  tha  approach  uaad.  As  ahown  on  Tabla 
1,  B's  parsistanca  was  catagorizad  11  .ff ,  HI,  «nd  waa  aaaociatad  with 
■athamatical  angagamant  which  waa  cog,  IA,  HI,  C.  Thia  axcarpt 
illuatratas  a  pattarn  of  intarparaonal  bahaviors  discarnad  ovar  tha 
antira  saquanca  of  lasaons  which  appaarad  contaxtuslly  bound  to  tha 
composition  of  tha  group:  tha  marginalisation  of  C,  tha  dominanca  and 
parsonol  confidance  of  J,  and  B'a  capacity  for  indapandant  thinking. 
Also  highlightad  waa  an  axcaption  to  s  mora  ganaralizad  pattarn. 
During  tha  ai9ht  laaaon  aaquanca,  M  and  ■  had  workad  vary  affactivaly 
and  wara  mutually  support iva  of  aach  othar's  af forts.  Yat  hara,  M 
appaarad  to  hava  ignorad  B's  appaal  for  backing. 

At  tiaaa,  tha  fina-grainad  analyaaa  ravaalad  confliota  with  tha 
profilaa  of  individual  studant'a  attitudas  and  baliafs  compilad  fro. 
tha  aalf-rapcrt  data.  Diffarant  intarparaonal  dynasica  wara 
occasionally  notad  whan  tha  taachar  (DM)  waa  angagad  with  tha 
atudanta.  DM  waa  alao  found  to  raapond  diffarantly  to  mambara  of  tha 
group.  Tha  corraspondingly  diffarant  psttarns  of  affactiva  and 
cognitiva  studant  bahaviors  wara  put  down  to  tha  contaxtusl  affact  of 
his  praaanca.  During  tha  laaaon  fros  which  tha  following  axcarpt  ia 
takan,  tha  varbal  axchanga  took  pl.c.  during  tha  third,  and  longa.t 
(4*  out  of  a  total  of  7  minutas) ,  of  DM's  four  visits  to  tha  group. 

DM:    Wall,  how  do  thay  ftaka  tha  profit?    How  is  tha  profit  mads? 
J:       (M    bagina    to    spaak    sisultanaoualy    but    atops)    By  paopla 
buying  things  and  paopla  said  thay'd  buy... 
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DM:    And,  by  buying  thing*  at  •  coat  greeter  then  whet  they  pay 

for  it,  right? 
J :  Km 

DM:    How,  how  do  you  increaae  your  profit?     Vou  either  increaae 

the  coat,  increaae  your  price  or... 
B:      or  increese  the  number  of  people  thet  com  in 
DM:     (nodding)   or  increaae  the  number  of  people,  good,  increeee 
the  number  of  buyers  in  the... 
DM'*  questioning  style  in  this  excerpt  appeere  *  leading'.  Generelly, 
however,  he  Beamed  to  allow  atudenta  to  explore  their  own  ideaa.  Often 
exchangea  with  atudenta  would  conclude  without  cloaure  having  been 
reached. 

The  contextual  effect  noted  in  the  excerpt  accompanied  B'a 
independent  thinking  (cog,  HL,  HI,  C) .  B  received  poaitive  affirmation 
(aff,  HI)  for  hie  !:eaponee  in  the  diecuasion.  J,  however,  wee 
prevented  from  completing  her  contribution  and,  uncharecterieticelly, 
did  not  persiat  with  her  eeemingly  veluable  contribution.  Within  the 
global  context  of  the  eequence  of  leeeone,  analysea  reveeled  that  J 
commanded  much  more  of  DM'  e  time  then  any  other  member  of  the  group. 
Aware  of  J'e  propenelty  to  dominete,  perhepe  DM,  by  ignoring  J  in  thie 
instance,  may  have  helped  encourage  othere  to  volunteer  their  ideee. 
overview  of  cognitive  behaviors 

Cenerelly,  the  group  * worked'  well  with  minimal  prompting  from  the 
teacher.  The  teak  proved  challenging  and  the  level  of  mathematics  in 
which  some  membere  of  the  group  were  engeged  might  not  be  eo 
enthuaiaatically  embraced  by  grade  7  etudente  in  a  more  treditionel 
eetting.  Greppling  with  percentege  increeeee  with  inconvenient  numbers 
waa  on*  example.  The  taak  aet  by  the  teecher  waa  meaningful  to  the 
etudente  within  the  echool  context  ee  they  hed  e  pereonal  atake  in  the 
eventual  outcome.  This  appeared  to  provide  some  motivation  for  a 
genuine  atteapt  at  the  teak.  The  teecher  had  aleo  outlined  the  basis 
on  which  the  group  report  eubmitted  would  be  eeeeesed.  To  eome  extent 
the  raquiresenta  for  eeeeeement  eppeared  aiao  to  have  influenced  the 
directions  undertaken  and  the  effort  expended  by  soee  group  members  on 
vsrious  sspects  of  the  tssk.  Pressntstion  wse  s  notsble  exsmple, 
particularly  for  the  girls. 

During  the  eight  lessons,  the  five  etudents  were  often  engaged  in 
different  ectivitiee.  As  the  eequence  of  lessons  progreeeed,  taak 
demarcetion,  elong  gendar-stereotypic  linee,  became  more  evident.  The 
two  toys  were  more  often  engaged  in  mathematical  taeke,  the  girle  in 
more  peripheral  activities  related  to  preaentation.  Thia  might  account 
for    the   girle    heving    epent   more    tiwe   then    the   boye    in    off  teek 
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convaraation.  Than  vaa,  for  axaapla,  littla  to  atiaulata  mathematical 
diacouraa  vhan  coloring  in  bar  charta  alraady  plotted  by  tha  boya. 
Ovarvlav  of  affactlva  behaviors 

Self  raport  data  aftar  aach  lasaon  indicatad  that  tha  girla  vara  mora 
confidant  than  tha  boya  that  thay  had  undaratood  tha  work  aaaociatad 
with  tha  task,  Analyaaa  of  group  intaractiona  alao  ravaalad  a  claar 
pattarn  of  paar  hierarchy  to  which  el.*  aeabera  of  tha  group  appeared 
to  adhara.  That  ie,  tha  contextual  of fact  of  group  coapoaition 
appaarad  to  influanca  atrongly  tha  axchangaa  and  taak  angagaaant  of 
studanta.  Tha  intarviava  ravaalad  that  tha  boya  mora  ao  than  tha  girla 
had  found  tha  taak  anjoyabla,  challanging  and  intaraating.  Tha  taachar 
vaa  alao  found  to  hava  intaractad  diffarantly  with  atudanta.  For 
axaapla,  only  aoaa  racaivad  posit iva  f aadback  from  hia. 
Intaaratad  analvaia 

Tha  aubtla  raaponaaa  and  raactiona  diacamibla  froa  tha  fine-grained 
analyaaa  anhancad  tha  development  of  tha  intagratad  daacriptiona  of 
atudanta'  cognitiva  and  affactiva  bahaviora.  Khan  affactiva  bahaviora 
vara  coaparad  with  tha  aalf -raport  data,  thara  appaarad  to  ba  graatar 
conaiatancy  in  beliefs  and  obaarvad  bahavior  for  tha  boya  than  for  tha 
girla,  Tha  taaka  in  which  tha  atudanta  vara  angagad  aight  partially 
account  for  tha  baliaf -bahavior  aiaaatch  for  tha  girla.  During  tha 
lascone,  thara  was  littla  indication  that  tha  girla  vara  diaaatiafiad 
with  thair  pradoainantly  non-aathaaatical  rola.  Tha  paar  hiararchy, 
hovavar,  aaaaad  to  axarciaa  a  controlling  influanca  on  tha  diractiona 
of  tha  pro j act,  on  tha  bahavior  and  languaga  uaad  by  group  mambara, 
and  on  ultiaata  aatiafaction  vith  tha  projact.  At  intarviav,  C  vho  had 
bean  virtually  axcludad  froa  aaaningful  contributions  to  tha  taak,  and 
Ch  vhosa  initial  laadarahip  atatua  had  baan  challangad,  articulatad 
that  thay  had  not  raally  enjoyed  tha  activity,  and  that  thara  had  baan 
littla  to  do.  J,  M  and  B  vho  had  baan  tha  aora  activa  participanta  in 
tackling  tha  taak  had  found  it  aora  intaraating  and  challanging. 
Conclusions 

An  iaportant  aia  of  tha  atudy  vaa  to  attaapt  an  intagratad  daacription 
of  atudanta'  cognitiva  and  kff activa  bahaviora  in  a  aathaaatica 
claasrooa  aatting.  Tha  mult i- levered  approach  adopt ad  providad  a  aora 
* unified  parapactiva'  on  atudanta'  cognitiva  and  affactiva  bahaviora. 
Tha  natura  of  tha  taaka  undartakan,  tha  quality  and  laval  of  atudanta' 
cognitiva  engagement  and  thair  affactiva  involvaaant  could  ba  raportad 
in  aora   apacific  datail   and  aora  globally.   Tha   rich   data  baaa  and 
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varied  anelyeee  ravaalad  differencee  in  taak  engegement  and  mora 
eubtle  diffarancaa  in  atudanta'  learning  expariencee.  Affective 
meeeuree  gethered  from  eelf-report  data  and  from  obaarvad  claaarooa 
behavior a  did  not  elveye  Batch.  The  ralationahip  of  affectiva 
behavior  to  cognitive  taak  engagement  euggeate  the  poaaibility  of 
longer  term  implicetione  for  atudanta'  mathematical  learning  outcome. 

RgTERCTCEfl 

Clemente,  D.  H. ,  &  Haetaai,  B.  K.  (1988).  Social  and  cognitiva 
inter ectiona  in  educationa  1  computer  environmenta .  ammXifima 
Education*!  Paaaarch  Journal.  25(1) ,  87-106. 

Good,  T.  L. ,  Mulryen,  C,  &  McCaalin,  M.  (1992).  Grouping  for 
inetruction  in  mathematice:  A  call  for  programmatio  reaearch  on 
email-group  proceaaae.  In  D.A.  Grouva  (Ed.)  Hinflhflflfc  Pt  raimmXfih 
on  mathamatica  teaching  and  learning  (pp.  165-196).  Hew  York: 
MecMillan 

Grouva,  D.A.  (Ed.)  (1992)  Handbook  of  raaaarch  on  mathemaHns  teaching 
ejid  learning.  Hew  York:  MecMillan 

Leder,  G.  C.  (1987).  Attitudee  towarda  mathematice.  In  T.  A.  Romberg 
&  0.   M.   Stewart    (Ide.),   The  monitoring  of   echool  mathematical 

Background     paoara.     Vol.     ^-         ImDllcationa  IXOJI  PiYChOlogYl 

outcomem  of  inetruction,  Wieconein:  Wiaconsin  Center  for 
Educe tlon  Reeeerch,  School  of  Educetion,  Univereity  of  Wieconein. 

Leder,  G.  C.  (1992).  Methematice  end  gender:  Changing  perepectivee.  In 
D.A.  Grouvm  (Ed.)  Handbook  of  reeearch  on  mathematics  teaching 
and  learning  (pp.  597-  622).  Hew  York:  MecMillen 

Leder,  G.  C,  &  Forgear,  H.  J.  (1991).  Learning  methemetice:  Some 
etudent  perepectivee.  In  J.  O'Reilly  &  S.  Wettenhell  (Ede.), 
Mathematics.*  ideea  (pp. 3-9).  Victoria:  Methemeticel  Aeeociation 
of  Victoria  for  Twenty-eighth  Annuel  Conference,  December  5th  - 
6  th. 

McLeod,  D.B.  (1992)  Reeearch  on  affect  in  mathematice  education:  A 
re conceptualisation.  In  D.A.  Grouwe  (Ed.)  lUntifc00*  of  reeeerch  on 
mathematice  taechlng  and  learning  (pp.  575-  596).  Hew  York: 
MecMillen 

Schoenfeld,  A.H.  (1992)  Leerning  to  think  mathe»atically:  Problem 
eolving,  metacognition,  and  sense  meking  in  mathematics.  In  D.A. 
Grouve  ( Ed . )  Handbook  of  reaearch  on  mathematlca  teaching  and 
learning  (pp.  575-  596).  Mew  York:  MecMillan 


THE  MATHEMATICS  IN  AN  EPISTEMOLOGY  OF  ETHNO-MUSIC 


Summnrv 

In  this  paper  we  examine  the  mathematics  grounded  in  the  scientific  practice  of  an  Ethnomusicologist 
as  he  systematically  attempts  to  bridge  a  Javanese  music  system  and  Western  music.  In  support  of  our 
prior  theoretical  work,  we  provide  evidence  for  splitting  and  a  covariational  approach  to  exponential 
and  logarithmic  functions.  We  also  contrast  the  mathematics  arising  in  this  scientist's  practice  with  his 
experience  with  mathematics  in  the  school  curriculum. 

This  study  is  part  of  a  larger  investigation  of  the  uses  of  mathematics,  particularly  exponential  and 
logarithmic  relationships,  in  the  practice  of  scientists.  Our  goal  is  to  begin  to  understand  the  scientists' 
mathematics  from  their  perspective  within  the  context  and  culture  of  then  practice.  In  a  sense,  we  are 
applying  an  Ethnomathematics  approach  to  our  own  university  community,  based  on  the  interview 
methods  we  h*vc  used  in  our  previous  work  with  students.  We  examine  the  ways  scientists  use 
mathematical  models  to  describe,  predict,  and  interpret  phenomenon;  that  is,  the  ways  in  which 
mathematics  plays  the  role  of  an  "epistemological  object"  in  their  practice.  Through  this  we  will  extend 
our  theoretical  work  on  splitting  and  exponential  functions,  as  well  as  gain  insight  into  the  relationship 
between  the  formal  mathematics  of  the  school  curriculum  and  the  math  as  it  is  developed  and  used  in 
diverse  practices. 

The  Ethnomugcolopst 

In  this  paper  we  discuss  our  work  with  a  Cornell  music  professor,  Dr.  Martin  Hatch,  who  works 
in  the  Meld  of  Ethnornusicoiogy  and  is  currently  studying  the  music  of  Central  Java,  an  Indonesian  island. 
Our  data  include  a  number  of  discussions  with  Hatch,  including  a  ninety  minute  videotaped  interview,  and 
observation  of  his  introduction  to  a  new  computrr  tool  for  representing  musical  sound  (Vaughn,  1992). 
We  also  used  papers  by  Hatch  and  others  in  the  field.  Finally,  he  reviewed  and  suggested  revisions  to  an 
earlier  draft  of  this  paper. 

Ethnomusicologisu,  as  Hatch  explained,  seek  to  document  varieties  of  musical  experiences  around 
the  world  for  reasons  of  describing  the  "richness  of  humanity  and  the  vitality  of  culture*,  as  well  as 
contributing  to  an  understanding  of  the  cultural  evolution  of  music.  His  current  work  is  focused  on  the 
nature  of  "tuning1*  within  a  Javanese  musical  system  which  is  considerably  different  from  Western  tuning. 
Hence  he  is  faced  with  the  cross-cultural  dilemma  of  trying  to  hear  "what  the  Javanese  hear",  while 
beginning,  as  he  must,  from  his  own  Western  perspective.  Hatch  described  this  as  "budding  a  bridge" 
between  the  Western  and  Javanese  music  systems.  In  the  passage  below,  he  explains  this  dilemma  and 
bow  mathematics  or  "numbers"  function  as  a  tool  in  bridging  the  musical  systems. 

We  are  trying  to  discuss  ...  how  there  are  different  ways  of  using  something  that  we  all 
have  available  to  us:  that  is  numbers.  We're  talking  about  using  them  in  the  Western 
academic  setting,  but  now  I'm  adding  a  new  dimension:  confirming  that  the  rules  of  tuning 
that  I  find  through  this  analysis  are  actually  operative  foe  Javanese  singers. 
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I  wen  trying  to  devise  a  universal  way  of  undemanding  tuning  in  musical  systems. 
I'm  not  fore  that  I  have  the  correct  combination  of  tools,  but  at  leas' "m  convinced  that 
using  nwnbers  will  help  me  gel  closer  to  that  goal.  .... 

Now  the  issue  of  the  relationship  of  universal*  so  local  cultural  activities  comes  into 
play  to  the  extern  that  academic  work  -  the  system  of  research  and  rational  observation  and 
analysis  -  can  produce  a  scientific  language  mat  will  be  *ble  to  account  for  human  activities 
all  over  the  world  But  we  have  found  that  mis  language  is  not  enough.  We  have  to 
broaden  the  application  of  words  that  we  use  in  the  West  to  accommodate  different 
conditions  for  musical  systems  around  the  world.  ...  Somewhere  In  my  mind's 
justification  for  the  work  with  numerical  analysis  of  toning  is  the  idea  that  what  I'm  doing 
here  has  some  validity  for  what  goes  on  in  Java  and  tf.it  my  work  will  contribute  to  an 
understanding  of  why  and  how  all  cultures  and  all  human  beinp  make  music  (italics 
added). 

Hatch's  challenge,  then,  is  to  develop  an  epistemotogy  of  cross  cultural  musk;  a  coordination  of  Javanese 
and  Western  representations  of  musical  sound  using  Emnomusicotogicai  analytical  techniques  and 
drawing,  intuitively,  upon  mathematics. 

In  studying  Javanese  toning  Hatch  is  investigating  both  a  cappelta  songs  and  gamelan.  The 
gamelan  is  the  primary  ensemble  of  instruments  in  traditional  Javanese  musical  performance  and  is  made 
up  largely  of  fixed-pitch  percussion  instruments,  including  drums,  gongs,  metallophones,  cymbals,  bells, 
and  rattles  (Rossing,  Shepam1, 1982)  and  a  few  stringed  instruments.  Singers  may  also  accompany  the 
gamelan. 

-ft*  P^"H^  nf  Mmical  Sound 

In  Western  musk,  an  "octave"  implies  a  multiplicative  relationship  between  pitch  frequencies. 
Raising  a  note  one  octave  doubles  the  frequency  of  the  pitch.  Notes  in  the  Western  system  are  also  "equal 
tempered,'*  that  is,  the  ratio  of  the  frequencies  between  any  two  successive  notes  in  a  chromatic  scale  is 
constant1  Although  the  Javanese  do  have  an  octave  that  represents  approximately  a  doubling  of 
frequency,  the  notes  in  between  are  not  equally  tempered.  The  ratio  between  successive  pitches  in  the 
Javanese  scale  varies  significantly.  To  analyze  this  variance,  Hatch  measures  the  pith  frequencies  of 
Javanese  a  coppella  songs  and  game] an s.  The  measurements,  sampled  and  displayed  on  a  computer 
screen,  provide  a  verification  of  what  he  "hears-  in  the  songs. 

While  frequency  gives  Hatch  a  quantification  of  musical  pitch,  he  is  often  interested  in  the 
Intervals"  or  musical  distance  between  notes.  Working  with  frequency  presents  a  problem  -  a  problem 
which  Hatch  resolves  with  a  mathematical  transformation.  The  frequency  of  each  successive  octave  in  the 
Western  system  is  related  to  the  previous  octave  by  a  2: 1  ratio.  Therefore,  as  Hatch  described  it,  if  A 
below  middle  C  is  220  cycles  per  second,  then  the  next  A  is  440  cycles  per  second  and  the  next  880. 
Though  the  additive  intervals  between  220  and  440  and  between  440  and  880  are  different  in  terras  of  the 
number  of  cycles  per  second  (Hertz  or  Hz.),  musically,  Hatch  said,  "f.Vre  is  something  the  same"  about 
them.  Musically,  it  is  the  same  distance  -  one  octave  (See  table  I.).  Hence.  Hatch  explained, 


1 A  chromatic  scale  Includes  ill  12  half  steps  of  a  Western  equal  tempered  scale  and  Is  generated,  for  example, 
by  Mttlng  12  successive  keys,  white  and  Wack,  on  a  piano. 
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musicologists  use  a  logarithmic  conversion  of  the  cycles  per  second  lo  get  the  same  number  of  units  for 
each  interval.  The  conversion  creates  1 200  units  called  "cents"  for  every  octave.  So  in  the  Western 
system  of  12  half  steps  per  octave,  there  are  100  cents  in  a  half  step  interval. 

The  unit  "cents"  was  developed  by  Alexander  John  Ellis  (Ellis,  1 884)  for  the  "measurement  of 
exotic  music  systems".  Hans  Peter  Reinecke  ( 1 970)  later  published  a  logarithmic  table  providing  a  value 
in  "absolute  cents"  corresponding  to  each  frequency  value  in  the  audible  range  (as  distinguished  from 
"relative  cents"  below).  Since  there  are  1200  cents  per  octave  and  an  octave  represents  a  doubling  of 
frequency,  the  conversion  from  frequency  to  cents  is  done  by  taking  the  logarithm  of  frequency  (F)  using 
a  base  of  1200th  root  of  2.  Reinecke  provides  the  following  equations. 

Caba  (absolute cents)        2 1/1200  07 Hz.)    « jl(F)  In  table  1.  (1) 
10,538  Cabs  -  log  2  1/1200  (440  Hz.) 

Where  Cabs  v  absolute  cents  such  that  1  Ct}H.corresponds  to  0  Hz.  It  is  also  common  for 
Ethnomusicologists  to  use  "relative  cents"  to  describe  the  distance  or  interval  between  musical  pitches. 
This  is  done  either  by  subtracting  absolute  cents  or  converting  the  ratio  between  the  pitch  frequencies 
(F2/F1)  to  cents. 

ACrei  (reUtlveccnU)- log  2 1/1200  <F2/n)   -  (2(C)  In  table  2.  (2) 

1200  Cre) -tog  2 1/1 200  (860  Hz. /440  Hz.)     using  equation  (2) 

1200 Crd  -log 2 1/1200 (880lU)  *  log 2 1/1200 (440Hl)         usirt^  equation  (1) 

Now  the  distance  or  the  difference  between  musical  pitch  can  be  described  using  the  additive 
quantity  "cents".  Thus  the  conversion  to  cents  is  logical  because  it  allows  Hatch  and  other 
Ethnomusicologists  to  work  with  additive  rather  than  multiplicative  distances  -  he  can  represent  musical 
distance  by  subtracting  pitch  values  represented  in  absolute  cents.    Using  the  additive  unit,  one  can  see 
100  cents  for  every  equal  tempered  half  step  and  1200  cents  per  octave  in  the  table  1  below. 

In  the  Javanese  'slcndro"  scale  being  studied  by  Hatch  there  are  five  notes  per  octave,  labeled  1, 2 
3, 5, 6  ('4*  is  skipped  in  order  to  reconcile  slcndro  with  the  alternative  seven  note  "pclog"  system).  The 
scale  differs  from  the  Western  scale  above  in  that  the  notes  are  not  equal  tempered:  the  frequency  ratio  or 
the  number  of  cents  bet*  een  successive  notes  is  variable  rather  than  constant  Furthermore,  the  musical 
spacing  between  note;  ilso  depends  on  the  "mode"  a  piece  is  played  in.  Not  only  may  the  interval 
between  1  and  2  be  different  from  the  interval  between  2  and  3,  but  the  spacing  between  1  and  2  alone  may 
not  be  consistent  from  piece  to  piece  or  even  from  octave  to  octave2.  Hatch  describes  this  variance  in  the 
following  passage  from  the  transcript 


2  A  gamelan  may  be  tuned  to  different  modes  in  different  octaves.  Hatch  called  this  a  'shift  in  commitment". 


72 


Volume  2 


Well  If  you  tike  1200  cents  In  an  octave,  then  you  can  divide  thai  octtve  into  any  nurnbex 
of  different  interval  sizes  by  pitches,  [InJ  slendro  there  are  five  pilches  in  the  fixed  pitch 
tuning,  so  tfyoa  take  5  into  1200  you  get  around  240  cenu.  In  the  slendro  system,  240  is 
more  or  less  an  average  of  the  different  tuninp  one  finds  in  Javanese  gamelans. 

But..ln  no  actual  gamelan  do  you  find  240  cent  intervals. .  On  all  gamelans  two  of  the 
intervals  are  wider  than  the  other  three.  Two  of  the  interval*  have  parameters  thit  tre 
between  260  and  320  cento,  and  then  the  other  three  are  generally  between  190  and  230 
cents. 

Modal  practice,  then,  involves  the  notion  of  a  Mppped  scale",  where  the  mode  in  which  a  piece  is 
performed  or  a  fixed  pitch  instrument  is  tuned  determines  whkh  intervals  are  wide  and  which  are  narrow 
in  the  scale.  Hatch  called  this  the  "signature  interval"  of  a  mode:  "Signature  intervals  are  the  intervals  that 
give  the  character  to  a  particular  mode,"  For  example,  the  mode  Manyura  has  wider  intervals  between  6 
and  5  and  between  3  and  2.  Nem  has  wider  intervals  between  3  and  2  and  between  1  and  6.  These 
modes,  two  of  the  three  principle  modes  of  Javanese  slendro  tuning,  are  shown  in  taMe  2. 


Equal 
Tempered 
Notts 


A 

8b 
B 

C 

C* 

D 
Eb 
E 
F 

f* 

G 

G* 
A 


Fritqutncy 
(Hart*) 


440 
466 
494 
523 
554 
587 
622 
659 
698 
740 
784 
831 
880 


•  F 


Frtq. 

Ratios 
bet*  -*tn 
itch  noto 


Abosolult 
Contt 


1.06 
1.06 
1.06 
1.06 
1.06 
1  06 
1  06 
1.06 
1.06 
1.06 
1.06 
1.06 


OJ1(F) 


c«Xd 


Rolitlva 
conts  from  A 
(AddltWo 
distinct) 


r-F/440 


Frtq  Ratio 

from  A 
(Multiplic- 
ttlvt  distinct) 


0 

100 
200 
300 
400 
500 
600 
700 
800 
900 
1000 
1100 
1200 


Musictl 
Inttrval 
from  A 


1.00 
1.06 
1.12  ! 
1.19 
1.261 
1.33  I 
1.41 
1.50  I 
1.59 
1.68 
1.78 
1.89 


Stcond 

Third 
Fourth 

Finn 


Table  1 .  All  the  Western  half  ttept  between  A  440  Hz.  ind  A  880  Hz.  are  shown  in  the  Notes  column. 
Frequency:  The  corresponding  rrequer^es. 

Frequency  Hi  Ho:  The  approximate  ratio  between  etch  half  step,  or  successive  frequenciev 
Absolute  Cents:  The  conversion  of  each  frequency  to  absolute  cents  using  equation  ( 1 ). 
Differences:  The  difference  between  half  steps  In  cento  or  relative  cents. 

Additive  Interval:  The  Interval  between  A,  10,538  abs.  cents,  and  each  successive  half  step  In  cents. 
Multiplicative  Interval:  The  ratio  between  A,  440  Ha.,  and  each  successive  half  step. 
Frorr  the  Usl  two  columns,  one  can  see  that  the  multiplicative  Interval  (musical  dlitance)  for  an  octave  is 
880:440  -  2:1,  and  the  additive  interval  Is  1200  cents. 
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M 

ZM 

R-J2(M) 

N 

IN 

r-J2(N) 

JtVlftttt 

Manuun 

Additive 

Menuure 

JlVIMM 

Nem 

Atftlvt 

Norn 

Slsndro 

Intervals 

Dlffinnci 

Interval* 

Slendre 

Intervels 

Dlffinnce 

Intorvols 

Sctll 

1  n  Ct  ntt 

from  6  In 

In  Freq 

Scele 

In  Cents 

from  6  In 

In  Freq 

Cent* 

Rettee 

Cents 

Retlos 

6 

220 

>  0 

1.14 

6 

310 

>  0 

5 

190 

>  220 

1.12 

5 

210 

>  310 

1.13 

3 

290 

>  410 

1.10 

3 

260 

>  S20 

1.16 

2 

>  700 

2 

>  780 

1 

200 

1.12 

190 

1.12 

300 

>  900 

1.19 

1 

230 

>  970 

1.14 

'  6 

>  1200 

6 

>  1200 

Table  2.  The  Javanese  slendro  g*pp«J  scale  in  Manyur*  and  Nem  modes,  portraying  musical  intervaU  In 
relative  cents  (additive  difference)  and  frequency  ratios  (multiplicative  difference). 


HthnnmiKiff  Analytic  and  a  Covariaftonal  Approach  to  the  Logapthmir  IWrinn 

Hitch  is  investigating  "tuning"  in  Javanese  music,  specifically,  how  it  is  that  singers  and 
instrumentalist  tunc  to  one  another.  His  unit  of  analysis  is  a  "musical  phrase".  He  looks  at  the  musical 
distances  between  the  notes  at  the  end  of  the  phrase  to  determine  the  prominent  pitches  in  a  particular 
melodic  configuration.  This  indicates  the  mode  of  a  piece,  as  interpreted  by  the  singers  and  performed  on 
the  fixed  pitch  game  tin,  which  is  crucial  in  determining  the  "background  system  for  tuning".  Hatch  uses 
the  mathematical  conversion  of  frequency  to  cents  in  his  analysis  of  these  intervals.  He  describes  this  use 
of  "numbers"  in  the  passage  below. 

Tm  very  interested  in  knowing  how  it  is  that  singers  tune,  whit  they  use  as  their 
background  system  for  tuning.  But  I  have  to  take  a  cappeUa  songs,  unfortunately  because 
the  machines  we  have  now  are  only  good  enough  to  trace  the  fundamental  of  a  single  voice. 
And  I  must  commit  myself  to  saying  that  when  I  hear  the  fundamental  /  can  represent  what 
I  hear  by  a  number  that  is  the  same  value  as  what  ao  acoustician  would  apply  to  that  in  hertz 
or  cycles  per  second  value.  And  that  number  has  a  musical  interpretation...  And  if  I  can 
apply  those  numbers  to  equal  tempered  systems...  then  we  can  My  thit  the  distance 
between  C  and  A  is  the  distance  between  523.3  cycles  per  second  and  440...  and  that  can 
be  translate*!  nto  o  certain  number  of  cents.  Between  Card  A  is  a  minor  third  so  that 
would  be  $00  cents.  Now  if  I  can  lay  over  that  grid  of  what  lies  behind  at  least  the 
primary  level  of  theoretical  construction  of  Western  tuning.. .if  lean  lay  over  against  that 
grid  the  background  system  that  I  perceive  in  rnortophonic  song  in  Jeva,  Tve  gone  some 
distance  toward  comparison  between  tunings  in  Javanese  non-fixed  pitch  realizations  and 
tunings  that  lie  behind  Western  ideas  of  tuning  (italics  added). 

In  this  and  other  passages  from  our  interview,  we  see  evidence  of  a  covaritional  approach  to  the 
coordination  of  the  multiplicative  relationships  of  frequency  ratios  and  the  additive  relationship  of  cents  in 
describing  musical  intervals  (Confrey  and  Smith,  1992).  For  example,  Hatch  relates  the  ratio  expressed,  as 
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i  "minor  third"  directly  to  300  cents.  He  coordinates  the  relative  musical  distmce  represented  by  the 
frequency  rauo  with  the  additive  difference  represented  in  cents.  The  logarithm  or  the  rule  that  mtpt  the 
domain  to  the  range  is  less  important  in  hit  analysis,  than  the  covariance  of  the  domain  and  range.  Hatch 
illustrates  this  abroach  igain  in  describing  ''modes"  in  Jivanese  slendro  tuning. 

If  you  take  the  slendro  parameter  from  190  to  230  cents,  that's  around  a  whole  step.  Then 
the  parameter  from  260  to  320  cents  is  around  a  Western  minor  third.  So  in  Javanese 
slencko  tuning  all  the  gamelans  have  three  intervals  that  air  around  ■  major  second  and  two 
intervals  that  are  around  a  minor  third. 

Hatch's  research  into  mode  and  tuning  within  the  Javanese  slendro  system  has  led  him  to  the 
tentative  hypothesis  that  Javanese  ringers  provide  their  own  basis  for  tuning,  rather  than  tuning  to  a 
background  system  based  on  the  fixed  pilch  gamelan.  Note  thit  tlds  idea  is  counterintuitive  in  ■  Western 
culture  where  singers  are  thought  to  tune  in  relation  to  an  equal  tempered  tuning  system  developed  around 
instrumental  music.  Hence,  in  Java  the  gamelan  provides  a  "shimmering  background  against  which  a 
..singer  can  lay  his  or  her  interpretation  of  the  mode"*. 

The  Ethnomuskologisf*  Mattemaria 

Hatch  relies  on  mathematical  actions,  constructs,  and  representations  in  coordinating  multiple 
representations  of  musical  sound  in  his  Ethnomustcology  practice.  In  addition  to  the  discussion  of 
functions,  ratios,  and  intervals  above,  mathematicai  notions  of  unit,  scale,  variation,  approximation, 
parameterization,  and  distribution  are  applicable  to  his  musk  research.  Yet  while  we  are  convinced  that 
Hatch  is  engaged  in  significant  and  interesting  applications  of  mathematics  in  his  practice.  Hatch  himself 
does  not  see  it  that  way.  In  fact  he  was  concerned  tbout  our  expectations  in  that  sense  and  began  the 
interview  with  the  following  "disclaimer". 

I  don't  know  much  tbout  math  applications  other  than  what  I  learned  in  high  school.  I 
don't,  for  example,  do  calculus.  1  remember  logarithms,  some,  but  I  don't  use  them  in  any 
of  this  process.  I  just  use  the  results  of  the  number  tables  and  simple  multiplication, 
division,  addition,  and  subtraction.  It's  kind  of  sad  in  a  way,  because  I  never  was  in  a 
position  lo  learn  math  for  my  profession,  in  i  wiy  that  would  open  up  to  me  the  possibility 
of  doing  research  along  those  lines;  that  is  research  using  math  applications  to  apply  to 
muskaTformulations...  That's  a  disclaimer. 

Hatch  does  not  view  what  he  Is  doing,  beyond  multiplication,  division,  addition,  and  subtraction,  as 
mathematics .  His  perception  of  mathematics  is  based  on  his  experience  with  math  in  the  school 
curriculum  -  abstract,  oVcorHexiualired,  formal  mathematics.  As  a  result,  the  intuitive  mathematics  of  his 
practice  is  not  viewed  by  him  as  mathematics  *  all. 

Rather  than  formalized  concepts  learned  in  math  class.  Hatch's  mathematics  is  practical.  It  has 
arisen  naturally  in  the  context  of  problems  and  resolutions  within  his  practice,  in  a  cycle  of  problematic  - 
action  -  representation  -  reflection  (Confrey,  1991).  For  example,  Hatch  quantifies  pitch  and  interval  in 
order  to  describe  the  Javanese  music  apart,  in  some  sense,  from  a  Western  framework.  However 

>TWs  argument  It  developed  further  In  a  longer  venlon  of  this  paper  which  to  available  upon  request 
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quantification  in  terms  of  frequency  creates  a  problem  for  analysis  of  musical  intervals.  Using  some  of 
Hatch's  data,  one  can  see  that  it  is  often  much  easier  to  estimate  musical  distance  additivcly  than 
multipUcativcly.  For  example  the  interval  from  10,094  cents  to  9985  cents  is  just  over  100  cents,  hence  a 
half  step.  Estimating  this  relationship  from  the  frequency  ratio  340  Hz.  /  320  Hz.  would  be  more  difficult 
Hence,  the  rnaihematical  action,  the  conversion  from  cycles  per  second  to  cents,  is  the  result  of  the 
problematic  associated  with  estimating  intervals  using  Hertz.  Representation  of  the  interval  as  cents  or  a 
half  step,  or  a  minor  second  follows. . 


We  see  this  professor's  practice  as  an  authentic  and  valid  use  of  mathematical  intuition  in  an 
e pi  sternotomy  of  musical  relationships.  He  has  developed  mathematical  insight  in  response  to  problematic 
situations  in  the  context  of  his  research.  These  insights  are  largely  separate  from  bis  experience  with 
formal  mathematics  curriculum  We  also  believe  his  practice  has  validity  as  a  context  for  teaching 
mathematical  relationships  to  students,  where  ideas  such  as  exponential  functions  arise  naturally  out  of  the 
need  to  coordinate  representations  of  data  in  the  counting  and  splitting  domains. 
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GENDER  DIFFERENCES  IN  STUDENT-TEACHER  INTERACTIONS  IN  SOME  GRADE  SEVEN  MATHEMATICS 
AND  LANGUAGE  ARTS  CLASSROOMS  IN  CANADA  AND  CUBA:  A  PILOT  STUDY 
Sarah  Joyce 
Simon  Freser  University 
Burnaby.B.C.  Canada 

In  most  oftha  industrialized  Wastam  World,  woman  an  wdarrapra santad  *i  mathematics  and  mathamattcs-niated 

mis.  Hcwsm.thts  tsnot  the  cat*  in  many  sooiafcf  countries.  This  study  sat  out  to  kfontify  som*  ways  In  which 

to  school,  as  a  social  institution,  may  confrWe  to  such  tiffartncts.  Sptcficalry,  H  triad  to  determine  wnathar  then 
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in  woman's  participation  h  mathamatks-ntatad  occupations. 

In  the  last  twenty  years  women's  lack  of  participation  and  under-achlevement  In  mathematics  has  been  the 
subject  of  a  considerable  amount  of  research.  This  research  has  encompassed  three  broad  areas  dealing  with 
differences  In  the  biological,  psychological  and  socialization  factors  with  respect  to  men  and  women.  Researchers 
focussing  on  the  biological  considerations  have  suggested  that  gender  <f  fferences  in  mathematics  performance 
result  from  Innate  differences  between  boys  and  girts.  Those  arguing  from  a  psychological  point  of  view  have 
examined  a  number  of  different  areas  including  students*  confidence  in  learning  mathematics,  their  ability  to  work 
Independently,  the  attrtoution  of  success  or  failure  In  the  subject  and  perception  of  mathematics  as  a  useful  field  of 
study.  Researchers  who  concentrate  on  socialization  factors  focus  on  the  influence  of  widely-held  cultural 
stereotypes  which  portray  mathematics  as  a  male  domain.  The  processes  by  which  such  stereotypes  are  passed  to 
students  via  their  parents,  teachers,  and  society  In  general,  have  been  extensively  Investigated.  In  emphasising  the 
socialization  factors  In  the  learning  of  mathematics,  this  paper  presents  a  number  of  conclusions  that  call  into 
question  the  relative  Importance  of  both  psychological  and  biological  factors  in  the  learning  of  mathema«cs. 

In  schools,  the  values  and  mores  of  the  dominant  culture  are  passed  to  the  next  generation.  While  learning 
mathematics  In  schools,  students  also  learn  the  values,  attitudes  and  expectations  attached  to  that  subject  by  the 
society  of  which  they  are  a  part  The  teaching  and  learning  of  mathematics  is  not  value-free.  It  Is  culturally  bound. 
K  this  is  indeed  the  case,  the  question  arises  as  to  whether  the  underrepresentatlon  of  women  In  mathematics- 


related  fields  in  most  of  the  industrialized  western  world  is  a  function  of  the  cultures  of  such  societies  rather  than 
any  biological  or  psychological  attribute  of  the  women  themselves 

Within  this  broad  conceptual  framework  of  socialization,  this  study  set  out  to  identify  soma  ways  in  which 
the  school,  as  a  social  institution,  may  contribute  to  the  differences  in  participation  and  achievement  In  mathematics 
between  boys  and  girts.  It  focusses  on  the  cortribufon  of  thi  classroom  teacher,  an  important  bearer  and 
transmitter  of  culture.  Specifically,  the  study  tried  to  determine  whether  there  are  any  significant  relationship* 
between  the  sex  of  students  and  the  quantity  and  quality  of  their  interactions  with  teachers  in  mathematics  classes. 
Recognizing  the  already-stated  importance  of  cultural  differences,  it  is  based  upon  observations  of  mathematics 
classrooms  in  two  countries  with  different  political,  economic  and  social  systems  as  weii  as  wide  differences  in 
women's  participation  in  mathematics-related  occupations.  The  first  country  is  Canada,  an  Engfish-speaking, 
industrialized  capitalist  society  in  which  there  is  relatively  low  participation  of  women  in  mathematics -related  fields. 
The  second  country  is  socialist,  Spanish-speaking  Cuba  in  which  there  is  high  participation  of  women  In 
mathematics-related  occupations.  The  investigation  was  expanded  to  include  language  arts  classes  as  a  control. 

The  Canadian  sample  was  drawn  from  the  school  district  of  Burnaby  (population  approximately  150, 000),  a 
suburb  of  Vancouver  on  the  west  coast  of  Canada.  The  Cuban  sample  was  collected  from  a  number  of  towns 
across  the  main  island  of  Cuba,  located  in  the  Caribbean.  Grade  seven  classes  were  chosen  lor  observation 
because  the  Sterature  suggests  that  significant  differences  in  mathematics  performance  *o  not  reliably  emerge 
before  that  grade.  The  total  sample  size  was  limited  by  the  accessibility  of  classrooms  in  Cuba,  Collecting  data  in 
Cuba  proved  to  be  very  difficult  In  a  twelve  week  visit,  it  was  only  posstte  to  observe  eight  grade  seven  classes  in 
which  mathematics  and  language  arts  were  taught  by  the  same  teacher.  Thereto  the  same  number  was  applied 
in  Canada.  The  data  collected,  then,  consists  of  thirty  two  hours  of  classroom  observations.  A  modified  version  of 
the  Brophy-Good  Dyadic  Interaction  Observation  System  was  used  for  data  collection.  This  system,  which  is  the 
one  most  commonly  used  in  interaction  studies  is  designed  to  quantify  systematically  the  types  of  interactions  in 
which  teachers  are  Involved  with  individual  students. 

The  comparison  of  the  Canadian  and  Cuban  data  on  student-teacher  interactions  in  mathematics  and 
language  arts  classes,  indicates  some  interesting  differences  between  the  classes  observed  in  the  few  countries. 
The  main  one  Is  thai,  in  Canada,  boys  Interact  more  with  teachers  In  mathematics  than  they  do  In  language  arts. 
The  reverse  situation  was  observed  in  Cuba. 
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When  the  interactions  were  divided  into  teacher-Initiated  and  student-Initiated,  further  differences  were 
found.  In  Canada,  teachers  initiated  mora  process  questions  with  boys  and  had  extended  Interactions  mora  with 
boys  than  with  gins  In  both  typat  of  ciaasaa.  In  Cuban  mathamatlcs  dasses,  although  teachers  old  not  initiate  m<xt 
process  questions  with  girls,  thay  wart  Involved  In  m<xa  extended  hteractions  with  thtm.  Tha  opposite  was  toe  in 
language  arts  classes.  In  Canada,  boys  wart  disciplined  mora  frequently  than  girls  In  both  subjects,  whereas  In 
Cuba,  in  general,  few  students  were  disciplined.  Of  tose  who  wera,  the  difference  was  slightly  In  favour  of  boys. 

Student-initiated  Intafactlona  also  showed  gender-related  differences.  In  Canada,  boys  initiated  more 
product  questions  In  ianguape  arts  whereas  girts  Initiated  more  in  mathematics.  No  differences  were  found  with 
respect  to  process  questions.  In  Cuba,  girls  initiated  more  product  questions  in  mathematics  and  more  process 
questions  in  both  subject  areas* 

Unsolicited  student  cad-outs  were  also  found  to  vary  between  the  two  countries.  In  general,  boys  called  out 
more  frequently  than  girts  In  Canada  than  In  Cuba  in  addition,  there  were  differences  in  the  opality  of  the  cafcouts 
between  the  two  countries.  In  Canada,  students,  most  frequently  boys,  called  out  usually  as  a  result  of,  or  in 
reaction  to,  a  discfllnary  action  from  the  teacher.  Al  of  trie  caJi-outs  observed  ki  Cuba  were  related  to  academic 
matters.  For  example,  when  a  teacher  made  an  error  while  working  at  the  blackboard,  one  or  more  students  called 
out  to  correct  it 

In  both  types  of  classes  in  both  countries  a  smaH  group  of  students  dominated  classroom  communications. 
In  Canada,  this  group  was  consistent  across  subject  area  and  was  composed  primarily  of  male  students.  In  Cuba, 
however,  the  dominant  group  varied  with  the  subject  A  small  number  of  girts  dominated  interactions  In  the 
mathematics  classrooms  whereas  a  small  nurnbw  of  boys  dominated  interactions  in  the  language  arts  classrooms. 

A  striking  differences  between  the  Canadian  and  Cuban  data  related  to  the  quantity  of  total  teacher-student 
Interactions.  The  total  Interactions  In  Cuban  mathematics  classes  was  approximately  half  of  that  In  Canadien 
mathematics  classes  (53%)  while  the  total  Interactions  in  Cuban  language  arts  classes  was  approximately  70%  of 
that  in  Canadian  language  arts  classes. 

These  results  are  more  surprising  when  the  different  teaching  methods  ot  the  two  countries  are  taken  into 
account.  In  both  mathematics  and  language  arts  classes  m  Canada,  the  teacher  generally  lectured  the  class  as  a 
whole  for  less  than  15  minutes  and  students  subsequent  worked  by  themselves  with  individual  help  from  teachers. 
During  the  rest  of  the  hour,  the  whole  class  was  occasionally  brought  back  together  for  a  few  minutes  while  the 
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teacher  explained  a  question  or  a  common  problem  to  them.  Questions  not  finished  by  the  students  in  class  time 
were  generaly  assigned  as  homework. 

In  the  sixteen  Cuban  lessons,  on  the  other  hand,  students  were  never  observed  to  work  independently. 
The  teacher  worked  at  the  blackboard  with  each  class  for  the  fun  hour  and  then  assigned  extra  book  questions  for 
homework,  usually  after  the  end  of  the  class.  Therefore,  although  Cuban  mathematics  teachers  worked  with  the 
class  as  a  whole  for  the  full  hour,  there  were  fewer  interactions  per  class  compared  to  Canadian  classes  where 
teachers  instructed  the  whole  group  for  fifteen  minutes  or  less.  The  reasons  for  this  difference  may  Include  the 
different  teaching  styles  in  the  two  countries. 

A  number  of  differences  in  classroom  teaching  styles  were  observed.  For  example,  a  technique  commonly 
employed  by  teachers  in  Canada  Is  to  ask  a  rapid  series  of  short-answer  questions  of  a  large  number  of  students, 
particularly  at  the  begininning  of  a  lesson  as  a  warm-up,  or  as  a  review  at  the  end  of  a  lesson.  In  Cuba,  on  the 
other  hand,  n  question  was  asked  of  an  individual  student  and  then  the  teacher  and  the  class  waited  while  the 
student  concerned  thought  about  the  answer.  This  delay  may  result  from  the  fact  that,  in  Cuba,  a  student  was 
generally  required  to  accompany  an  answer  with  a  justification,  particularly  in  mathematics  classes.  For  example, 
when  a  student  was  asked:  "What  isx  if  2x  ♦  4  - 107",  he  stood  at  attention  at  the  side  of  his  desk  and  thought,  for 
what,  to  a  Canadian  observer,  seemed  an  embarrassing  amount  of  time.  Eventually  the  student  responded:  *tf  2x 
♦  4  - 1 0  ihen  x  must  be  3.*  After  each  correct  response,  the  teacher  always  replied,  "Correct  Now  Explain*  The 
student  continued, 

•In  order  to  check  my  answer,  (and  this  was  stated  for  every  example)  if  x  equals  3  then 
the  left  hand  side  of  the  equation  would  become2x3*4or  10  and  this  is  Ihe  same  as  the 
right  hand  side.  Therefore  I  am  correct" 
For  every  question  the  reverse  operation  was  stated  as  part  of  the  answer.  This  system  of  asking  students  to 
rationalize  an  answer  in  mathematics  was  observed  in  classes  from  grades  two  to  twelve. 

Another  difference  l.i  teaching  styles  in  the  two  countries  was  observed  when  a  student  gave  a  wrong 
answer.  In  Canada,  teachers  were  frequently  observed  to  redirect  the  question  to  another  student  or,  on  occasion, 
another  student  would  caK  out  the  correct  answer  to  the  dass.  Neither  situation  was  observed  in  Cuba  W  a  student 
gave  the  wrong  answer  or  the  wrong  reasoning  for  the  answer,  the  teacher  stayed  with  fiat  particular  student  until 
the  difficulty  was  clarified,  despite  a  few  pleas  of  *Profe,  yo*  (Me,  teacher)  and  the  raised  arms  of  other  students. 
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These  extended  Refactions  ofton  Involved  long  periods  of  silences  while  students  wer^alkMgd  to  ftkiKAcwttht 
error  the*  had  occwed.  Teachers  In  Cuba  were  Involved  In  iwice  as  many  of  these  types  erf  Interacta*  with  girts 
tan  with  boys  In  mathematics  dasses. 

As  In  mathematics  dasses,  lengthy  answers  were  ateo  given  by  students  In  language  arts  classes.  In  this 
case,  a  distinct  difference  was  obser^  between  boys  art  giris.  Boys  exhibited  a  great  deal  more  confidence  than 
gtis  when  Wking  In  front  of  the  class.  When  asked  to  explain  a  line  of  poetry  or  the  meaning  of  a  passage  In  a 
story,  boys  stood  at  attention  at  the  sides  of  their  desks,  thought  for  a  lew  moments  and  then  started  to  talk.' 
Responses  fifteen  to  twenty  sentences  long  were  not  unusual.  The  student  was  not  rushed  nor  encxwraged  to  be 
brief.  When  finished,  boy  students  were  frequently  cautioned  by  teachers  In  the  use  of  "urn"  or  y  (and)  or  the 
dropping  of  fine!  consonants,  a  common  phenomena  In  Cuban  speech.  The  main  focus  of  the  teacher  seemed  to 
be  on  ttuk%  and  clarity  In  speech.  Content  was  commented  on  less  frequently. 

This  was  notfce  case  with  girts  who  were  much  nwe  shy  when  talWng  in  frDnt  c^  the  ciass.  Many  of  them 
stood  at  the  s«es  of  their  desks,  but  nc4  at  atter^ 

side  and  fingering  the  hems  of  thek  sWrts  In  what  appeared  to  a  Canadian  observer,  as  a  streotypic*:  shy  pose. 
They  were  not  encouraged  to  speak  up  and  were  never  observed  being  told  to  speak  more  clearly  or  to  avoid  using 
hesitating  speech  effects.  In  addition,  gW  answers  were  considerably  shorter  than  those  of  boys.  Teachers  often 
followed  up  on  answers  from  boys,  thereby  producing  other  lengthy  responses  but  rarely  did  so  with  girls 
Furthermore,  the  majority  of  the  toHow-up  questions  which  did  Involve  girls  occurred  during  the  grammar  parts  of  the 
language  arts  lessons  and  were,  therefore,  of  shorter  duration. 

Such  differences  In  teaching  styles  a/a  possible  explanations  for  the  striking  differences  between  the 
numbers  of  total  student-teacher  Interactions  In  Cuban  compared  to  Canadian  classes.  Thus,  despite  the  shorter 
direct  teaching  time,  Canadian  teachers  were  Involved  In  a  great  many  more  interactions  with  Individual  students 
than  were  Cuban  teachers. 

Finally,  the  sample  teachers  in  both  countries  were  asked  informally  K  there  wera  any  differences  between 
boys'  and  gins'  abilities  in  mathematics  and  language  arts.  All  of  the  Canadian  teachers  agreed  that  there  were  no 
differences  In  abilities  In  language  arts.  However,  almost  half  of  them  (3  out  of  the  8)  suggested  that,  although  girls 
were  neater  and  worked  harder,  boys  had  superior  skHls  in  mathematics.  On  the  other  hand,  although  aO  8  of  fte 
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Cuban  teachers  claimed  that  there  were  no  differences  between  boys  and  guts  with  respect  to  language  arts,  6  out 
of  the  8  responded  that  girts  were  superior  at  mathematics. 

To  conclude,  it  should  be  re-emphasized  that  this  was  a  pilot  study  of  teacher-student  interactions  in  grade 
seven  mathematics  and  language  arts  classes  In  Canada  and  Cuba.  Its  intent  was  not  to  produce  generalizations 
about  the  totality  of  mathematics  education  in  Canada  or  in  Cuba.  Rather,  the  objective  was  to  answer  the  specific 
questions  raised  with  respect  to  teacher-student  interactions  within  the  sample  populations. 

The  purpose  of  this  study  was  to  examine  whether  gender-differences  existed  in  student-teacher 
interactions  in  grade  seven  classrooms;  whether  interactions  were  different  in  mathematics  compared  to  language 
arts  classes;  and  whether  there  were  differences  in  interactions  between  the  sample  classrooms  studied  in  the  two 
countries,  Canada  and  Cuba.  Sixteen  classes  were  observed  in  each  country  -  eight  each  of  language  arts  and 
mathematics  •  yielding  a  total  of  approximately  2  000  interactions.  The  results  of  the  study  confirm  the  findings  of 
many  other  researchers  that  boys  and  girts  are  treated  differently  In  classroom  Interactions.  The  results  of  the 
Canadian  sample  reflect  those  of  most  interaction  studies  conducted  in  North  America,  Europe  and  Australia  in  that 
boys  consistently  received  more  teacher  attention  than  girls  in  mathematics  classrooms.  The  Cuban  results  were 
extremely  different  from  those  in  Canada  with  respect  to  cross-subject  interaction  patterns.  In  other  words,  in  Cuba, 
girls  were  more  oominant  in  classroom  interactions  in  mathematics  classes  while  boys  were  more  dominant  in 
language  arts  classes.  In  both  sets  of  data,  a  small  group  of  students  were  seen  to  dominate  classroom 
communications:  A  group  of  boys  in  both  Canadian  mathematics  and  language  arts  classes;  a  group  of  girts  in 
Cuban  mathematics  classes  and  a  group  of  boys  in  Cuban  language  arts  classes. 

K  is  being  inferred  here  that  there  is  a  relationship  between  classroom  processes  and  student  achievement 
However,  a  consideration  of  achievement  data  for  the  students  In  the  sample  classrooms  in  each  country  has  not 
been  included  primarily  because  of  the  difficulty  of  collecting  this  type  of  information  in  Cuba.  In  a  fuller  study,  the 
link  between  classroom  interactions  and  student  achievement  would  have  to  be  investigated  more  thoroughly. 

Schools  are  microcosms  of  the  societies  m  which  they  exist  Inequalities  which  exist  In  the  larger  society 
are  manifested  in  the  schools.  The  results  of  this  study  suggest  that  adolescent  girls  can  and  do  achieve  In 
mathematics  if  they  live  in  a  society  in  which  this  it  the  accepted  norm,  in  other  words,  social  values  and  attitudes 
towards  achievement  In  a  subject  can  decide  how  weH  students  perform  in  it.  This  study  suggests  that  student 
achievement  in  mathematics  education  is  at  least  partially  pedagogically  and  hence  culturally  determined.  The 
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question  of  why  women  art  underrepresentated  In  mathematics-related  folds  In  the  Industrialized  wortd  it  complex 
bulthfc  study  Indicate*  that  ft  Is  related  both  to  the  way  In  which  different  forms  of  knowteoty  are  gen&red  and  to 
woman's  plact  in  society. 

As  noted  In  the  limitations  of  Ws  study,  there  were  a  number  of  difficulties  in  obtaining  large,  comparable 
samples  to  bolh  countries.  Nevertheless,  the  results  at  least  hint  at  differences  between  the  two  countries  In  this 
area  which  merit  further  research.  Firstly,  would  the  same  results  be  sustained  In  a  more  sdentficatly-rigorous, 
larger-scale  study?  Secondly,  do  the  findings  in  grade  seven  classrooms  in  Cuba  apply  at  att  grade  levels  there? 
Thirdly,  are  mathematics-related  occupations  held  In  the  same  esteem  and  similarly  rewarded  In  the  two  countries? 
Finally,  are  the  differences  In  teachers'  attitudes,  as  well  as  the  differences  observed  In  teaching  styles  in 
mathematics  and  language  arts  In  the  two  countries  truly  representative? 

This  pilot  study  suggests  that  women's  difficulties  wtih  respect  to  mathematics  participation  and 
achievement  are,  at  least  in  part,  culturally  Induced.  It  also  suggests  that,  given  a  different  set  of  vatues  or 
intentions,  or  political  will,  the  degree  of  womens'  success  in  mathematics  in  any  society  could  be  Increased 
significantly. 
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UNDERSTANDING  THE  IMPLICATIONS  OF  CONTEXT 
ON  YOUNG  CHILDREN'S  BELIEFS  ABOUT  MATHEMATICS 

Megan  L.  Frank*,  Urdversitv  of  California-Los  Aogejg 
Deborah  A.  drey,  University  of  Maryland-College  Park 

First-grade  children  in  different  classroom  environments  were  interviewed  to 
determine  their  perceptions  of  what  it  means  to  do  mathematics.  Although 
children's  responses  were  similar,  their  rationale  and  their  interpretation  of  the 
conditions  under  which  they  held  such  beliefs  were  different.  The  contextual 
nature  of  the  questions  played  a  key  role  in  determining  children's  perceptions. 
All  children  were  able  to  relate  to  questions  situated  within  the  content  of  addition 
and  subtraction.  However,  familiarity  with  different  dassroom  situations  limited 
some  children's  ability  to  respond  to  questions.  In  order  to  effectively  determine 
children's  perceptions  of  mathematics,  it  is  critical  consider  children's  classroom 
experiences. 

Introduction 

Within  mathematics  education,  researchers  have  successfully  attempted  to  understand 
and  document  the  knowledge  that  students'  bring  to  their  learning  of  mathematics 
(Carpenter  &  Moser,  1983;  Kouba,  1989).  The  accumulating  evidence  suggests  that 
understanding  children's  knowledge  of  the  content  and  how  it  develops  enhances  our 
understanding  of  mathematical  learning  and  thuf.  how  to  structure  the  learning 
environment.  Yet,  these  investigations  focus  only  on  knowledge  of  mathematical  thinking 
within  a  particular  content  domain.  Little  is  known  jbout  other  aspects  of  knowledge 
that  children  bring  to  the  learning  situation.  Potentially,  different  aspects  of  students* 
knowledge  interact  with  any  given  situation  to  influence  the  students'  learning  (Creeno, 
1989).  One  aspect  of  knowledge  that  may  play  a  role  in  the  learning  of  mathematics  is 
the  students'  perceptions  of  what  it  means  to  do  mathematics.  Understanding  the 
relationship  between  students'  perceptions  of  what  it  means  to  do  mathematics  and  the 
situations  within  which  students  interact  can  build  on  the  work  documenting  the 
mathematical  thinking  children  bring  to  a  situation,  and  lead  to  a  more  complete 
understanding  of  student  learning.  In  this  paper  we  present  a  method  for  documenting 
children's  perceptions  of  what  it  means  to  do  mathematics  and  discuss  the  potential  for 
using    this    method    with    students    within    different    classroom  environments. 


The  research  reported  in  this  paper  was  supported  in  part  by  a  National  Sdence 
Foundation  (Grants  No.  MDR-8550236  and  No.  MDR-8954629)  project,  directed  by 
Elizabeth  Fennema  and  Thomas  P.  Carpenter,  University  of  Wisconsin-Madison. 
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Students'  Peceptioo.  of  Mathanatics 

Educational  reformers  currently  suggest  that  for  meaningful  mathematics  to  occur 
students  should  be  making  conjectures,  abstracting  mathematical  proper**,  explainmg 
their  reasoning,  validating  their  assertion,  and  discussing  and  questioning  their  own 
thinking  and  the  thinking  of  others.    These  ways  of  doing  mathematics  suggest  that 
-mathematics  is  fallible,  changing  and  like  any  other  body  of  knowledge,  the  product  of 
human  inventiveness"  (Ernest,  1991,  pxi).    However,  resaucher,  report    that  children 
typically  view  mathematics  as  a  set  of  rule,  and  procedures,  in  which  problems  are 
soWed  by  applying  explicitly  taught  computational  algorithms  that  have  been  presetted 
by  the  teacher.  Students  expect  these  algorithm,  to  be  fairly  routine  Usks,  which  require 
Utile  reflection  and  yield  correct  answer.  (Garofalo,  1989).    Thus,  these  children  v^ew 
mathematics  a,  a  static  body  of  knowledge  which  is  not  created  but  replicated.  There 
is  little  more  than  this  documenting  children's  paceptions  of  mathematics,  and  very  little 
documenting  young  children's  perceptions. 

Documenting  Students'  Perceptions  of  Ma  thematic* 
Few  studies  have  investigated  students'  perceptions  of  mathanatics  in  a  manner 
consistent  with  the  work  on  children',  thinking  about  the  content.    Not  surprisingly, 
much  of  the  earlier  work  examining  students'  perceptions  of  mathematics  only  reports 
children',  responses  to  yes/no  questions,  or  Ukert  scales  items.    Except  for  anecdotal 
reports,  few  studies  provide  an  in-depth  examination  of  student  paceptions  of  what  1 
means  to  do  mathematics.   We  were  interested  in  ascertaining  students'  perception,  of 
mathematics  where  we  could  understand  the  rationale  and  conditions  under  which 
students  felt  their  paceptions  of  mathematics  applied.  Thus,  we  developed  a  structured 
interview  where  question,  were  situated  within  the  contexts  of  particular  mathematical 
content  and  classroom  events. 

interview  questions  were  designed  to  address  several  theme,  about  the  teachmg  and 
homing  of  mathematics,  the  students'  views  about  what  it  mean,  to  do  mathanatics,  and 
the  role  of  the  teacher  and  the  student.  The  question,  were  phrased  a.  .ituations  for  the 
children  to  respond  to,  such  as  "Suppose  you  were  working  with  a  partner  in  your  das, 
to  solve  a  math  prob.en  and  you  and  your  partner  get  different  answer..  How  do 
you  know  which  one  is  right?"  The  intaview  questions  wee  designed  to  elicit  what 
children  thought  was  important  to  communicate  about  mathematics  and  problem  solving, 


413 

88 


Volume  2 


how  they  resolve  conflict  when  students'  answers  were  different,  their  acceptance  of 
alternative  ways  of  solving  problems,  their  perceptions  of  authority  in  the  classroom, 
and  the  identification  of  the  locus  of  control  for  determining  how  problems  were  solved, 
including  the  selection  and  use  of  manipulative  material,  Jnd  the  correctness  of  answers. 
(The  complete  interview  can  be  found  in  Carey  *  Pranke,  1993.)  The  interview  was  used 
to  collect  information  about  students'  perceptions  of  mathematics  in  two  different  learning 
environments. 

Problem  solving  cUssrnnm  environments 

We  elidted  first  grade  children's  perceptions  of  doing  mathematics  in  classrooms  where 
problem  solving  was  the  focus  of  mathematics  instruction  (Carey  fc  Franke,  1993). 
Specifically,  these  were  Cognitively  Guided  Instruction  (CGI)  classrooms.  In  these 
classrooms  children  are  provided  the  opportunity  to  engage  in  problem  solving,  discuss 
their  solution  strategies,  and  build  on  their  own  Informal  strategies  for  solving  problems, 
ideas  consistent  with  the  current  reform  movement. 

The  children'  responses  to  the  interviews  Indicated  that  they  perceived  mathematics  as 
an  open-ended  problem  solving  endeavor,  where  communicating  mathematical  thinking 
and  use  of  materials  to  solve  problems  was  an  integral  part  of  the  task.  The  children 
recognized  and  accepted  a  variety  of  solutions  and  assumed  a  shared  responsibility  with 
the  teacher  for  their  learning.  The  children  varied  in  their  perceptions  of  what  it  meant 
to  succeed  in  mathematics,  however,  success  was  not  determined  only  on  the  basis  of 
speed  and  accuracy. 

The  children'  abilities  to  respond  to  the  questions  asked  exceeded  our  expectations. 
The  children  were  articulate  and  explicit.  The  open-ended  questions  allowed  the  children 
the  opportunity  to  talk  in-depth  about  what  was  relevant  or  important  to  them  about 
mathematics,  rather  than  simply  agreeing  or  disagreeing  with  a  given  Stat-  nent.  When 
given  the  opportunity  the  children  were  eager  to  talk  about  what  they  thought  It  meant 
to  do  mathematics  in  their  classroom,  their  responsibilities  as  learners  of  mathematics,  and 
the  role  of  the  teacher  and  other  students  in  their  own  learning  of  mathematics.  The 
fact  the  children  in  these  problem  solving  classrooms  were  able  not  only  to  respond  to 
the  questions  asked  but  also  to  provide  detailed  Information  about  their  perceptions  of 
mathematics  leads  us  to  believe  that  this  way  of  gathering  information  of  students' 
perceptions  of  mathematics  is  a  fruitful  one. 


s4 1 3 


Traditional  dassroom  environments 

We  used  the  same  set  of  interview  questions  to  determine  children's  perceptions  of 

what  it  means  to  do  mathematics  in  traditional,  textbook-based  dassrooms.  The 

mathematics  instruction  in  these  classrooms  was  based  on  the  sequence  and  content  of 

the  mathematics  textbook.    The  children  in  these  traditional  classroom  environments 

responded  to  questions  in  general  terms.   They  defined  the  content  of  mathematics  as 

an  independent,  paper  and  pencil  activity.    Their  reference  to  specific  content  focused 

on  the  operations  of  addition  and  subtraction.  Most  of  the  children  described  what  it 

meant  to  do  mathematics  in  terms  of  procedures.  For  example 

1:  Some  of  the  kindergartners  are  wondering  what  it  would  be  like  to  do  math  in  the 
first  grade.  What  would  you  tell  them  about  the  kinds  of  things  you  do  in  math? 
S:  You  have  to  listen. 
I:  Okay.   What  else? 

S;  You  have  to  pay  attention  to  the  teacher. 

I:  Okay.  What  else  would  you  tell  them  about  what  you  do  in  math? 

S:  You  have  to  listen  very  well.  And  follow  directions. 

I:  Would  you  tell  them  anything  about  the  math  that  you  do? 

S:  You  have  to  do  subtracting,  adding. 

The  children  recognized  and  accepted  a  variety  of  solution  strategies,  similar  to 
children  in  problem  solving  environments.  When  children  were  asked  to  evaluate 
strategies,  they  selected  the  one  they  felt  most  comfortable  with  rather  than  the  most 
efficient  strategy.  Most  of  the  children  did  not  identify  recall  of  a  number  fact  as  the 
best  way  to  solve  a  problem.  As  one  child  indicated,  The  better  one  is,  you  have  to 
count  with  the  cubes... It  would  be  better.  So  when  the  teacher  asks  you,  where  Is  your 
answer,  you  can  count  on  the  cubes." 

Although  the  children  recognized  and  successfully  used  direct  modeling  to  solve 
problems,  they  did  not  discuss  solution  strategies  when  asked  questions  within  the 
context  of  classroom  situations,  nor  did  they  acknowledge  problem  solving  or  the  use 
of  manipulative*  when  responding  to  these  questions.  Even  though  they  possessed  a 
variety  of  strategies,  they  did  not  consider  a  discussion  of  strategies  as  part  of  what  it 
meant  to  engage  in  mathematics. 

The  Rok  of  Context 

The  contextual  nature  of  the  questions  seemed  to  play  an  important  role  in 
ascertaining  children's  perceptions  about  mathematics.  By  context,  we  mean  the  content 
of  addition  and  subtraction  and  familiar  classroom  situations. 
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Mathematical  content 

By  situating  questions  within  the  content  of  addition  and  subtraction,  the  children 
were  able  to  draw  on  their  own  mathematical  thinking  in  responding  to  questions.  Their 
own  experience  solving  addition  and  subtraction  was  a  part  of  the  context  to  which  they 
could  relate.  For  example,  the  children  were  given  descriptions  of  a  range  of  solution 
strategies  that  children  used  to  solve  the  number  fact  3  +  4,  which  indudei  direct 
modeling,  counting,  and  the  use  of  a  derived  fact.  All  of  the  children,  except  one,  stated 
that  all  those  solutions  were  good  ways  to  solve  the  problem  "because  they  used  their 
fingers,  and  they  used  counters.  And  some  of  them  knew  it  was  seven." 
FairUfrr  rir»»Hnn* 

Children's  familiarity  with  different  learning  contexts  was  reflected  in  their  responses. 
Their  lack  of  familiarity  with  specific  situations  limited  our  ability  to  determine  their 
perceptions  of  what  it  meant  to  do  mathematics.  For  example,  all  of  the  children 
indicated  that  they  had  worked  with  a  partner.  However,  the  children  in  traditional 
classrooms  lad  no  sense  of  what  it  meant  to  negotiate  some  shared  meaning  of  the 
solution  to  a  problem.  They  interpreted  working  with  a  partner  differently  from  what 
our  question  was  trying  to  document.  What  we  considered  as  working  with  a  partner 
was  not  what  these  children  had  experienced. 

I-  Suppose  you  were  working  with  a  partner  in  your  class  to  solve  a  math  problem, 
and  you  and  your  partner  get  different  answers.  How  do  you  know  which  one  is 
right?  .  .  A 

S:  Me  and  my  partner.  My  partner,  I  think,  is  wrong  or  right,  or  me,  Im  right...And 
I  count  with  my  fingers,  I  cover  [my]  answer.  I  give  It  to  Ms.  S,  my  teacher,  and 
Ms.  S  sees  It.  I  think  I'm  right  or  wrong. 

I:  Okay.  You're  working  with  a  partner  trying  to  solve  a  math  problem.  You  and  your 
partner  get  different  answers.  How  do  you  know  which  one  Is  right? 

S:  Mine. 

In  most  cas4»  the  children  stated  that  either  one  partner  or  the  other  would  Just  be 
right.  In  some  cases  they  said  they  fust  did  not  know  which  one  would  be  right.  This 
question  was  designed  to  elidt  children's  ideas  of  authority  in  the  classroom.  We  were 
interested  in  whether  the  children  would  resolve  the  difference  themselves  or  defer  to  the 
teacher  for  the  answer.  However,  this  question  was  not  effective  with  children  in 
traditional  classrooms  because  the  nature  of  the  experience  of  working  with  partners  was 
qualitatively  different  than  the  experience  of  children  in  problem  solving  classroom 
environments.  For  children  In  traditional  classrooms,  negotiating  a  solution  to  a  problem 
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was  not  an  issue    As  a  result,  another  question  that  more  closely  matched  their 

classroom  experience  was  need  in  order  to  determine  the  issue  of  authority. 

Because  of  their  lack  of  familiarity  with  the  context,  the  children  were  often  unable 

to  elaborate  on  their  responses.    They  were  able  to  provide  an  initial  response  to 

questions  but  had  difficulty  providing  a  rationale.   Unlike  children  in  problem  solving 

classroom  environments,  they  were  not  able  to  articulate  their  strategies.  Although  they 

successfully  used  modeling  and  counting  strategies,  they  only  communicated  the  answer 

to  a  problem  and  not  the  strategy  they  used  to  solve  the  problem.    The  following 

conversations  suggest  children's  limited  experiences  with  the  situation. 

I:  Daniel  has  8  stickers.   How  many  more  stickers  does  he  need  to- collect  to  have  15 

stickers  altogether? 
S:  [Directly  models  the  solution.]  Seven. 

I:  Ms.  C  wants  to  know  how  you  did  in  solving  that  problem.  What  would  you  tell 

her? 
5:  I  did  great. 

I:  Okay.   Do  you  think  that's  what  Ms.  C  would  want  to  know? 
I:  Yeah. 
S:  Why? 

I:  She  knows  I  passed  all  of  my  math  facts,  and  I  know  my  problems,  and  I  do 
problems  for  homework,  too. 

Another  student  who  successfully  solved  the  word  problem  seemed  to  Y  t  unsure  about 

how  to  respond,  beyond  finding  the  solution  to  a  problem: 

1:  Ms.  D  wants  to  know  how  you  did  in  solving  that  problem.   What  would  you  tell 
her? 

5:  I  would  tell  her  that-uin-I  don't  know  what  I'd  tell  her. 
I:  What  do  you  think  that  Ms.  B  would  ask  you? 

S:  She  would  ask  me  to  do  -  like  sometimes  she  asks  us  to  do  it  again  if  we  get  the 
answer  wrong  or  something. 

in  determining  the  context  of  the  questions  asked  it  is  imperative  that  the  contexts  are 
ones  that  the  children  have  experienced  and  can  interpret  in  ways  that  are  consistent  with 
the  goals  of  the  questions.  The  familiarity  of  the  questions  does  make  a  difference  in 
what  we  learn  about  children's  notions  about  doing  mathematics. 

Summary 

Asking  children  questions  set  in  familiar  situations  about  mathematical  concepts  they 
have  worked  with  allowed  us  to  gather  in-depth  Information  about  the  children's  views 
on  what  it  means  to  do  mathematics.    We  found  that  the  children's  initial  responses  to 
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•  question  often  told  only  part  of  the  story.  By  probing  the  children'*  responses  we 
learned  how  their  initial  response  fit.  We  were  able  to  understand  some  differences  in 
the  children's  perceptions  about  doing  mathematics,  as  weU  as  some  unexpected 
similarities.  However,  we  also  learned  that  providing  questions  situated  in  contexts 
more  familiar  to  the  children  in  the  traditional  classrooms  may  have  provided  us  more 
complete  information  about  both  the  children  in  the  traditional  classrooms  and  the 
children  in  the  problem  solving  classrooms. 

The  information  gathered  demonstrates  that  even  young  children  have  some  definite 
ideas  about  what  it  means  to  do  mathematics.  The  children  in  the  traditional  classrooms 
possessed  notions  about  what  it  means  to  do  mathematics  that  were  consistent  with  the 
current  mathematical  reform  movement,  they  were  able  to  talk  about  different  strategies 
and  recognize  their  appropriateness.  This  should  not  be  surprising  given  that  we  know 
that  these  children  come  to  school  with  informal  notions  about  solving  problems  that  are 
consistent  with  these  ideas.  However,  it  does  show  that  these  notions  need  to  be 
fostered  for  the  children  to  continue  to  see  how  they  fit  with  the  doing  of  mathematics. 
Thus,  understanding  children's  perceptions  about  doing  mathematics  can  help  us  both 
understand  children's  learning  and  develop  learning  environments  that  build  on  notions 
of  doing  mathematics  that  are  consistent  with  the  work  on  children's  mathematical 
thinking. 
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MINORITY  STUDENTS'  BELIEFS  ABOUT  MATHEMATICS 

Laura  Coffin  Koch  and  Laura  I  Smith 
General  College 
University  of  Minnesota 

The  purpose  of  this  study  was  to  investigate  minority  remedial  college-level 
students'  beliefs  about  mathematics.  Seventy-five  students  from  four  levels  of 
developmental  mathematics  courses  participated  in  four  focus  group 
interviews.  The  interview  sessions  allowed  students  the  opportunity  to 
discuss  their  beliefs  and  attitudes  about  mathematics  and  the  learning  of 
mathematics.  This  paper  reports  the  results  of  three  key  features  of  those 
sessions:  students'  views  of  mathematicians,  students  views  of  mathematics 
in  relationship  to  themselves  and  students'  beliefs  about  their  own 
mathematical  skills  and  understanding.  The  results  indicate  that  students 
believe  that  they  are  not  part  of  the  mathematical  community  and  that  for 
many,  learning  mathematics  is  fruitless. 

Alan  Bishop,  in  his  book,  Mathematical  Enculturation:  A  Cultural  Perspective 
on  Mathematics  Education,  discusses  the  social  aspects  of  mathematics  education: 
cultural,  societal,  institutional,  pedagogical  and  individual.  Just  as  the  educational 
institution  is  influenced  by  the  society  and  culture  which  it  represents,  individuals  are 
also  influenced  by  their  cultural  inheritance.  Most  institutions  of  higher  education 
were  formed  and  governed  by  the  culture  that  represented  the  American  sodety  for 
most  of  its  history.  Todty,  however,  the  American  society  is  changing  and  many  of 
these  institutions  no  longer  reflect  those  changes  in  the  society. 

The  results  of  the  Fourth  Mathematics  Assessment  of  the  National  Assessment 
of  Educational  Progress  (1989)  Indicate  that  black  and  Hispanic  student*  performed 
consistently  below  white  students  on  all  items  except  one:  whole  number 
computation.  The  results  for  females  were  not  much  better:  males  continue  to 
outscore  females,  especially  in  higher  levels  of  mathematics.  Furthermore,  women 
and  minorities  take  fewer  mathematics  courses  and  are  greatly  underrepresented  in 
science  and  technological  careers.  At  the  same  time,  women  and  minorities  are 
enrolling  in  colleges  and  universities  in  larger  numbers  than  ever  before.  Many  enter 
college  with  quite  limited  mathematical  skills.  A  1985  Department  of  Education  report 
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Indicates  that  over  25%  of  Incoming  freshmen  enroll  In  developmental  mathematics 
courses  (Hall,  1985).   Recent  reports  Indicate  that  the  situation  will  not  improve  over 
the  next  decade  and  may  even  get  worse  (National  Research  Council,  1969).  If  these 
incoming  students  are  to  be  successful  In  college  level  mathematics  It  is  necessary  to 
understand  how  students  develop  a  sense  of  community  and  ways  In  which  students 
are  dependent  upon  their  beliefs  and  attitudes  in  the  learning  of  mathematics. 

As  individuals  explore  and  Internalize  their  world,  they  do  so  in  a  unique 
relationship  to  their  own  culture  and  society.  Green  (1978)  and  MacCorquodale  (1988) 
found  that  because  of  undesirable  cultural  characteristics  associated  with  mathematics, 
native  American  and  Hispanic  women  were  not  encouraged  in  mathematics  and 
math  related  careers.  Charbonneau  and  John-Steiner  (1988)  dte  that  making  the 
linkages  between  the  mathematics  taught  in  school  and  "their  own  childhood 
understanding"  may  be  difficult  for  minority  children.  Glnsburg  (1977)  points  out  the 
necessity  of  helping  students  relate  school  mathematics  to  their  own  real  world.  How 
can  we  do  that  unless  we  know  what  that  world  it  and  when  students'  real  worlds  are 
so  diverse? 

Methodology 

Seventy-five  students  from  a  summer  bridge  program  for  minority  students 
participated  in  this  study.  These  students  were  enrolled  in  one  of  four  levels 
(arithmetic,  elementary  algebra,  intermediate  algebra:  part  I  or  intermediate  algebra: 
part  II)  of  developmental  mathematics  courses  offered  in  the  General  College  of  the 
University  of  Minnesota.  The  students  participated  in  four  focus  group  Interviews, 
where  they  were  asked  to  react  to  questions  about  mathematics,  about  ways  of  learning 
mathematics,  and  about  various  solutions  to  mathematical  problems.  Each  of  the 
focus  group  sessions  was  led  by  one  of  the  two  investigators.  There  was  a  prescribed 
script  for  each  of  the  focus  group  sessions,  but  Investigators  were  free  to  follow  a  line 
of  discussion  when  they  felt  that  the  discussion  was  appropriate  to  the  topic.  The  focus 
group  Interviews  were  audio  taped. 
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Results 

This  paper  will  reflect  only  on  several  of  the  key  features  that  were  gleaned 
from  this  study.  The  three  focal  points  of  this  study  which  are  presented  here  are: 
students'  views  of  mathematicians  and  mathematics  teachers,  students'  beliefs  about 
mathematics  in  relationship  to  themselves  as  learners  of  mathematics  and  students' 
beliefs  about  their  own  mathematical  skills  and  understanding. 

Student  VW«  of  a  Mathgmaticbn 

During  the  focus  group  interviews,  students  were  asked  to  describe  a 
mathematician.  In  doing  so,  many  students  described  their  previous  mathematics 
teachers.  Overall,  student  responses  portrayed  mathematicians  as  male,  highly 
intelligent,  and  anti-social:  They  have  beards.  1  don't  know  why.  . . .  it's  just  one  of 
those  things.";   "Usually  a  man.";  "1  find  mathematicians  very  intelligent  people. 
You  either  understand  mathematics  or  you  don't  .  .  To  me  mathematicians  command 
a  lot  of  respect";  "I'd  say  they  keep  to  themselves.  It's  not  your  everyday  Joe  out  on 
the  street  Someone  who's  just  a  loner  type  in  isolation,  where  ifs  quiet";  "I'd  say 
they  don't  know  how  to  relate  to  people.";  "Most  mathematicians,  you  know,  can't 
bring  their  knowledge  down  to  someone  who  doesn't  know  their  level.  You  know, 
they're  always  above  you  when  they're  explaining  something.";  (referring  to  the 
previous  comment)  "I  had  a  teacher  that  way.  'Are  you  stupid?  Any  stupid  person 
could  get  this.'". 

The  students'  views  that  mathematicians  are  mostly  male,  intelligent  and  anti- 
social have  implications  for  the  way  in  which  students  themselves  approach  the 
learning  of  mathematics.   According  to  Borasi,  "students  need  to  see  themselves  as 
mathematicians  in  order  to  fully  achieve  the  goals  of  thinking  mathematically, 
valuing  mathematics,  and  being  confident  and  ready  to  use  their  mathematical 
expertise  whenever  appropriate"  (Borasi,  1992).  Students  may  view  themselves  in 
ways  that  are  contrary  to  their  views  of  mathematicians.   In  particular,  the  view  that 
mathematicians  are  male  may  be  a  barrier  to  a  female  envisioning  herself  as  a 
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mathematician.  No  student  commented  on  the  ethnicity  of  a  mathematician,  but  that 
may  be  due  to  the  sensitivity  the  students  had  towards  the  'white'  leaders  of  the  focus 
groups. 

These  views  of  a  what  a  mathematician  is  and  does  as  presented  by  the  students 
in  this  research  study  may  keep  the  students,  especially  minority  and  female  students, 
as  'outsiders'  among  the  mathematical  community.  Mathematics,  to  these  students,  is 
not  personalized.  As  a  result,  students  may  only  try  to  mimic  what  a  mathematician 
(or  a  teacher)  shows  them,  not  believing  that  they,  too,  have  the  power  to  think  about 
and  create  mathematical  ideas,  to  be  a  mathematician. 
Student  VUw*  of  Mathematka  in  RgUtlomhin  to  Themselves 

Also  during  the  focus  group  interviews,  the  students  were  asked  to  complete 

the  analogy,  "Mathematics  is  to  me  as   is  to  .".  Many  students 

had  difficulty  working  with  the  analogy  and  instead  responded  to  the  open  ended 
statement:  "Mathematics  is  to  me .  . .".  Student  responses  to  "Mathematics  is  to  me" 
were  categorized  into  six  basic  beliefs  about  mathematics:  1.  rules  to  memorize;  2. 
always  forgotten;  3.  in  the  way,  forced,  or  Irritating;  4.  something  useful  in  the 
future;  5.  something  needing  Insight;  and  6.  something  that  gives  a  challenge. 

Although  the  last  three  categories  seem  positive  in  nature,  reflecting  usefulness, 
insightfulness,  and  challenges,  the  student  responses  Indicate  a  lack  of  personal  need 
for  learning  mathematics:  "[Mathematics]  must  be  a  key  to  understanding,  and  until  1 
have  the  key  1  am  at  a  disadvantage. . .  I'm  actually  glad  that  I'm  forced  to  take  math 
now,  because  ...  If  I  had  the  choice,  1  probably  would  have  never  taken  math.". 

Furthermore,  the  first  three  categories  of  student  responses  reflect  negative 
attitudes,  extrinsic  motivations,  and  a  lack  of  control  when  learning  mathematics. 
Some  student  responses  are:  "[Math]  is  like  a  French  language  I'll  never  understand."; 
"(Math  is]  like  a  revolving  door.  You  always  go  back  to  what  you  should  have  learned 
the  day  before.";  "(Math  is]  like  a  car  in  a  traffic  Jam.  You  can't  get  around  it,  but 
you've  got  to  do  it.";  "Mathematics  is  to  me  as  vegeUbles  are  to  children.  And  1  say 
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that  because  I  really  don't  like  math  that  much.  I  have  to  take  it,  and  if  I  have  to  do  it, 
then  I  will." 

When  students  do  not  believe  in  good  reasons  to  learn  mathematics,  learning 
based  on  understanding  breaks  down  and  is  replaced  by  learning  based  on  respect  and 
obedience  (Skemp,  1987).  Students  need  to  see  connections  between  mathematics  and 
their  real  world  or  between  mathematics  and  their  own  curiosities  and  ways  of 
thinking.  As  demonstrated  by  the  majority  of  student  responses,  learning 
mathematics  is  not  motivated  by  intrinsic  means,  but  instead  is  something  that  is,  as 
one  student  responded  "just  set  in  front  of  you  . . .  you  don't  sit  there  and  ponder,  you 
just  do  them,  do  the  steps, ...  gee  it  done.  And  there  isn't  much  to  talk  about"  There 
is  a  need  to  foster  growth  and  development  in  positive  personal  meanings  about 
learning  mathematics  in  the  classroom. 

Students'  beliefs  about  their  own  mathematical  wkiXl*  and  iinrfe  ^landing 

At  several  points  during  the  focus  group  interviews,  students  were  asked  to  talk 
about  their  own  mathematical  skills  and  understanding.  Responses  did  not  vary 
within  the  different  levels  of  mathematics.  Most  students  felt  inadequate  about  their 
mathematical  knowledge:  "I  think  I'm  math  illiterate.";  1  think  I  know  more.  I'm 
not  being  conceited  or  anything  but,  since  I  repeated  it  2  or  3  years,  1  should  know 
more .";  "1  just  wish  1  could  remember  what  1  learned";  'To  me  it's  embarrassing  to 
fail,  and  failing  tests,  every  single  test  you  take  you  fail.  It's  like,  you  think  you  did  so 
good,  and  like  I'm  trying  to  pull  myself  up.  They  won't  let  me  get  out  of  my  math 
class,  and  I  tried  so  hard,  and  they  won't  let  me  out.  It's  painful  because  no  matter 
how  hard  I  try.";  "It  makes  you  feel  hurt.";  "1  hate  math.  I  hate  it  so  much.  I  don't  get 
it  at  all."  'You  can  get  the  wrong  answer,  and  you  think  that  it's  right.  Like  on  a  test."; 
"1  think  the  reason  why  I  don't  like  math,  is  that  I  like  things  that  I'm  doing  to  have  a 
purpose,  and  with  math,  like  most  of  the  problems  and  things,  you  are  wondering 
why  you  would  ever  have  to  know  this  stuff. . .  I  can't  see  the  purpose. " 


98 


Volume  2 


Students  may  attribute  their  negative  views  about  their  mathematical  abilities 
to  previous  failures  in  mathematics,  or  perceived  failures,  and  a  lack  of  purpose  for 
taking  and  learning  mathematics.  Developmental  mathematics  courses  are  designed 
to  help  students  overcome  earlier  failure*  and  deficiencies.  Unfortunately,  it  appears 
that  students  beliefs  about  their  own  mathematical  ability  may  a  barrier  to  seeing  this 
as  a  new  beginning,  thus  perpetuating  the  cycle  of  failure. 

Although  these  responses  about  the  students'  mathematical  abilities  are  not 
surprising.  However,  the  view  was  so  pervasive  mat  it  begs  consideration.  Students 
believe  that  taking  and  learning  mathematics  Is  important,  but  believed,  for  them,  it  1$ 
useless.  According  to  McLeod  (1992)  beliefs  and  attitudes  play  significant  roles  In  the 
learning  and  teaching  of  mathematics.  Bishop  (1988)  stresses  the  importance  of 
students  becoming  part  of  the  culture  of  the  mathematical  discipline.  For  this  group  of 
minority  students,  mathematical  enculturation  appears  non-existent. 

Conclusion 

When  considering  students  views  about  their  own  mathematical  abilities,  their 
belief  that  mathematics  courses  lack  purpose  for  them  and  their  views  of 
mathematicians  and  themselves  in  relationship  to  mathematics,  the  future  looks 
bleak  for  minority  students  whose  high  school  mathematics  courses  did  not  prepare 
them  for  college  level  mathematics. 

In  mathematics  education,  it  is  necessary  to  understand  how  students  come  to 
know  mathematics,  especially  for  those  students  who  have  been  traditionally 
underrepresented  In  mathematics  (females  and  minorities).  As  the  college 
population  becomes  more  culturally  diverse,  It  Is  imperative  that  we  begin  to 
understand  the  perspectives  of  all  students  In  the  development  of  curriculum  and 
instruction.  This  is  especially  Important  In  the  area  of  mathematics. 
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ASSESSMENT  OF  FRACTION  UNDERSTANDING: 
STUDENT  PERFORMANCE  AND  TEACHER  REACTIONS 

Randolph  A.  Philipp 

Judith  T.  Sowdcr 

Center  for  Research  in  Mathematics  and  Science  Education 
San  Diego  State  University 

The  development  effraction  understanding  by  middle-school  students  depends  upon  the  quality  of  the 
instructional  experiences  they  receive  in  the  classroom.  A  well-informed  teacher  is  the  key  to  the 
development  of  students'  understanding,  and  according  to  Morel  (in  press),  a  well-informed  teacher 
knows  content,  epistemology,  and  pedagogy.  In  this  study,  five  middle  school  teachers  received  the 
results  of  a  conceptually  based  fraction  test  that  they  had  administered  to  their  students  early  in  the  year. 
The  teachers  spent  three  hours  discussing  the  results  with  fellow  teachers  and  researchers.  The 
discussions  were  taped  and  transcribed  and  teachers'  comments  and  questions  were  analyzed  to  reveal 
1)  teachers*  surprise  at  the  types  and  percentages  of  student  conceptual  errors,  and  2)  the  difficulties 
teachers  had  in  conceiving  instructional  experiences  that  would  promote  conceptual  understanding. 

The  purpose  of  this  investigation  was  twofold:  to  assess  the  fraction  knowledge  of  fifth-  and 
sixth-grade  students  (in  this  case,  students  of  teachers  with  whom  we  work),  and  to  assess  teachers' 
understanding  of  their  students*  performance  and  the  effect  of  this  understanding  on  future  instruction. 
The  investigation  is  part  of  a  long-term  study  focusing  on  two  fundamental  questions,  each  of  which  has 
important  implications  for  mathematics  learning  in  the  middle  school.  (1)  How  does  teachers* 
understanding  of  rational  number  and  the  multiplication  operator,  and  of  quantitative  reasoning  and 
proportional  reasoning,  influence  the  manner  in  which  they  teach?  (2)  As  teachers*  understanding  of 
these  topics  develops  and  as  teachers  become  more  aware  of  how  students  learn  these  concepts,  how  is 
student  learning  enhanced?  The  conceptual  framework  for  this  work  is  discussed  in  Sowder  ( 1 992). 

Teacher  knowledge  has  been  the  focus  of  much  discussion  in  recent  years.  Harel  ( 1 99 1 )  has 
proposed  that  there  are  three  components  of  a  teacher's  knowledge  base:  mathematics  content, 
epistemology,  and  pedagogy,  where  mathematics  content  refers  to  the  depth  and  breadth  of  the 
mathematics  knowledge,  epistemology  to  the  teacher's  understanding  of  how  students  learn  mathematics, 
and  pedagogy  to  the  ability  to  teach  in  accordance  with  the  nature  of  how  students  learn  mathematics. 

In  this  project  we  work  to  link  and  extend  these  three  components.  We  have  two  fifth -grade  and 
three  sixth -grade  teachers  participating  in  the  study.  The  teachers  meet  in  seminars  approximately  every 
two  weeks.  The  seminars  during  the  fall  term  focused  on  rational  number  understanding.  Towards  the 
beginning  of  the  term,  a  lest  was  designed  and  administered  to  assess  the  fraction  knowledge  of  students. 
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The  lest  was  conceptually  rather  than  procedurally  based,  and  items  included  comparing;  ordering,  and 
recognizing  constructs  of  fractions;  determining  the  size  of  the  unit;  and  understanding  operations  on 
fractions  including  estimating  results.  (The  lest  was  also  given  in  classrooms  of  some  of  the  teachers 
who  were  in  this  project  last  year.)  After  the  results  had  been  tabulated,  the  teachers  were  provided  a 
summary  of  their  students'  test  results,  the  individual  tests  of  each  of  their  students,  and  an  overall 
ranking  of  the  problems  from  most  to  least  missed.  A  three -hour  seminar  was  devoted  to  discussing 
these  results. 

There  were  two  general  themes  that  arose  during  this  seminar,  both  of  which  will  be  described  in 
this  manuscript  The  first  involved  the  teachers'  surprise  at  their  students'  performances.  This  surprise 
was  related  to  the  teachers'  difficulties  understanding  how  their  students  were  thinking.  The  second 
general  theme  revolved  around  how  the  teachers  might  use  the  information  about  their  students'  thinking 
when  making  instructional  decisions.  In  particular,  we  will  focus  the  issue  of  the  teachers'  identification 
and  understanding  of  the  mathematical  ideas  to  be  taught  to  their  students. 

The  teachers'  difficulties  understanding  their  students'  thinking 

Tables  1  -  3  provide  the  cumulative  results  of  three  of  the  seventeen  items  from  the  student 
assessment  test  analyzed  by  grade  level.  (Note  that  the  teachers  were  not  provided  this  general 
information.  They  were  only  provided  data  on  their  own  students.)  Throughout  the  seminar  discussion, 
the  teachers  expressed  their  surprise  at  the  performances  of  their  students.  Ken  commented  on  the  fact 
that  less  than  one  third  of  the  students  in  his  two  sixth  grade  mathematics  classes  correctly  answered  #  Ih 
see  Tabic  i),  and  Sean,  a  fifth  grade  teacher,  joined  the  discussion.  (Teachers  are  denoted  by  their  fust 
names,  researchers  are  denoted  by  Rj,  with  i  representing  the  ith  researcher): 

Ken:  I  cannot  believe  In.  I  always  tell  my  kids,  "Sound  it  out.  What  is  this  number?  Seven 


Ri: 

R2: 

Ken: 

R3: 

R* 

Sean: 

Ken: 

Sean: 


R|: 

Sean: 

Ri: 


Sean: 


tenths;  one-seventh.  They  don't  sound  the  same,  folks." 
One-third  of  the  students  got  it  right. 

It's  not  only  that  they  missed  it,  but  the  number  that  thought  they  are  equal. 

1  couldn't  understand  how  two  things  that  sound  totally  different... 

Equivalent  fractions  sound  totally  different 

Yes,  it's  not  that  they  sound  different. 

1  can  see  they  could  confuse  that 

That  they're  equal? 

Yeah. 

How  do  you  compare  these? 

Well,  we  know  they  are  seven  tenths  and  one  seventh,  but  the  kids  

Wait  a  minute.  So  you  look  at  0.7  and  say  seven  tenths.  How  do  you  know  seven 
tenths  is  bigger  than  one  seventh? 

Okay,  1/7  is  less  than  a  half;  0  7  is  bigger  than  a  half.  But  the  kids  aren't  mature 
enough  to  do  that. 
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Ri:  So  first  they  must  sec  zero  point  seven  as  seven  tenths. 

Sean:  Yes,  which  I  feel  they  didn't 

Rl :  Then  they  need  some  benchmarks  and  to  know  what  1/7  is.... 

Sean:  Yes.  There's  ■  lot  Involved  in  this. 

Table  1 :  Percentages  af  students  in  each  response  category  for  Item  I  (Bold  type  indicates  the  correct 
response.). 

1 .   Look  at  each  pair  of  number*.  If  one  la  Uoit  than  the  other,  circle  It. 
If  the  numbers  are  the  same,  put »  between  them. 


First  number 
hraer 

Second  number 
leoer 

mi 

No  At 

ttWCT 

at 

*r 

Grade* 

S 

6 

5 

6 

5 

6 

S 

6 

5 

6 

43 

47 

53 

45 

4 

4 

0 

2 

0 

3 

32 

15 

66 

78 

2 

5 

0 

1 

0 

1 

,.  1  I 

51 

45 

45 

48 

2 

3 

0 

2 

2 

1 

,a.     |  .i 

6 

4 

89 

89 

2 

4 

2 

I 

0 

2 

it      2  1 

47 

16 

32 

63 

19 

17 

2 

3 

0 

1 

,     \  | 

47 

22 

32 

45 

21 

29 

0 

3 

0 

1 

*     1  h 

45 

29 

38 

55 

17 

13 

0 

3 

0 

1 

Ih.       0.7  ^ 

45 

29 

26 

22 

21 

46 

9 

2 

0 

1 

II.       0.5  £ 

40 

18 

30 

50 

21 

27 

9 

4 

0 

1 

♦Orade  5  (ft-47).  Orade  6(m»M3)  e*ceplon  hems  la.  Id,  and  Ih,  ft*  which  (n- 113). 


Ken's  response  was  typical  of  those  given  by  the  teachers  and  illustrates  their  surprise  that  their 
students  had  not  thought  about  particular  problems  in  ways  that  the  teachers  had  expected  the  students  to 
think  about  the  problems.  Ken  could  not  comprehend  how  his  students  could  miss  this  problem;  after 
alt,  if  the  students  had  simply  sour.ded  the  two  numbers  out  ("seven- tenths"  and  "one- seventh"),  it  would 
be  obvious  (to  Ken)  that  these  two  numbers  could  not  represent  the  same  value.  Sean  eventually  jumped 
into  the  conversation,  slating  that  he  could  see  how  students  might  have  confused  those  two  numbers,  but 
then  he  began  to  gloss  over  the  fact  that  in  order  for  his  students  to  make  sense  of  that  problem  the  way 
he  was  thinking  about  it,  they  would  have  to  be  able  to  use  benchmarks  with  the  same  flexibility  he  had, 
in  particular,  that  one-seventh  is  less  than  1/2,  whereas  zero  point  seven  is  the  same  as  seven-tenths,  is 
greater  than  five-tenths  or  one -half.  This  protocol  becomes  even  more  telling  when  considering  that  it 
was  preceded  by  an  in-depth  discussion  of  problems  1  g.  during  which  time  we  discussed  the  usefulness 
of  finding  benchmarks. 
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The  teachers  experienced  difficulty  trying  to  understand  how  their  students  were  conceptualizing 
these  mathematical  problems.  They  tended  to  assume  their  students  were  thinking  about  all  of  the 
problems  conceptually,  when  in  all  likelihood  the  students  often  were  not.  Consider  the  discussion  of 
problem  #14  (Tabic  2),  which  was  missed  by  3/4  of  the  students.  (Ken  is  a  teacher,  R|  and  R2  are 
researchers): 

Ken:  What  I  can't  understand  is  why  they  would  pick  5.5. 

R2-  They  ignore  the  one-half. 

Ken:         But  it  sticks  out  like  a  sore  thumb.  You  can't  say  it's  zero.  There's  got  to  be 
something. 

R):  But  you're  already  thinking  conceptually. 

Table  2:  Percentages  of  students  in  each  response  category  for  Item  14 .  (Bold  type  indicates  the  correct 
response.). 

14.      Ckcia  the  correct  answer  tor:  5  ♦  j   ♦  0.5 


a.  Iican' 
done 


TbcT 


b.  5 


c.  5.5 


"1     d~6     I    c  10    I  NoAjuwer 


30  I  26  I  2  1  3  i  26  j  24  I  24  I  28  I  13  I  14  I  4  I  6  I 
•Grade  5  (n-46).  Grade  6(f»U3). 


Ken  could  not  understand  how  a  student  might  select  5.5  as  an  answer,  when  clearly  (to  Ken)  5  +  0.5 
was  5.5,  and  therefore  adding  1/2  to  this  must  have  resulted  in  an  answer  that  was  greater  than  5.5. 
However,  this  line  of  reasoning  only  holds  if  the  students  realize  that  fractions  and  decimal  numbers 
belong  to  the  same  number  system  and  are  thinking  about  the  problem  conceptually  .  In  fact,  when  this 
problem  was  given  to  students  in  interviews  during  another  research  study  (Markovits  and  Sowder, 
1 99 1 )  students  frequently  claimed  that  "fracaon s  and  decimals  are  different  lands  of  numbers  and  can't 
be  added  together."  This  reasoning  accounts  for  both  the  a  and  c  answers.  Another  reason  could  be  that 
students  may  have  invoked  buggy  algorithms,  or  incorrect  rules,  void  of  the  important  underlying 
conceptual  ideas.  For  example,  some  of  the  students  who  incorrectly  thought  that  fV8  was  greater  than 
3/4  in  If  correctly  concluded  that  8/1 3  was  greater  than  3/8  in  lg.  We  discussed  the  possibility  that  the 
students  were  applying  a  rule  that  stated  the  larger  numbers  in  the  "top"  and  "bottom"  results  in  the  larger 
fraction.  Some  students  missed  lb,  stating  that  2/7  was  larger  than  3/7.  Here  the  bug  that  we  decided 
upon  was  that  some  students,  while  working  with  unit  fractions  such  as  1/5  and  1/7.  had  concluded  that 
when  working  with  fractions,  things  are  just  the  opposite  of  what" one  might  expect.  That  is,  even 
through  7  is  larger  than  5, 1/7  is  smaller  than  1/5.  Using  similar  reasoning,  one  might  conclude  that  2/7, 
which  "looks"  smaller  than  3/7,  must  instead  be  larger.  Another  rule  emerv;ed  during  our  discussion  of 
If.  It  was  hypothesized  that  students  might  have  thought  that  3/4  was  larger  than  6/8  because  the 
difference  between  3  and  4  is  smaller  than  the  difference  between  6  and  8.  All  these  possibilities  were 
discussed  with  the  teachers. 
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The  list  example  we  will  provide  here  of  the  teachers'  difficulty  understanding  their  students' 
thinking  occurred  during  i  discussion  of  #6  (Tiblc  3). «  problem  that  appeared  on  a  NAEP  assessment 
(Sylvia  end  Vinct*  are  teachers,  whereas  Ri  is  a  reseaicher): 

R  i :  Over  all  22%  answered  correctly. 

SyMa:       One  third  of  mine  got  it  right 

R  \ :  Vaneta,  the  most  popular  answer  in  your  class  was  42. 

Vaneta:       I  know.  If  you  multiply,  you  still  don't  get  42. 

Rj:  Do  you  know  where  they  got  42? 

Vaneta:  Where? 

Sylvia:       Did  they  add  them  all  together?  They  added  them  all  together. 
Vaneta:       That's  binrre.  Why  did  they  do  that? 
R  i :  That's  what  2/3  of  your  class  did. 

Vaneta:       I  know.  That's  why  I'm  wondering  what  logic  is  behind  adding  them  all  together?  I 

don't  know  why  they  did  that. 
R  \ :  Vaneta,  you  asked  why  they  would  add  all  those  numbers.  My  question  would  be, 

"Why  not?" 
Vaneta:       I  guess  if  you  have  no  idea. 
Sylvia:        You  have  a  plus  sign  there. 
R 1 :  What  does  this  show  that  they  might  not  understand? 

Vaneta:       A  lot  of  things.  They  don't  understand  that  they  need  a  common  denominator. 
Rj:  Do  you  need  a  CD? 

Vaneta:       Well,  no,  not  really.  You  could  draw  pictures  and  add  things  and  estimate.  1  don't 
know  if  they  got  "abouf-that  that  meant  estimate.  We've  had  no  experience  with 
fractions  in  the  (sixth-grade)  classroom  prior  to  giving  this  test 

Sylvia:       That's  what  1  would  say.  They  didn't  even  know  that  you  were  talking  about  fractions. 

Or  else  that  they've  been  exposed  to  fractions,  but  not  really  picturing  what  a  fraction  is. 

Vaneta:       I  don't  think  my  kids  have  a  clue  what  a  fraction  is.  That's  not  true.  They  have  some 
intuitive  knowledge.  That's  why  1  like  that  paper  folding  thing.  1  think  they  could  get 
into  that.  They  could  bring  in  the  intuitive  knowledge  that  they  know  wd  the 
background  that  they  have  from  their  experiences,  but  in  the  formal  sense,  I  don't  think 
that  they've  been  taught  fractions  at  a  manipulative  concrete  level  meaning. 

Table  3:  Percentages  of  students  in  each  response  category  for  Item  6.  (Bold  type  indicates  the  correct 
response.). 

6.  About  how  much  ls~:  ♦  f;?      Circle  the  closest  answer:    1.   2.  20,  22,  42 


1 

1 

20  " 

22 

4 

1 

No  Answer/ 
Other 

Gty 

Gf6» 

Gr6 
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GrS 

Gr6 

GrS 

Gr6 

GrS  1  Gr6 

u 

5 

30 

1? 

19 

26 

17 

29 

19 

24 

4    1  7 

•Otxfc  5  (BUT).  Grade  6(1*  U3)- 


ERIC 


107 


There  are  three  points  we  would  like  to  make  about  this  transcription.  First,  during  the  first  portion  of 
this  transcription,  Van  cut  could  not  imagine  why  her  students  might  have  added  all  of  the  individual 
numerators  and  denominators  together.  She  found  this  "bizarre,"  providing  yet  another  example  of  a 
teacher's  difficulty  understanding  her  students'  thinking.  The  second  point  is  that  at  one  moment,  R  l 
asked  the  teachers,  "Why  shouldn't  students  add  all  of  the  numbers?"  This  question  was  an  example  of 
the  researchers'  continual  attempts  to  help  the  teachers  understand  the  thinking  of  their  students.  We 
often  tried  to  pose  questions  designed  to  orient  the  teachers  toward  ways  of  looking  at  problems  that  were 
very  different  from  ways  they'd  considered,  but  were  very  possibly  ways  considered  by  some  of  their 
students.  The  last  point  we  would  like  to  make  will  lead  to  our  next  section.  In  answer  to  the  question, 
"What  does  this  show  that  they  might  not  understand,"  Vancta  responded,  "A  lot  of  things.  They  don't 
understand  that  they  need  a  common  denominator."  There  is  no  need  to  find  common  denominators  in 
this  problem,  and  although  Vancta  came  to  understand  that  point,  her  initial  reaction  was  that  common 
denominators  would  be  necessary.  This  leads  to  the  second  general  theme  that  arose  during  the  seminar: 
the  teachers'  understanding  of  the  important  mathematical  ideas. 

How  might  the  teachers  use  the  information  about  students'  thinking  when  making  instructional  decisions? 

In  order  for  the  teachers  to  be  in  a  position  to  use  information  about  their  students'  thinking  when 
planning  lessons,  the  teachers  must  themselves  possess  a  conceptual  understanding  of  the  mathematics. 
In  the  previous  transcripts,  Vancta  provided  an  example  in  which  she  either  did  not  understand  or 
overlooked  the  essential  mathematical  idea  that  estimation  does  not  require  first  finding  common 
denominators.  Another  example  of  this  arose  while  discussing  problem  lc,  involving  comparing  5/7  and 
5/9: 

R  i :  What  would  you  like  for  your  students  to  be  able  to  think  when  they  look  at  5/7  and  5/9? 

Sean:         I  would  like  for  them  to  say,  "Oh,  63  is  a  common  denominator."  (Laughs) 
Ken:  I  don't  think  I  would  like  the  common  denominator. 

Carolyn:      1  wouldn't  want  to  see  a  common  denominator. 
R  i :  Would  you,  Sean?  Would  you  like  that? 

Scan:         Yeah,  1  would.  Ultimately  I  would.  I  would  like  them  to  know.  But  ultimately  I  would 
like  for  them  to  be  able  to  find  the  common  denominator. 

Ken:  You  know  what  I  would  like  to  see  on  this  Utile  problem  is  some  kid  say,  "Oh  yeah,  4/7 

is  a  little  bit  larger  than  half;  5/9  in  little  bit  larger  than  half;  but  5/7  is  a  little  bit  more 
titan  more  than  a  half.  In  other  words,  the  increment  kind  of  deal.  If  they  could 
explain.  Or  if  they  could  visualize  it:  5/7  of  a  week  is  5  days  and  then-maybe  they 
could  do  something  like  that.  For  them  to  say  4/7  is  a  little  bit  more  than  a  half  and 
that's  about  equal  to  5/9  and  then  one  more  increment  of  a  seventh- -that  makes  it  a 
whole  lot  more  than  5/9  kind  of  deal. 
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Carolyn:      I  would  expect  them  to  see  maybe  a  pizza  with  seven  pieces  md  a  pizza  with  nine 
pieces.  You  would  know  in  a  pizza  with  nine  pieces,  the  pieces  have  to  be  smaller. 
And  if  they're  the  same  number  (of  piecesV-that' s  what  I  would  expect. 

Ken:         Oh  yeah.  Numerators. 

R2:  The  same  number  of  pieces? 

Carolyn:      Um  hmra.  Because  you  have  the  same  numerator,  and  that's  what  I  would  expect  them 
to  see. 

Sean,  when  asked  to  describe  the  kind  of  reasoning  he  would  ultimately  have  liked  to  see  his  students 
develop,  responded  with  a  procedure  that  sidestepped  the  important  underlying  mathematical  idea.  Jim's 
response,  although  conceptual,  also  sidestepped  the  underlying  idea  that  Carolyn  noted.  It  is  noteworthy 
that  this  session  occurred  after  the  teachers  had  attended  several  seminars  on  students'  understanding  of 
fractions  from  "experts,"  including  Tom  Kieren,  Nancy  Mack.  Judy  Sowder,  Barbara  Armstrong,  and 
Nadine  Bezuk.  In  fact,  the  researchers  working  with  the  teachers  during  this  particular  session  were 
struck  by  the  difficulty  the  teachers  experienced  while  trying  to  plan  how  to  facilitate  the  development  of 
their  students'  thinking.  In  much  the  same  way  that  the  teachers  struggled  because  of  incorrect 
assumptions  they  had  made  about  the  thinking  of  their  students,  we.  the  researchers  struggled  because  of 
incorrect  assumptions  we  had  made  about  the  thinking  of  the  teachers. 

Final  comment 

In  subsequent  seminars,  we  often  returned  to  the  discussion  of  students*  views  of  what  fractions  mean 
and  what  teachers  can  do  to  help  students  develop  strong  conceptual  understanding  of  fractions  and 
fraction  operations.  The  teachers  themselves  frequently  returned  to  the  two  notions  of  unit  fractions  and 
benchmarks  as  essential  for  helping  students  understand  fraction  relationships  and  fraction  operations.  In 
their  instructional  planning  activities,  these  two  notions  played  central  roles.  Although  these  (*nd  other) 
notions  were  brought  up  in  the  previous  seminars,  it  seemed  that  it  was  only  after  the  teachers  reviewed 
and  discussed  their  own  students'  responses  to  the  test  items  that  they  convinced  themselves  that 
understanding  unit  fractions  and  being  able  to  use  benchmarks  were  central  to  traction  understanding. 
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MATHEMATICAL  JUSTIFICATION  :  A  CLASSROOM  TEACHING  EXPERIMENT  ; 
WITH  PROSPECTIVE  TEACHERS 
Martin  A.  Simon  and  Glendon  W  Blume.  The  Pennsylvania  State  University 

This  paper  analyzes  a  group  discussion  in  a  mathematics  course  for  prospective 
elementary  teachers.  The  data  presented  show  intensive  aspects  of  negotiation  of 
classroom  norms  and  standards  for  mathematical  validation  (justification)  between  a 
teacher  with  a  vision  of  mathematics  and  classroom  activity  based  on  current 
mathematics  education  reforms  and  students  whose  expectations  are  rooted  in  their 
experience  of  traditional  school  mathematics.  Four  levels  of  justification  are  observed  as 
this  negotiation  transpires. 

Current  mathematics  education  reform  efforts  promote  a  vision  of  classroom  mathematics  in 
which  students  engage  in  exploration  of  mathematical  situations,  communication  of  ideas,  and 
verification,  modification,  and  validation  of  those  ideas.  The  vision  of  students  creating  mathematics, 
evaluating  the  mathematics  created  by  members  of  the  classroom  mathematics  community,  and 
negotiating  shared  approaches  to  and  standards  for  these  activities  contrasts  sharply  with  traditional 
mathematics  classes,  in  which  the  teacher  and  textbook  serve  as  the  source  of  mathematics  and  the 
evaluators  of  mathematical  validity. 

The  Professional  Standards  for  Teaching  Mathematics  (NCTM,  1991)  argues  that  one  of  the 
five  "major  shifts"  that  must  take  place  in  mathematics  classrooms  is  "toward  logic  and  mathematical 
evidence  as  verification  -  away  from  the  teacher  as  the  sole  authority  for  right  answers"  (p.  3).  The  shift 
of  authority  for  verification  and  validation  of  mathematical  ideas  from  teacher  and  textbook  to  the 
mathematical  community  (the  class  as  a  whole)  is  important  because  it  can  enable  students  to  see 
mathematics  as  created  by  communities  of  people,  based  on  the  community's  goals  and  its  accepted 
forms  of  practice;  it  can  give  students  rich  opportunities  for  understanding  mathematics  which  result 
from  involvement  in  the  creation  and  validation  of  ideas;  and  it  can  result  in  the  students'  sense  that  they 
are  capable  of  creating  mathematics  and  determining  its  validity. 

This  paper  documents  the  negotiation  of  new  classroom  norms  for  determining  mathematical 
validity  in  a  mathematics  course  for  prospective  elementary  teachers.  It  provides  a  picture  of  a  class  in 
which  the  teacher  attempted  to  promote  a  shift  in  authority  (from  teacher  to  students)  with  respect  to 
mathematical  validity. 

Understanding  this  development  is  potentially  important  for  three  reasons.  First,  if  competence 
in  generating  mathematical  justification  is  an  important  goal  of  mathematics  education,  mathematics 
educators  must  understand  how  such  competence  develops  and  become  aware  of  obstacles  to  that 
development.  Second,  mathematics  education  reform  proponents  must  understand  the  challenge  for 
teachers  of  attempting  to  implement  reform  principles  in  the  context  of  classrooms  populated  by  students 
who  hold  traditional  views  of  school  mathematics.  Third,  in  order  to  prepare  teachers  to  carry  out  the 
mathematics  education  reform,  mathematics  teacher  educators  must  understand  the  process  of  fostering 
change  in  prospective  teachers'  conceptions  of  mathematics  and,  in  particular,  their  notions  of  how 
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mathematical  validity  is  established.  The  context  of  a  mathematics  course  for  prospective  elementary 
teachers  allowed  us  to  pursue  knowledge  in  these  three  areas. 

This  study  was  part  of  the  Construction  of  Elementary  Mathematics  (CEM)  Project1,  a  three-year 
study  of  the  mathematical  and  pedagogical  development  of  prospective  elementary  teachers.  The  project 
involved  an  experimental  teacher  preparation  program  designed  to  increase  preservice  teachers' 
mathematical  knowledge  and  to  foster  their  development  of  views  of  mathematics,  learning,  and 
teaching  that  were  consistent  with  the  views  espoused  in  recent  reform  documents.  Subjects  for  the 
study  were  26  prospective  elementary  teachers.  Data  collection  proceeded  through  a  mathematics 
course  (from  which  the  data  in  this  paper  derive),  a  ten-week  course  on  mathematics  learning  and 
teaching,  a  five-week  pre- student-teaching  practicum,  and  a  fifteen-week  student-teaching  practicum. 

The  project's  research  and  instruction  were  grounded  in  a  social  constructivist  view  of  learning 
(Cobb,  Yackel,  A  Wood,  in  press;  Ernest,  1991)-  The  research  on  the  mathematics  course  and  the 
course  on  mathematics  learning  and  teaching  employed  a  constructivist  teaching  experiment 
methodology  (Cobb  and  Steffe,  1983).  We  adapted  that  methodology  to  research  on  classroom 
mathematics  (in  the  manner  of  Cobb,  Yackel,  and  Wood,  1988).  The  first  author  taught  all  classes. 
Classes  were  videotaped  and  project  researchers  (including  the  second  author)  took  field  notes. 
Following  each  class  the  first  and  second  authors  met  to  discuss  what  they  inferred  to  be  the 
conceptualizations  of  the  students  at  that  point  and  to  plan  for  the  next  instructional  intervention.  These 
analyses  and  planning  sessions  led  to  the  development  of  models  of  students'  understanding. 

The  two  units  in  the  semester-long  mathematics  course  focused  on  developing  understanding  of 
multiplicative  structures.  The  first  involved  the  development  of  understanding  of  evaluation  of  the  area 
of  a  rectangle  as  a  multiplicative  relationship  between  the  sides  (Simon  &  Blume,  in  press  a).  The 
second  focused  on  mathematical  modeling  of  real  world  situations,  from  which  students  were  to  learn  to 
model  situations  with  ratio,  distinguishing  between  situations  which  could  be  modeled  additively  and 
those  that  could  be  modeled  multiplicatively  (Simon  A  Blume,  in  press  b).  The  course  goals  with 
respect  to  mathematical  justification  included: 

1.  Acceptance  by  the  classroom  mathematics  community  of  the  authority  to  judge  mathematical  validity: 

2.  Renegotiation  of  standards  for  justification. 

3.  Appreciation  of  the  need  for  and  power  of  deductive  justifications;  and 

4.  Engagement  with  "proofs  that  explain." 

This  paper  examines  dialogue  from  the  initial  mathematics  experience  in  the  first  CEM  course. 
Excerpts  of  the  class  discussion  provide  a  view  of  the  negotiation  of  classroom  norms  and  standards  for 
mathematical  validation  (justification).2 


The  students'  first  mathematical  task  was  to  determine,  without  overlapping  rectangles  and 
without  rectangles  overlapping  the  edge  of  the  table,  how  many  rectangles  of  a  particular  size  could  he 
placed  on  the  table  at  which  they  were  seated.  Students  solved  the  prohlem  in  small  groups  and  reported 
their  group's  approach(es)  to  the  whole  class .  Each  approach  involved  using  the  group's  rectangle  to 
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measure  the  length  and  width  of  the  table  and  then  multiplying  these  two  measures.  The  teacher  asked, 
"Why  did  you  choose  to  measure  this  edge  and  that  edge  and  multiply?"  What  follows  is  an  intensive 
negotiation  between  the  students  and  the  teacher  At  issue  are  what  constitutes  appropriate  mathematical 
behavior  in  this  class,  and  what  counts  as  mathematical  justification. 

Bobbie:     It  seemed  like  the  easiest  way  to  come  up  with  an  answer...  alls  [sic]  we  would  have  to  do  is 
multiply  two  numbers  and  come  up  with  one  answer. 

Bobbie's  response  described  her  motivation  for  multiplying  but  lacked  an  attempt  to  persuade 

others  in  the  class  that  multiplication  worked,  that  it  was  an  appropriate  operation  to  perform.  The 

teacher  then  attempts  to  focus  the  class  on  his  initial  request  for  justification  and  to  describe  what  would 

constitute  justification.  (In  the  dialogue  that  follows,  "Simon"  refers  to  the  teacher.) 

Simon:      Why  is  it  -  You  said  it  was  an  easy  way  to  get  an  answer.  Is  it,  is  it  an  easy  way  to  get  a 
correct  answer?  Now  why,  why  measure  along  an  edge  and  another  edge?  How  is  doing 
that  and  multiplying  two  numbers  related  to  covering  this  whole  table  with  rectangles?  You 
seemed  to  ail  think  that  was  a  good  way  to  go  about  the  problem.  Why  do  you  think  that 
was? 

Deb  then  appeals  to  authority  to  justify  the  use  of  multiplication. 

Deb:         Because,  urn,  in  previous,  previous  math  classes  you  learned  the  formula  for  area  is  length 
rimes  width.  So  probably  everybody  has  the  idea. 

Using  a  humorous  reference  to  an  earlier  discussion,  the  teacher  attempts  to  shift  authority  for 

judging  validity  to  the  class. 

Simon:      All  those  evil  math  teachers  you  were  talking  about  before,  and  now  you  are  taking  their 
word  for  it?  How  do  we  know  if  they  are  right? 

Several  students  then  respond  with  descriptions  of  how  their  teachers  demonstrated  to  them  that 

multiplying  length  by  width  produces  the  same  result  as  counting  squares. 

Molly:      The  teachers.  They  showed  us  how  it  worked. 
Simon:      Ah,  what  did  you  think?  Jonnie? 

Jonnie:      They  showed,  urn,  it,  for  example  if  you  put  down  all  the  square,  all  the  rectangles,  And 
then  you  times  like  the  width  and  the  length  together,  and  you  got  an  answer  and  then  you, 
you  added  all  of  them  together,  and  the  answer  was  the  same.  Both  ways.  So  you  knew  that 
that  method,  the  length  times  the  width,  would  work  because  they  had  us  add  them  up  after 
we  tiroesed  them. 

The  teacher  then  focuses  the  discussion  on  whether  the  procedure  always  works,  attempting  to 
create  a  need  for  a  deductive  argument. 

Simon:      So  it  worked.  And  it  worked  on  the  ones  you  had  in  school  before.  Does  that  alwaya  work? 

(pause)  All  the  time,  most  of  the  time,  some  of  the  time? 
Molly:       In  rectangles  or  squares. 
Simon:      It  always  works  for  rectangles  or  squares? 
Molly:       From  what  I've  seen. 

Simon:      From  what  you've  seen.  There  might  have  been  some  rectangles  you  haven't  met  yet.  Is 
that  it? 

Molly's  response  suggests  that  she  was  continuing  to  base  her  justification  on  inductive, 
empirical  evidence.  The  teacher  continues  his  attempts  to  create  a  need  for  a  deductive  argument. 
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Simon:      Will  it  always  worlc  -  if  wc  count  the  rectangles  along  here  and  the  rectangles  along  there 

and  multiply,  that  well  get  the  same  answer  as  we  would  if  wc  counted  them  all  up?  [pause] 
How  many  believe  that  will  always  work?  Raise  your  hand  How  many  are  sure  it  won't 
always  work?  How  many  are  not  sure? 
Molly  responds  by  articulating  the  connection  between  counting  the  rectangles  and  the  use  of 

multiplication. 

Molly:      Well,  it  would  work  because,  um,  multiplying  and  adding  arc  related  in  that  multiplying  is, 
is  like  adding  groups,  and  so  it  would  always  work,  because  you  add  them  up  to  see  how 
many  is  in  the  square  and  to  multiply  the,  the  groups  that  go  like  that,  that'll  always  work. 
You  would  get  the  same  number,  I'm  saying  if  you  added  them  or  if  you  multiplied  that  side 
times  that  side.  Because  you're  adding,  I  mean,  you're  multiplying  the  number  of  groups  by 
the  number  in  the  groups,  which  is  the  same  as  adding  them  all  up. 
Molly  has  produced  a  deductive  argument  for  "Why  multiply?"  Although,  this  is  consistent  with 
what  the  teacher  was  attempting  to  promote,  he  gives  no  indication  of  it.  He  is  interested  in  what  sense 
the  other  students  are  making  of  Molly's  argument.  His  goal  is  for  the  students  to  evaluate  the  argument 
and  appreciate  the  power  of  deductive  arguments  10  validate  and  explain  beyond  that  of  inductive 
arguments. 

Simon:      You  multiply  the  number  of  groups  times  the  number  in  the  group,  [writes  "#  groups  x  #  in 
groups"  on  board]  Does  anybody  understand  what  she  means  by  that?  [pause]  Eve? 

Eve:         Well,  you  take,  if  you  had  like  five  circles  and  inside  each  circle  you  had  five  dots.  The  five 
dots  would  be  the  number  in  a  group,  and  the  five  separate  circles  would  be  the  number  of 
eroups.  [laughs]  And  if  vou  multiplied  the  five  times  five  then  you  would  get  how,  wait, 
how  many  numbers  of  all  the  dots. 

Simon:      How  many  dots  in  all? 

Eve:  [Yes.] 

After  a  bit  more  discussion,  the  teacher  attempts  to  determine  whether  students  understand  the 
relationship  of  the  term  "group"  to  the  rows  and  columns  in  a  figure.  This  continues  the  teacher  s 
attempts  to  establish  that  a  rigorous  justification  is  one  in  which  all  parts  are  connected. 

Simon:      Can  somebody  paraphrase  what  Molly  has  given  us  without  using  the  word  "group?" 
Georgia? 

Georgia:    Okay,  basicaliy  what  she's  saying,  without  using  the  word  "group,"  is  that  she  took  three 

squares.  Okay.  Lengthwise  and,  you  know,  up  and  down,  and  she  took  those  three  squares 
and  she  multiplied  them  by  the  other  three  squares.  That  works  for  the  width  wise.  And  she 
got,  there's  three  squares  in  each,  portion  and  then  there's  three  square  in  each  width.  And 
she  got  them.  That  would  give  you  your  answer. 

Simon:      [pause]  I  lost  track  of  the  "why  multiply?" 

Georgia:    why  multiply?  1  didn't  say  "why  multiply." 

Simon:      Okay.  That,  that  was  -  maybe  my  question  wasn't  clear. 

Georgia:    Why  multiply? 

Simon:      Molly  was  giving  us  a  reason  why  we  multiply.  Right? 

In  response  to  this  question,  Georgia  returns  the  discussion  to  where  it  started  by  providing  a 
justification  that  presents  a  motivational  argument  and  does  not  engage  the  issue  of  wiiy.  multiplication  is 
a  valid  operation  in  this  situation.  When  pressed  by  the  teacher  to  tell  why,  she  responds  with  a  resort  to 
authority. 
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Georgia:    We  want  to  find  the  area,  but  you're,  that's,  that's  what  you  do  when  you  find  the  area.  You 

multiply. 
Simon:  Why? 

Georgia:    Cause  that's  the  way  we've  been  taught.  And  it's  an  easy  way  to  do  it. 
Simon:      I'm  one  of  those  people  who  doesn't  believe  anything  unless  he  is  persuaded 
Georgia:    If  we  had  to  sit  here  and  measure,  go  across,  and,  and  do  every  one  of  these,  we  would  miss 
our  next  class,  [class  laughs] 

Jonnie  then  provides  another  appeal  to  authority  without  directly  addressing  Molly's  justification. 

In  Jonnie's  justificarion,  she  introduces  A,  B,  and  C  to  represent  squares  in  the  figure.  Our  interpretation 

of  this  use  of  "variables"  is  that  it  is  an  appeal  to  the  language  of  authority. 

Simon:      I'm  getting  clear  that  this  is  a  time  saver  and  that  you'll  be  able  to  go  to  your  next  class  that 
way  for  those  of  you  who  are  hoping  to.  Urn,  but,  why  docs  it  work?  [pause)  Jonnie? 

Jonnie:      I  was  always  taught  in  school  that  it  s  a  mathematical  law  that  if  you  take,  like,  if  you  say, 
urn,  if  I  told  A  plus  B  plus  C  times  A  plus  B  plus  C  that's,  you're  gonna  get,  you  know,  how 
many,  how  many  squares  there  are  total  in  that  area  of  the  rectangle. 

Simon:      What  do  the  A,  B,  and  C  refer  to? 

Jonnie:      Well  the  group.  Instead  of  saying  groups,  I'm  saying  A  plus  B  plus  C  cause  there's,  on  that 
right  there.  Like  one,  uh,  rectangle  would  be  A,  the  other  rectangle  would  be  B,  and  then  the 
next  one  would  be  C.  Okay,  if  you  add  those  together  you  get  3.  And  then  you  do  the  same 
thing  with  the,  urn,  length.  One  is  A,  one,  the  other  one  is  B,  the  other  one  is  C  You  add 
those  together  you  get  3  then  you  times  them  together,  you  get  9. 

Simon:      And  that's  just  a  law? 

Jonnie:      That's  what  I  was  told  and  1  always  asked  why  and  they're  like  well,  well  it's  - 
Simon:      Can  we  repeal  it?  Change  it?  (pause)  Lois? 

For  many  of  the  students,  Molly's  explanation  was  not  particularly  powerful.  However,  Lois 

offers  a  justification  that  seems  to  be  connected  to  Molly's. 

Lois:         Like  going,  like  going  down,  each  one  of  these  [squares  on  the  left  side]  represents  one  of 

these  [rows  of  three  squares].  So  when  you  multiply,  you're  saying,  this  is  really  worth  three 
not  just  one.  So  when  you're  going  down,  like  you're  saying  like,  this  is  three,  this  is  three, 
this  is  three.  But,  an  easier  way  to  do  it,  is  just  count  each  of  these  as  three  but  only  show  it 
as  one.  So  you  art  saying  like  one  of  these  rows  can  be  represented  just  going  down  the  side 
instead  of  going  one  two  three,  one  two  three,  one  two  three.  You  just  go  one  two  three. 
Because  like  this  is  three  across... 

Lois  has  provided  a  justification  for  multiplying  by  constituting  composite  units  of  3.  However, 
later  analysis  of  student  journals  provided  evidence  that  only  a  few  students  recognized  the  deductive 
arguments  as  being  different  from  the  other  justifications  offered. 

Summary  and  Conclusions 

This  episode  demonstrates  the  teacher's  attempts  to  engage  the  students  in  mathematical 
justification  and  to  challenge  them  to  respond  to  the  demand  for  justification  in  more  sophisticated  ways. 
"Sophisticated"  was  an  emerging  concept  for  the  teacher.  Although  it  was  informed  by  his  goal  of 
rigorous  deductive  justification  and  his  knowledge  of  previous  empirical  and  theoretical  work  with 
respect  to  proof,  he  continually  had  to  infer  the  nature  of  the  students'  thinking  and  hypothesize  potential 
growth  based  on  his  inferences.  The  tension  of  responding  to  the  students'  thinking  and  working 
towards  the  teacher's  learning  goal  is  discussed  in  depth  in  (Simon,  in  press). 

Analysis  of  students'  responses  led  to  a  characterization  of  levels  of  justification  as  follows: 


BEST  COPY  AVAILABLE 


443 


Volume  2 


Uvcl  0  •  Responses  identifying  motivations  that  do  noj  address  justification,  ("Why?"  is  interpreted  as  a 

question  of  motivation  rather  than  validity); 
Level  1  •  Appeals  to  external  authority; 
Level  2  -  Empirical  demonstrations; 

Level  3  -  Deductive  justification  that  is  expressed  in  terms  of  a  particular  instance  (This  level  is  not  seen 

in  the  episode  presented.);  and 
Level  4  -  Deductive  justification  that  is  independent  of  particular  instances. 

These  levels  represent  a  progression  from  reliance  on  externally  determined  validity  (level  I)  to 
an  engagement  with  the  mathematical  relationships  that  provide  the  connections  between  results  and 
known  initial  conditions  and  that  are  based  on  e  group's  taken-as-shared  knowledge  (levels  3  and  4). 
These  levels  are  consistent  with  the  classification  of  justifications  previously  done  by  Balacheff  (1987) 
and  Van  Dormolen  (1977). 

The  episode  presented  is  noi  one  in  which  the  students  spontaneously  seek  to  validate  an  idea. 
As  a  result  of  their  examination  of  the  inductive  evidence  (and  perhaps  their  past  encounters  with 
authoriutive  sources),  the  CEM  students  were  persuaded  that  the  multiplication  of  length  times  width 
was  an  appropriate  method  for  counting  the  total  number  of  rectangles  and  were  unlikely  to  search  for 
another  method  of  validation.  The  teacher,  aware  of  the  power  of  deductive  argument  and  its 
importance  in  other  mathematical  communities,  attempted  to  establish  deductive  justification  as  a  part  of 
the  classroom  culture.  (This  is  an  example  of  what  Cobb,  Yackel,  and  Wood  (1988)  refer  to  as 
"mathematical  accultu ration. ")  The  teacher's  primary  strategy  for  negotiating  with  the  class  what  would 
count  as  a  justification  was  to  focus  the  discussion  on  why  multiplication  was  appropriate  and  whether 
they  could  create  compelling  arguments  that  the  pattern  ilwiyjs  holds.  The  question  of  why 
multiplication  is  appropriate  was  an  attempt  to  promote  discussion  beyond  what  is  the  pincm?  to  wJiy 
does  this  pattern  exist?  This  further  level  of  discussion  Involves  students  in  understanding  how  the 
method  works,  the  relational  aspects  of  the  mathematics  in  question  (Hanna's  (1990)  "proofs  that 
explain").  Thus,  the  move  from  inductive  to  deductive  justification  involves  not  only  reconstituting 
what  it  means  to  justify  (in  the  context  of  this  mathematics  community),  but  also  understanding  the 
particular  mathematics  content  and  negotiating  what  it  means  to  understand. 

Our  analysis  of  data  supports  the  idea  that  mathematical  justification  is  a  cognitive  and  a  social 
process,  the  process  of  working  within  socially  constituted  and  accepted  modes  of  establishing  validity 
to  collectively  determine  what  is  cognitivery  compelling.  Establishing  a  mathematical  justification 
involves  developing  an  argument3  which  builds  from  the  community's  taken-asshared  knowledge. 
Initially  these  modes  of  establishing  validity  must  be  established.  Although  the  teacher  plays  a  key  role 
in  this  process,  he  cannot  impose  these  norms.  In  episode  1,  we  see  that  even  after  Molly  provides  her 
deductive  justification,  other  students  continue  to  respond  to  requests  for  justification  based  on  their 
experience  with  mathematical  validation  in  other  settings.  The  mutual  constitution  of  standards  for 
mathematical  justification  is  an  active  and  ongoing  process  of  all  those  involved.  The  shift  from  old  to 
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new  mathematics  education  paradigms  is  not  a  one  lime  event.  Students  condnuc  to  operate  sporadically 
out  of  the  old  paradigm  even  as  they  arc  productive  in  the  new. 


Footnotes 

1  This  material  is  based  upon  work  supported  by  the  National  Science  Foundation  under  Grant  No.  TPE- 
9050032.  Any  opinions,  findings,  and  conclusions  or  recommendations  expressed  in  this  material  are 
those  of  the  authors  and  do  not  necessarily  reflect  the  views  of  the  National  Science  Foundation. 

2A  longer  paper,  which  analyzes  three  episodes  and  raises  a  broader  range  of  issues,  is  available  from 
the  authors. 

^Argument  is  used  broadly  here.  It  is  not  meant  to  exclude  justification  by  presentation  of  empirical  evidence 
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"Mors  than  Repeated  Addition"  ■  Assessing  and 
Enhancing  Pedagogical  Contant  Knowledge  about 
Multiplicative  Structures 

Christine  L.  Ebert  and  Susan  B .  Taber 
The  University  of  Delaware 

This  study  examined  prospective  elementary  teachers' 
pedagogical  content  knowledge  ot  multiplicative  structures.  The 
teachers  were  assessed  on  a  variety  ot  tasks  to  measure  their 
initial  ability  to  recognize  and  differentiate  multiplicative 
structures  and  how  those  abilities  changed  as  a  result  of  the 
experiences  in  the  methods  course.  The  findings  suggest  that  the 
teachers  experienced  reasonable  success  in  categorizing 
multiplication  problems.    However,  they  had  more  difficulty 
constructing  multiplication  problems  that  conformed  to  a 
particular  structure  and  their  success  at  categorization  was 
fragile  when  confronted  with  more  open-ended  tasks. 

Conceptual  Framework 

Shulman' e  definition  of  pedagogical  content  knowledge  as  "the 
knowledge  which  goes  beyond  knowledge  of  eubject-matter  per  se  to 
the  dimension  of  subject  matter  knowledge  for  teaching*1  (Shulman, 
1986,  p. 9)  served  as  a  working  definition  for  this  study.  That 
Is,  for  mathematics,  pedagogical  content  knowledge  Includes  "the 
moat  useful  representation  of  those  ideas,  the  most  powerful 
analogies,  illustrations,  examplee,  explanations, 
representations,  and  demonstrations  -  in  a  word  the  ways  of 
repreeenting  and  formulating  the  subject  that  make  it 
comprehensible  to  others"  (Shulman,  1986,  p. 10).  We  also  utilized 
a  model  of  the  transformation  of  subject-matter  knowledge  into 
pedagogical  content  knowledge  which  emphasizes  the  influence  of 
beliefs  about  the  learner  and  the  content  on  pedagogical  content 
knowledge.     Thus,  this  study  examined  subject-matter  knowledge 
with  reepect  to  a  epecific  content  area  and  how  that  subject- 
matter  knowledge  changed  as  a  result  of  experiences  in  the 
methods  class. 
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Multiplication  was  chosen  as  the  content  doaain  for 
investigation  because  Multiplicative  structures  are  a  Major 
component  of  the  Middle  gradea  curriculua  and  these  structures 
sre  often  poorly  understood  by  students,  including  college 
students  (Graeber  t  Tiroeh,  1988).  Taber's  (1993)  analysis  of 
students'  strategies  for  solving  vsrioua  kinds  of  Multiplication 
probleas  docusents  the  strong  aasociationa  Many  students 
construct  between  the  operation  of  division  and  soae  kinds  of 
multiplicative  situations.  If  teachere  are  to  help  students 
recognize  Multiplicative  structures,  then  their  pedagogical 
ccntent  knowledge  should  include  the  ability  to  recognize  varioua 
kinds  of  Multiplicative  structures.    We  not  only  exaained 
prospective  teachers'  understanding  of  Multiplicative  structures, 
but  gave  essignMents  that  encouraged  thee  to  extend  their  content 
knowledge  and  pedagogical  content  knowledge. 


The  subjects  were  39  prospective  eleaentary  teachere  enrolled 
in  a  Mathematics  Methods  course  st  a  Major  state  univeraity.  All 
of  the  eubjecte  participated  in  all  of  the  tasks  except  for  the 
final  task,  the  card  aort.     Seven  aubjecta  were  chosen  for  the 
card  sort  taak  on  the  baaia  of  their  pretest  performance  -  2 
high,  2  Middle,  and  3  low.     The  Eleaentary  Methods  course 
provided  an  opportunity  to  assess  aubjact-aetter  knowledge  and 
the  initial  process  of  tranaforaing  subject-matter  knowledge  into 
pedagogical  content  knowledge.    During  the  course,  exaaplea  of 
varioua  Multiplicative  structuree  (equsl  grouping,  part-whole, 
coapsre,  array,  and  Carteaian  product)  were  diecuaaed.  Writing 
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narrative  problems  for  specific  numerical  exasplea  was  a  typical 
class  activity  and  homework  assignment. 

Ths  tsachars  were  given  four  teaks  daeigned  to  assess 
pedagogical  content  knowledge  of  multiplicative  etructuree.  The 
firet  wae  e  pre-  and  poattest  of  12  narrative  problems  comprissd 
of  4  part-whole,  4  compare,  and  4  dietractore.    The  teachers  were 
directed  to  write  an  expreeeion  that  would  solvs  ths  problem. 
Ths  posttsst  consisted  of  the  ease  12  problems  given  14  weeke 
later.     Subjecte  did  not  see  their  preteet  at  any  time  during  the 
eemeeter  and  the  epecific  probleme  were  not  diecuesed. 

The  eecond  taek  involved  writing  a  narrative  example  of  a 
multiplication  problem  for  each  of  the  following  eymbolic 
problems: 

a)   5/8  *  56     b)   143  *  27     c)    .65  *  42     d)   2/3  *  4  1/5 
e)    .53  *  .8 

Though  etudente  were  encouraged  to  write  a  narrative  example  of 
each  of  the  multiplicative  etructuree  deecribed  in  class  (  equal 
grouping,  pert-whole,  compare,  array,  and  Cartesian  product), 
many  found  thie  to  be  extremely  difficult,  given  the  numerical 
conetreinte  of  the  problems,  and  moet  wrote  equal  grouping  or 
part-whole  probleme. 

The  third  task  involvsd  analyzing  narrative  multiplication 
probleme  in  terms  of  the  multiplicative  etructures  discussed  in 
claee.    The  teachere  were  directed  to  ask  4  of  their  friends  to 
write  narrative  probleme  for  each  of  the  5  numerical 
multiplication  problems.    The  teachere  were  then  to  categorize 
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and  analyze  the  multiplicative  etructures  of  thsir  problems  and 
their  friends'  probleme  (25  in  all). 

The  fourth  task  involved  7  teachers  who  were  given  16  carde 
with  narrative  Multiplication  problems  (7  compare,  4  part-whole, 
3  equal  grouping,  i  array,  and  1  Cartesian  product)  and  directed 
to  categorize  the  problems  in  any  way  that  esemed  reasonable  to 
thee. 


The  pretest,  posttest,  and  the  card-sort  ware  analyzed  for 
changes  in  the  teachere'  ability  to  recognize  Multiplicative 
etructures  and  discern  structural  eimilaritiee  in  Multiplication 
problems  with  different  kinds  of  numbers.    The  analysis  task 
provided  a  Measure  of  their  ability  to  write  problems  that 
conforMed  to  a  particular  structure  and  to  analyze  the  atructure 
of  the  Multiplication  problems  written  by  others. 

The  preteet  Measured  recognition  of  the  Multiplicative 

structure  of  4  part-whole  and  4  coMpere  probleme;  the  Mean  number 

of  correct  responses  wae  5.33  with  a  etandard  deviation  of  1.90. 

Teachers  had  the  greatest  success  on  two  of  the  compare  probleMs 

(97%  and  100%)  and  the  Most  difficulty  on  two  part-whole  problems 

(36%  on  both).     Examples  of  theee  are  provided  below: 

Compare  A  email  bottle  of  perfume  containe  7/8  ounce.  A 
larger  bottle  contains  3  times  that  amount.    How  much  perfume 
ie  in  the  larger  bottle? 

Part-whole  a  bicyclist  seta  out  on  a  trip  of  487  miles.  He 
etope  for  a  reet  after  going  .05  of  the  dietance.     How  far 
has  hs  traveled? 

On  the  most  difficult  problems  50  %  of  the  teachers  wrote 

divieion  rather  than  multiplication  expressions  (49%  and  54%). 

It  was  not  merely  the  preeence  of  a  rational  number  in  the 
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problem  that  affected  their  eucceee,  but  the  nature  of  the  number 
that  vae  the  multiplier.  Teachere  were  much  more  successful  on 
problems  with  whole  number  multipliers  than  on  probleme  in  which 
the  multiplier  was  a  rational  number  less  than  one. 

On  the  poetteet  the  teachers  improved  by  one  approximately  1 
problem  with  17/39  choosing  correct  operations  for  all  of  the 
probleme.    The  mean  was  6.51  with  a  standard  deviation  of  1.54. 
The  same  problems  as  on  the  pretest  were  easiest  and  most 
difficult;  however,  fewer  teachers  chose  division  as  the 
operation  for  thoee  difficult  problems  (13%  and  28%).  Clearly, 
the  teachers  improved  in  their  ability  to  recognize 
multiplicative  etructures  in  these  problems. 

On  the  writing  sad  analysis  teek  (II)  the  teachers  were 
successful  at  recognizing  nultiplicativs  structures  but 
experienced  difficulty  writing  problems  that  conformed  to  a 
particular  structure.     For  the  problem  143  *  27,  most  wrote  equal 
grouping  problems  and  on  problsms  with  one  or  more  rational 
number  factors,  most  attempted  to  write  part-whole  problems. 
Whsn  there  were  two  rational  nusber  factors,  24%  of  ths  attenpte 
to  write  narrative  problems  were  uneuccessful .    Teachers  made  few 
errors  in  identifying  the  structures  of  the  problems  they  wrote 
for  the  three  examplee  with  at  least  one  whole  number  factor,  but 
11  of  the  39  not  name  the  correct  etructure  for  the  problems  they 
wrote  for  2/1  *  4  1/5  and  15  could  not  for  .53  *  .8.  The 
teachers  experienced  little  difficulty  in  correctly  Identifying 
the  multiplicative  structures  of  the  problems  written  by  their 
friends,  which  were  mostly  part-whole  or  equal  grouping. 
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The  chief  source  of  difficulty  in  their  analyses  was  in 

discriminating  between  equal  grouping  and  part-whole  probleme  on 

the  one  hand  and  unsuccessful  attempts  to  write  euch  problems  on 

the  other  hand. 

Their  comments  in  their  analyses  of  these  problems  reflect 

their  changing  beliefs  about  the  nature  of  multiplication.  Class 

diecussione  prior  to  thie  aseignment  revealed  that  their  initial 

concept  of  multiplication  was  that  of  repeated  addition.  Through 

writing  and  analyzing  these  problems,  the  teachers  gained  an 

awareness  of  the  difficultiee  involved  in  conetructing 

multiplicative  situations  to  fit  problems  like  2/3  *  4  1/5  and 

.53  *  .8  and  of  the  variety  of  situations  that  can  be  repreeented 

by  the  multiplication  operation.     The  comments  of  many  of  the 

teachmre  are  repreeented  by  this  excerpt  from  Allieon'e  analyeie. 

Ai  though,  I  must  take  into  consideration  that  my  friends  are 
guite  intelligent  and  vers  taking  this  experiment  quite 
seriously,  all  four  of  them  struggled  vith  the  problems  for 
extended  periods  of  time. 

The  goal  of  the  card-eort  taek  (III)  was  to  determine  whether 
the  prospective  teachers  could  discern  eimilarities  in 
multiplicative  etructuree  among  problems  with  different  kinde  of 
numbers  and  to  further  illuminate  their  underetanding  of 
multiplicative  structuree.     Though  thoee  who  participated  were 
choeen  to  represent  a  range  of  understanding  based  on  the 
pretest,  the  card-sort  taek  revealed  that  for  5  of  the  7  eubjects 
ths  most  salient  feature  was  ths  naturs  of  the  multiplier  (whole 
number  or  rational  number  lees  than  one) .     Their  classification 
strategies  ranged  from  an  integrated  underetanding  of 
multiplicative  etructuree  in  which  both  problem  action  and  the 
type  of  multiplier  were  ueed  to  determine  problem  categories  to 
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schemes  in  which  categories  were  determined  by  contextual 
features.     Several  grouped  all  problems  with  whole  number 
Multipliers  except  the  Csrtesisn  product  into  a  category  that 
they  called,  variously,  "repeated  addition",  "ratios  or 
proportions" ,  or  "simple  Multiplication" .     Similarly,  othere 
grouped  all  problems  with  frsction  or  decimal  multipliers 
together  in  group  called  "part-whole"  or  "percent  of  a  whole."  Mo 
ons  categorized  sll  of  ths  problems  according  to  the  problem 
action. 

Conclusion 

Ths  rssults  provide  convergent  evidence  that  many 
prospectivs  tsachers  wsrs  sbls  to  recognize  that  part  of  a 
quantity  can  be  found  through  multiplication  by  a  number  less 
thsn  ons,  though  some  persisted  in  their  understanding  of  this 
situation  as  s  division  opsrstion.    Results  of  the  problem 
analysis  and  card-sort  task  indicate  that  the  teachers  were  more 
successful  on  directed  than  on  open-ended  tasks,  suggesting  some 
teachers'  knowledge  of  multiplicstive  structures  was  fragile  and 
dependent  on  the  context  of  the  task.    Thus,  while  the 
experiences  provided  in  the  methods  class  facilitated  the 
transformation  of  subject-matter  knowledge  into  pedagogical 
content  knowledge,  they  also  indicate  the  necessity  of  strong 
subjsct-mstter  knowledge. 
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CHARACTERISTICS  OF  MODELS  FOR  THE  DEVELOPMENT  OF  MATHEMATICS 
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Center  for  the  Development  of  Teaching,  Education  Development  Center 

To  guide  efforts  to  help  teachers  create  mathematics  practice  which  is  consistent  with  the  current  reform 
movement,  we  think  that  it  is  important  to  begin  developing  models  of  the  process  of  teacher  change,  We 
propose  a  set  of  four  components  to  consider  in  formulating  models  of  the  process  of  teacher  change:  (I) 
qualitative  reorganizations  of  understanding;  (2)  orderly  progression  of  changes;  (3)  the  contexts  and 
mechanisms  by  which  transitions  are  effected;  and  (4)  individual  motivational  and  dispositional  factors. 

The  current  mathematics  reform  movement  has  recognized  that  new  forms  of 
mathematics  teaching  will  be  needed  to  support  the  proposed  curricular  reforms.  If  students 
are  to  learn  mathematics  for  understanding,  they  are  going  to  have  to  be  taught  in  a  way  that 
encourages  them  to  experience  mathematics  as  a  subject  area  that  can,  in  fact,  be  understood. 
To  this  end,  conventional  instructional  strategies  will  need  to  be  supplanted  by  new  forms  of 
teaching. 

Because  these  new  /orms  represent  a  radical  departure  from  traditional  instruction,  the 
motivation  for  helping  teachers  to  reform  their  mathematics  prrctice  is  very  high.  Yet  the 
means  by  which  teachers  develop  their  practice  are  as  yet  little  understood.  It  is  critical  that 
we  develop  some  models  for  the  growth  of  teaching  practice  if  we  are  to  succeed  in 
stimulating  such  change  on  a  wide  scale. 

We  propose  drawing  upon  cognitive-developmental  theories  to  stimulate  the  process  of 
model  building.  While  different  theories  of  cognitive  development  offer  different  accounts  for 
the  processes  of  intellectual  growth,  they  all  address  several  core  issues:  (1)  qualitative 
reorganizations  of  understanding;  (2)  progression  of  changes;  and  (3)  transition  mechanisms. 
To  these  three  components  we  propose  to  add  a  fourth,  (4)  individual  motivational  and 
dispositional  factors.  Models  for  transforming  mathematics  teaching  which  are  based  on  these 
four  components  will  have  the  advantage  of  being  grounded  in  principles  of  intellectual 
development  which  are  heuristically  powerful.  Below  we  consider  how  researchers  might 
begin  to  think  about  these  four  components  of  change  with  respect  to  the  development  of 
mathematics  teaching. 

Qualitative  Change.  Theories  of  cognitive  development  begin  with  descriptions  of  the 
state  of  individuals'  understanding  at  different  points  in  time:  often  thes?  different  states  are 
assumed  to  represent  qualitatively  different  mental  organizations  which  are  (re)constructed 
over  time  by  the  learner.  In  developing  models  of  changing  mathematics  practice,  the  field 
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will  need  to  determine  whether  it  is  possible  to  describe  qualitatively  different  stages,  or  levels, 
of  teaching. 

Current  research  and  intervention  projects  are  beginning  to  provide  some  descriptions 
of  changing  teaching  practices  (for  example,  Cobb,  Wood,  &  Yackel,  1990;  Fennema,  Carpenter 
&  Loef,  1990;  Hart  et  al.,  1992;  Lampert,  1991).  There  have  also  been  two  recent  efforts  to  begin 
framing  descriptions  of  teacher  transformation  with  respect  to  levels  of  teaching  practice 
(Schiftcr  &  Simon,  1992;  Thompson,  1991).  Both  of  these  formulations  seek  to  characterize  the 
development  from  traditional  forms  of  mathematics  instruction  to  teaching  which  is  grounded 
in  a  constructivist  epistemology,  and  propose  similar  kinds  of  levels  of  practice.  Both  also 
maintain  that  developmental  models  of  mathematics  teaching  will  need  to  account  for 
qualitative  change  in  three  "strands"  of  the  craft:  (1)  epistemology  as  it  shapes  classroom 
practice;  (2)  personal  understanding  of  mathematics  as  it  shapes  classroom  practice;  and  (3) 
instructional  strategies. 

The  levels  of  teaching  in  both  frameworks  describe  movement  from  beliefs  about  the 
"transmissibility"  of  knowledge  toward  beliefs  about  its  "constructivity."  Teachers' 
relationships  with  their  students  and  with  mathematics  itself  also  begin  to  change  as  they 
become  less  intent  on  helping  students  to  acquire  facts  and  procedures  and  more  involved  in 
building  on  what  (and  how)  their  students  understand.  At  the  final  level,  Schifter  and  Simon 
and  Thompson  each  describe  a  kind  of  teaching  which  is  qualitatively  different  from  the 
current  norm. 

Orderly  change.  A  second  characteristic  of  developmental  theories  is  that  the 
progression  of  stages  is  assumed  to  be  sequential  and  invariant  (Case,  1985;  Fischer,  1980; 
Piaget,  1970;  Werner,  1948).  Although  not  considered  to  be  teleological,  cognitive 
development  is  viewed  as  growth  toward  increasingly  more  complex,  differentiated,  and 
mature  forms  of  knowing.  This  growth  proceeds  according  to  a  single,  fixed  order,  whereby 
the  challenges  to  be  faced  and  resolved  in  the  present  stage  become  the  base  from  which  the 
next  stage's  challenges  are  created. 

The  view  of  stage  progression  as  unitary  and  invariant  holds  at  some  levels  of  analysis 
and  not  at  others.  When  taking  a  broad  view,  viewing  cognitive  development  as  the  growth  of 
the  logical  thinking,  it  is  possible  to  maintain  that  development  is  characterized  by  inexorable 
forward  movement  according  to  a  single  pathway.  When  the  focus  is  on  the  development  of 
understanding  in  more  particular  content  domains,  however,  the  strong  form  of  the  claim  is 
not  necessarily  substantiated. 

Formulating  specific  models  for  the  development  of  mathematics  teaching  should 
include  some  treatment  of  this  general  Issue  of  order.  Rather  than  searching  for  strictly 
ordered  change,  however,  we  would  propose  that  models  of  mathematics  teaching  investigate 
its  orderliness.  By  this  we  mean  that  there  are  aspects  of  the  process  that  are  predictable,  given 
an  understanding  of  a  teacher's  current  "profile"  with  respect  to  the  three  strands  of 


epistemology,  mathematical  understanding,  and  practice,  but  not  that  there  is  a  single,  fixed 
sequence  through  which  teachers  change.  For  example,  some  teachers  may  find  that  they  need 
to  develop  a  deeper  personal  mathematical  understanding  before  they  teach  as  effectively  as 
they  would  wish.  Others  may  find  their  greatest  challenge  lies  in  understanding  their 
students'  thinking. 

We  imagine  some  relatively  small  number  of  different  pathways  that  teachers  take  as 
they  seek  to  change  their  practice.  Among  other  factors,  these  pathways  would  depend  on 
how  developed  each  of  the  three  contributing  strands  are  when  teachers  decide  to  make 
substantial  changes;  on  the  kind  of  external  support  and  encouragement  they  receive  for 
making  changes;  and  on  their  own  motivational  and  dispositional  makeup.  Researchers  might 
choose  to  direct  their  attention  to  exploring  whether  or  not  this  claim  is  supported  empirically 
and,  if  so,  they  might  begin  to  map  out  some  of  the  alternative  pathways. 

Mechanisms  of  change.  A  third  characteristic  of  developmental  theories  is  that  they 
propose  mechanisms  tc  account  for  transitions  from  one  stage  of  understanding  to  another. 
As  such,  they  are  a  key  theoretical  element  for  those  seeking  to  facilitate  change  rather  than  to 
describe  it,  for  it  is  thought  that  finding  ways  to  activate  these  mechanisms  will  stimulate 
development.  Current  theories  of  cognitive  development  emphasize  both  psychological  and 
sociocultural  mechanisms  of  change. 

At  the  psychological  level,  the  emphasis  has  been  on  those  mechanisms  that  promote 
individuals'  reorganization  of  their  own  knowledge  and  understanding.  Traditional  Ptagetian 
theory  emphasizes  processes  of  assimilation  and  accommodation,  by  which  individuals  seek  to 
reduce  the  disequilibrium  between  their  current  knowledge  and  those  experiences  in  the 
world  which  challenge  that  understanding  (Piaget,  1970).  It  has  recently  been  proposed  that 
there  are  other  transition  mechanisms  which  do  not  involve  the  experience  of  cognitive 
conflict.  These  involve  processes  by  which  individuals  can  consolidate  and  reflect  on  their 
understanding  through  mechanisms  of  "proceduralization,"  by  which  behaviors  become 
.  increasingly  routine  and  automatic,  and  "explicitation,"  by  which  individuals  come  to 
represent  knowledge  that  was  previously  available  only  through  action  (Karmiloff-Smith, 
1992).  Still  other  theorists  have  proposed  that  cognitive  development  proceeds  by  processes  of 
the  differentiation  and  integration  of  cognitive  schemas  (Werner,  1948),  or  the  increasingly 
abstract  representation  and  coordination  of  skills,  schemas,  and  executive  control  structures 
(Case,  1985;  Fischer,  1980).  What  ail  of  these  mechanisms  share  in  common  is  the  emphasis  on 
internal,  psychological  processes  of  change. 

Other  theorists  take  a  more  socially-embedded  view  of  cognitive  development,  arguing 
that  the  construction  of  knowing  is  not  simply  a  matter  of  individual,  solitary  construction  of 
understanding,  but  a  dialectical  process  firmly  grounded  in  a  system  of  social  relations 
(Broughton,  198;  Cole,  1985;  Lave,  1988;  Vygotsky,  1978).  These  theorists  emphasize  that  all 
bodies  of  knowledge  are  social  constructionsnot  only  individuals'  personal  understanding,  but 
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also  the  very  disciplines  that  we  each  seek  to  know  and  the  social  organizations  in  which  we 
study,  work,  and  play. 

It  is  Vygotsky's  writings  about  culture,  thought,  and  development  that  have  received 
the  most  attention  within  the  American  psychological  community.  Within  this  perspective, 
qualitative  restructurings  of  thought  are  related  to  the  acquisition  and  use  of  powerful  new 
tools  and  signs  for  mediating  thought  (Vygotsky,  1978;  Wertsch,  1985).  These  tools  and  signs 
are  cultural  creations,  and  help  to  shape  the  structure  and  organization  of  individual  thought 
by  emphasizing  particular  socially  valued  relationships  and  reasoning  processes. 

The  mechanism  for  intellectual  change  here  would  lie  in  the  individual's  acquisition  and 
exercise  of  the  socially  constructed  tools  and  signs.  These  are  acquired,  in  part,  through 
socially  mediated  interventions  within  the  individual's  zone  of  proximal  dtvtlopment~th*\ 
"space"  between  the  individual's  current  level  of  intellectual  functioning  and  his  or  her 
potential  for  understanding  as  assessed  by  success  in  problem  solving  situations  that  are 
guided  by  adults  or  more  cognitively  sophisticated  peers  (Vygotsky,  1978;  Wertsch,  1985). 

Little  work  in  mathematics  education  currently  focuses  specifically  on  either  the 
psychological  or  sociocultural  mechanisms  of  teacher  change,  although  there  are  a  number  of 
intervention  projects  currently  exploring  different  models  for  inservice  professional 
development  which  may  yield  information  about  these  mechanisms  (Cobb,  Wood,  &  Yackel, 
in  press;  Fennema,  Carpenter,  &  Peterson,  1989;  Hart  et  al.,  1992;  Schifter  &  Fosnot,1993).  We 
would  encourage  systematic  study  of  both  psychological  and  sociocultural  mechanisms  in 
investigations  of  the  process  by  which  teachers  develop  new  forms  of  mathematics  practice. 

Missing  Elements:  Motivation  and  Disposition.  Modem  theories  of  development 
have  paid  relatively  little  attention  to  the  influence  of  motivational  factors  on  learning.  While 
there  have  been  some  recent  efforts  to  integrate  emotional  factors  into  discussions  of 
intellectual  development  (Case,  1988;  Fischer  &  Lambom,  1989)  there  has  yet  to  be  a  well- 
developed  account  of  what  leads  people  to  undertake  the  often  difficult  and  frustrating  task  of 
reconstructing  their  understanding.  A  complete  model  for  the  development  of  mathematics 
teaching,  however,  should  include  considerations  of  the  effect  of  motivational  processes  and 
individual  dispositional  factors  on  the  course  of  teachers'  developing  practice. 

Perhaps  the  simplest  reason  is  that  people  are  motivated  to  undertake  significant 
change  when  they  feel  the  need  to  do  things  differently.  In  the  case  of  mathematics  teachers, 
this  "felt  need"  for  change  can  originate  in  many  places--a  desire  to  "be  current"  pedagogically, 
a  sense  that  standard  teaching  methods  are  not  adequately  serving  some  students,  a 
recognition  that  their  students  have  a  considerable  amount  of  intuitive  understanding  that  is 
not  being  invoked  in  traditional  curricula  or  activities,  a  strong  mandate  from  administrators. 
This  initial  motivation  is  extremely  Important,  and  those  who  seek  to  provide  professional 
development  for  teachers  need  to  know  how  to  encourage  them  to  find  a  compelling  reason  to 
undertake  the  task  of  transforming  their  practice.  Beyond  this,  however,  is  the  importance  of 
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understanding  more  about  what  tops  teachers  motivated  to  work  on  their  teaching  during 
.hose  times  when  it  may  feel  terrifying,  seemingly  unproductive,  frustrating,  boring,  and  even 
"business-worse-than-usual."  Schifter  and  Fosnofs  (1993)  case  studies  of  mathematics  teachers 
in  transition  suggest  that  courage  is  an  important  ingredient  in  the  motivation  equation. 

In  addition  to  understanding  more  about  motivational  factors  which  help  to  .mpel  and 
sustain  teachers'  efforts  to  reconstruct  their  mathematics  practice,  we  propose  that  certain 
individual,  dispositional  characteristics  are  likely  to  influence  teachers'  actual  course  o 
development.  These  dispositional  factors-teachers'  particular  interpersonal  and  intellectual 
orientations  to  the  world-will  influence  the  ways  in  which  they  approach  and  resolve  certam 
kinds  of  issues  about  students,  classroom  structure  and  functioning,  use  of  curriculum 
materials,  relations  with  parents,  colleagues,  and  administrators,  and  so  on.  AU  teachers  w,ll 
encounter  these  issues  in  some  form  or  another,  but  the  nature  of  their  experiences  w.th  them 
may  vary,  in  par,  as  a  function  of  their  own  internal  psychologies.  What  may  provide  a 
welcome  opportunity  for  reflection  and  development  for  some  teachers  may  become  senous 
stumbling  blocks  for  others,  and  perhaps  non-issues  entirely  for  other  teachers. 

General  Directions  for  Future  Research.  By  identifying  that  which  is  orderly  about  the 
development  of  mathematics  leaching  researchers  will  be  able  to  create  a  kind  of  road-map  of 
«he  process.  This  road-map,  together  with  the  understanding  of  the  mechanisms  of  change, 
and  the  ways  that  these  interact  with  motivational  and  dispositional  factors,  can  help  to  gu.de 
the  design  and  planning  of  intervention  programs  which  aim  to  help  teachers  work  toward 
developing  new  forms  of  mathematics  practice. 

Currently  there  is  little  systematic  information  about  how  teachers  in  the  process  of 
changing  their  mathematics  practice  encounter  and  resolve  the  kinds  of  issues  described 
above  At  present,  therefore,  we  can  neither  characterize  the  process  of  teacher  change  in  any 
general  way,  nor  can  we  hope  to  facilitate  the  process  by  being  able  to  recognize  certam 
familiar  dilemmas,  crises,  or  choice  points  and  understanding  something  about  the  typical 
range  of  ways  through  them.  If  we  are  to  do  so,  we  will  need  to  supplement  the  current  case 
study  approach  with  longitudinal  studies  of  larger  cohorts  of  teachers  engaged  in  changing 
their  practice.  These  will  be  particularly  useful  for  providing  information  about  the  range  and 
variation  present  in  the  process  of  constructing  new  forms  of  practice. 
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PRESERVICE  ELEMENTARY  TEACHERS'    EXPLANATIONS  Or 


ACHIEVEMENT  IN  MATHEMATICS 
Erik*  Kuendlger,  Claude  Gaulin,  David  Kellenbergar 
University  of  Nindeor,  Laval  Onivereity,   Univereity  of  Mindaor 

Preeervice  elementary  teacher*  from  Quebec  and  Ontario  vera  compared  aa 
to  the  ceusal  attribution*  they  used  to  explain  mathematical  achievement. 
Subject*  vere  aaJted  to  explain  their  own  former  achievement  and  the 
achievement  of  a  high-  and  a  low-achieving  atudent.     The  Ontario  group 
attributed  achievement  more  to  "ability"  and  less  to  "eaay  aubject*  when 
explaining  both  their  own  and  a  high -achieving  atudent  compared  to  the 
Quebec  group.     Moreover,   the  attributione  uaed  by  the  two  group*  suggest 
they  had  different  perceptions  about  the  role  of  the  teacher  in  explaining 
achievement. 

The  relevancy  of  teachere'  perceptione  for  etudent  learning  has  been 
well  documented   (see  e.g.  Clark,  1988;  Clark  £  Peteraon,   1986;  Cooper  & 
Good,   19  83)  .    Motivation  theory  baaed  on  attributione  hae  been  widely  uaed 
ee  a  framework  to  explain  how  teachers'  perceptione  influence  etudent 
echievement.     Some  important  results  are  aummarized  below: 

1)  Teachers'  attributions  used  to  explain  students'  achievement  are  related 

to  the  expectation  teachera  hold  for  atudents'  achievement   (Cooper  & 
Lowe,   1977;  Cooper  &  Good,  1983  p.  97  ff.). 

2)  Teachere  use  different  feedback  et-retegiee.  depending  on  how  they 

attribute  students'  achievement   (Cooper  fc  Good.  1983,  p.  101  ff.). 

3)  The  cauaal  attributions  Btudente  uee  to  explain  their  own  achievement  are 

Bimilar  to  those  attributione  teachers  use  to  explain  these  students' 

achievement   (Darom  fc  Bar-Tal,  1981). 
Closure  of  thia  line  of  reasoning  ie  reached  by  the  fact  that  atudenta' 
achievement  and  their  cauaal  attributione  are  interrelated  by  a  proceaa 
model  of  the  echievement  motive  (Heckhauoen,   1974;  Heckhausen,   Schmalt  & 
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<   Schneider,   1985  p.  129  ff.j  Kuendiger,  1990,  p.  11  ££.). 

The  importance  of  teachers'  achievement -related  perceptions  raises  a 
number  of  questions.     For  example,  what  perception!  are  held  by  those 
individuali  who  plan  to  become  teachers  and  do  they  differ  in  the  way  they 
attribute  similar  achievement?    To  partially  answer  the  latter  question,  the 
achi evement- relet ed  '  perceptions  held  by  preservice  elementary  teachers  from 
two  Canadian  provinces  were  compared.     The  attributione  they  used  to  explain 
thsir  own  former  achievement  es  well  ae  students'  achievement  in  maLuamatics 
were  investigated.     The  data  provided  below  were  gathered  ae  part  of  a 
larger  research  project   (Kuendiger,  Gaulin  6  Kellenberger.   199  2) . 

Subjects  were  266  preservice  elementary  teachers  enrolled  in  their 
firet  year  of  a  three -year  program  at  Laval  University,  Quebec  City,  Quebec, 
and  167  preservice  elementary  teachere  enrolled  in  a  ons-year  program  at  the 
University  of  Windsor,  Ontario.     The  following  information  wae  gathered  via 
a  questionnaire; 

1)  Preservice  teachers'  perceptions  about  themselves  as  former 
learners  of  mathematics 

•perceived  former  achievement  in  mathematics: 

Subjects  were  asked  to  indicate  their  achievement  level  during  their 
own  schooling  on  a  5-point  scale, 
-attributione  of  the  above  achievement: 

Five  attributions  were  provided  which  are  commonly  associated  with 
high  achievement   (ability,   effort,   interest,   easy  eubject  and  good 
teaching)    together  with  the  corresponding  attributione  comoonly 
associated  with  low  achievement.     Preservice  teachers  were  asked  to 
indicete  which  of  these  reasons  they  considered  to  be  "moat 
applicable"  and  "somewhat  applicable"  to  explain  their  achievement. 
2)  Their  perceptiona  about  the  mathematical  achievement  of  two 
hypothetical  students 

•ettributions  of  a  high-  and  e  low-achieving  etudent: 
Questions  were  structured  in  the  same  manner  ea  the  question  related 
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to  the  attribution  of  their  own  achievement,     ror  a  high-achieving 
student,   the  five  attributions  relatsd  to  high  achievement  wars 
provided  together  with  the  additional  attribution  "advanced  cognitive 
dsvelopmenf.     For  a  low-achisving  student  the  corresponding  reasons 
were  provided. 

Likelihood  ratio  X»- tests  were  ussd  to  compare  the  responses  of  the  two 
groups  of  preservice  teachers. 

Prsservice  teachers  from  Quebec  and  Ontario  did  not  differ 
significantly  in  their  perceived  former  achievement  (X1  (1 ,N-453) -2.030, 
p>0.01).    The  median  of  each  group  was  between  "average-  and  -above 
average".     Since  most  preservice  teachers  judged  their  performance  as  above 
average,   it  was  not  surprising  that  attributions  commonly  associated  with 
high  achievement  were  generally  mentioned  more  often  than  those  related  to 
low  achievement   (see  Figure  1).    Although  the  two  groups  used  similar 
attributions  to  sxplain  both  their  own  achievement  as  well  as  students' 
achievement   (see  Figures  1  and  2)  some  significant  differsncss  were  found. 

Of  particular  importance  were  those  attributions  for  which  the  two 
groups  differed  significantly  when  explaining  both  their  own  and  students' 
achievement.     The  Ontario  group  consistently  used  -ability-  more  often  and 
-easy  subject-  less  often  for  their  own  and  a  high-achieving  student.  The 
same  group  used  "poor  teaching-  more  often  to  explain  their  own  and  a 
low-achieving  student.    Typically,  attribution  of  one's  own  achievement  to 
-ability-,  an  internal,   stable  fsctor,  rather  than  external  factors  such  as 
•easy  subject"  is  viewed  as  an  indication  of  a  positive  self-esteem. 
However,   these  two  attributions  also  share  another  aspect:  A  teacher  cannot 
influence  either  of  these  reasons,    when  this  aspect  is  linked  to  the  above 
finding  that  the  Ontario  group  also  ussd  poor  teaching  more  often,  ths  two 
groups  appeared  to  differ  in  their  perceptions  about  the  role  a  teacher 
plays  in  Isarning  mathematics.    This  interpretation  wcs  supported  by  the 
fact  that  the  Ontario  group  also  used  "good  teaching-  less  often  to  explain 
their  own  achievement  compared  to  the  Quebec  group. 
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In  luminary,  Quebec  and  Ontario  preservice  teachers  differed  in  some  of 
their  attributions  when  explaining  mathematics  achievement.     In  line  with 
the  above  literature  review,  these  differences  suggest  that  Quebec  and 
Ontario  preservice  teachers  may  use  a  different  set  of  attributions  to 
explain  their  future  students'  achievement.     The  specific  impact  this  may 
have  on  students'  motivation  and  achievement  has  not  yet  been  investigated. 
However,   former  achievement  together  with  the  casual  attributions  have  been 
used  to  describe  a  motivational  framework  called  "learning  history" 
(Kuendiger,   1990),  which  has  been  related  to  presarvice  teachers'   sense  of 
efficacy  as  future  teachers   (Kellenberger  fc  Kuendiger,   1993).    The  question 
arises  whether  or  not  attributional  differences  between  Quebec  and  Ontario 
preservice  teachers  are  due  to  differences  in  their  learning  history  which 
consequently  influence  preservice  teachers'  sense  of  future  efficacy. 

Although  data  from  only  one  university  in  each  province  were 
collected,   the  above  interpretation  is  based  on  the  assumption  that  the 
results  are  representative  of  the  two  provinces.     If  this  assumption  ie 
valid,  then  the  explanations  of  mathematical  achievement  may  depend  upon  the 
cultural  environment.     Support  for  this  interpretation  comes  from  an  ongoing 
research  study  in  which  the  attributions  used  by  preservice  elementary 
teachers  from  Windsor  and  two  German  universities  are  being  compared 
(Kuendiger.   Schmidt  I  Kellenberger,   1993) . 
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CARICATURES  IN  INNOVATION:  THREE  "MIDDLE-SCHOOL  TEACHERS" 
TRY  TEACHING  AN  INNOVATIVE  MATHEMATICS  CURRICULUM 


Diana  V,  1  jmralin  A  Ronald  V.  Preston 
Indiana  University  •  Bloomington 


This  paper  discusses  teachers'  adjustment  to  use  of  an  innovative  middle  school  mathematics 
curriculum .  As  aasa  on  content  knowledge,  beliefs,  and  teacher  practices  were  collected  throughout  the 
first  full  year  of  the  curricular  innovation,  three  recognizable  categories  of  teacher  seemed  to  emerge. 
These  are  presented  through  three  caricatures:  The  Frustrated  Methodologlst,*  The  Teacher  on  the 
Grow,"  and  The  Standards  Bearer."  Struggles  with  giving  up  control  of  the  mathematics,  with 
allowing  students  to  be  confused  on  their  way  to  understanding,  and  with  stressing  pencit-and-paper 
computation  characterize  the  Frustrated  Methodologist.  The  Teacher  on  the  Grow  is  faced  with 
teaching  unfamiliar  mathematical  concepts  but  seems  to  learn  a  lot  in  the  process.  The  Standards  Bearer 
is  not  only  confident  in  her  knowledge  of  mathematics  but  also  quite  successful  in  facilitating  student- 
centered  use  of  the  investigations  provided  by  the  curriculum. 

The  Connected  Mathematics  Project  (CMP)  of  Michigan  State  University,  with  funding  from  the 
National  Science  Foundation,  is  developing  a  complete  mathematics  curriculum  for  grades  6, 7,  and  8. 
Writing  and  pilot-testing  of  the  CMP  materials  began  in  1991  -92  and  will  continue  for  a  total  of  rive  yean. 
Teachers  and  students  using  the  CMP  materials  are  engaged  in  teaching  and  learning  quite  different  from 
the  traditional  trap*"  ission/reception  mode  because  CMP  is  com  mined  to  developing  materials  that  engage 
students  in  learning  mathematics  through  contextualized  "investigations" — activities  that  involve  groups  of 
students  with  mathematical  concepts  and  applications  and  in  reflective  writing  and  discourse  about  these 
same  ideas. 

Evaluation  data  for  CMP  are  being  collected  from  classrooms  in  San  Diego,  CA;  Portland,  OR;  Mt 
Pleasant,  MI;  Pittsburgh,  ?A;  Portland,  MI;  Queens,  NY;  Hint,  MI;  and  Chapel  Hill,  NC  Thus,  the 
teachers  and  students  using  the  CMP  materials  represent  quite  varied  geographic  locations  as  well  as 
diverse  academic  abilities  (ranging  from  learning  disabled  to  gifted),  socioeconomic  levels  (ranging  from 
upper  middle-class  to  poor),  and  ethnic  backgrounds  (including  large  representations  of  African 
Americans,  Latinos,  Asians,  and  non-native  English  speakers  at  some  sites).  The  entire  6th  grade  CMP 
curriculum  was  first  tried  during  the  1992-93  school  year.  In  all,  feedback  was  obtained  from  more  than 
30  teachers  who  used  the  materials,  and  a  recorder  was  hired  at  each  site  to  provide  more  in-depth 
documentation  of  curriculum  use  by  two  target  teachers.  Recorders  (most  of  whom  were  either 
experienced  teachers  or  graduate  students  in  education)  attended  a  2-day  training  session  in  the  summer 
1992,  observed  weekly  in  the  target  teachers'  classrooms;  administered  project-developed  questionnaires 
to  target  teachers  and  students  three  times  during  the  school  year,  and  conducted  periodic  interviews  with 
target  teachers  and  a  subset  of  their  students.  The  recorders  also  collected  archival  data  such  as  teacher 
plans  and  student  work  from  target  classrooms,  and  were  asked  to  write  up  profiles  of  target  teachers  and 
students,  as  well  as  vignettes  describing  interesting  or  important  classroom  events.  Although  the  recorders 
collected  a  considerable  amount  of  information  on  students  as  well  as  teachers,  this  paper  focuses  on  the 
reactions  of  the  target  teachers  during  their  first  year  of  using  the  6th  grade  CMP  curriculum. 
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Our  earliest  plan  for  this  piper  involved  presenting  esse  studies  of  several  of  the  target  teachers 
involved  In  the  CMP  trials.  However,  as  we  collected  data  throughout  the  first  full  year  of  CMP 
classroom  use,  we  began  to  observe  commonalities  among  teachers  that  could  not  be  adequately  described 
by  writing  about  individuals.  Three  main  classifications  of  teachers  seem  to  be  emerging  from  our 
analyses  of  the  data.  As  a  result,  we  have  adopted  the  method  suggested  by  Noss  and  Hoyles  (1993)  of 
describing  our  findings  via  caricature.  Each  of  our  three  caricatures  is  written  as  if  it  describes  an 
individual  teacher,  but  is  actually  a  composite  description  that  attempts  to  embody  the  salient  characteristics 
of  the  group  of  teachers  it  represents.  The  first  caricature  (The  Frustrated  Methodologist)  represents  a 
group  of  teachers  who  have  relatively  strong  math  backgrounds  but  who  seem  quite  resistant  to  the 
changes  in  their  teaclHng  methods  required  by  the  CMP  curriculum.  The  second  caricature  (The  Teacher 
on  the  Grow)  comes  from  a  set  of  teachers  whose  weak  backgrounds  in  mathematics  have  confronted 
.them  with  difficulties  In  teaching  certain  of  the  CMP  Investigations,  but  who  have  readily  adopted  new 
methods  of  teaching  and  who  seem  to  be  developing  gradually,  but  steadily,  into  confident  and  effective 
CMP  teachers.  The  third,  and  most  successful,  group  we  have  caricatured  as  The  Standards  Bearer. 
These  teachers,  with  strong  backgrounds  both  in  content  and  pedagogy,  seem  to  have  found  a  ready  match 
between  their  own  educational  philosophies  and  that  of  the  CMP  curriculum,  and.  as  a  result,  have 
embraced  it  whole-heartedly  and  successfully.  Our  caricatures  are  stiU  evolving  since  we  are  continuing 
to  gather  data  on  CMP  teachers  even  as  we  write  this  paper.  As  more  teachers  are  included  in  our 
evaluation  of  the  CMP  project  (in  1993-94.  when  both  6th  and  7th  grade  materials  will  be  used  and  in 
1994-95,  when  8th  grade  materials  will  be  tested  as  weil),  we  hope  to  note  additional  characteristics  of 
successful  and  problematic  adaptation  to  use  of  the  CMP  curriculum,  and  we  will  remain  open  to  the 
possibility  of  developing  additional  caricatures. 

The  Frustrated  Methodologist 
BiUic  has  been  teaching  for  nine  years.  She  majored  in  mathematics  education  in  college  and  has  been 
teaching  mathematics  at  the  junior  high  level  for  the  past  seven  yean.  During  this  time,  she  has  developed 
classroom  routines  that  are  comfortable  for  her  and  that,  at  the  same  time,  have  generally  won  the 
acceptance  of  students  and  adnanistrators.  Since  her  mathematical  background  is  broad,  very  little  of  the 
mathematics  encountered  in  the  6th  grade  CMP  materials  has  been  new  to  her.  Billie  believes  that  a  good 
mathematics  teacher  should  be  clear,  enthusiastic,  and  strong  In  interpersonal  skills.  Because  one  of  her 
main  concerns  is  that  each  child  be  successful,  Billie  worries  about  making  the  class  too  frustrating.  She 
is  quick  to  alleviate  any  evidence  of  student  confusion,  and  uncomfortaWc  about  leaving  a  topic  until  she 
feels  certain  that  the  majority  of  students  have  mastered  it 

When  asked  about  her  teaching  style,  BUlte  claims  that  she  uses  "the  discovery  method."  However, 
classroom  observations  Indicate  otherwise.  Most  of  Biilie's  classes  are  actually  very  teacher  directed,  as 
illustrated  by  the  following  discourse  which  occurred  after  Billie  wrote  2/4  *  1/2  on  the  overhead. 

Billie:      What  is  the  nameof  the  top  number  of  the  fraction?  [Billie  pointed  to  the  traction  1/2.1 
Morgan:  One. 

Billie:      Please  raise  your  hand  to  answer. 
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Julio:  Numerator. 

Billic:      Marie,  what  is  the  name  for  the  bottom  number? 

Mark:  Dcnuminator. 

Billic:      What  did  you  say?  Try  it  again. 

Mark:  Denominator 

Billic:      Now  if  2/4  is  equal  to  1/2,  what  could  we  say  about  the  numerator  of  the  one  fraction  in 

relation  to  the  numerator  of  the  other  fraction? 
Tiffany;    It's  a  pattern.  The  bottom  number  is  a  2  and  the  top  number  is  a  1 .  You  went  up  one  on 

the  numerator  and  two  on  the  denominator. 
Billic:  Natosha? 

Natosha;   You  can  multiply  both  by  the  same  number  and  get  the  second. 
Billic:      Yes.  Banks,  what  did  we  multiply  1  by  to  get  2  in  the  numerator? ... 

This  brief  excerpt  of  classroom  conversation  illustrates  several  characteristics  of  Biilic's  teaching  style: 

she  prefers  to  maintain  tight  control  over  classroom  discussions,  she  systematically  discourages  or  Ignores 

most  statements  (such  as  Tiffany's)  that  may  be  incorrect  or  that  could  lead  to  "confusion, "  and  she  often 

seems  to  be  more  concerned  with  procedural  facility  than  with  conceptual  understanding.  Billic 

demonstrates  many  of  the  methodological  characteristics  of  "Jeanne"  in  Thompson's  (1984)  case  study, 

who  "believed  that  it  was  her  responsibility  to  direct  and  control  all  classroom  activities  . . .  avoiding 

digressions  to  discuss  students'  difficulties  and  ideas"  (p.  120). 

Billic  worries  that  there  is  not  enough  review  in  the  CMP  materials,  that  she  is  not  always  able  to  stop 
at  a  place  in  the  CMP  activities  where  she  can  assign  homework,  and  that  her  students'  computational 
skills  are  deteriorating  due  to  lack  of  practice.  Because  of  these  concerns,  she  sometimes  saves  time  (and 
avoids  student  confusion)  by  limiting  student  experience  with  manipulatives,  generally  preferring  to 
demonstrate  with  manipulatives  on  the  overhead  rather  than  to  have  students  handle  materials  at  their  seats. 
Billic  allows  her  students  to  work  in  pairs,  but  rarely  in  groups  of  three  or  four  even  though  much  of  the 
CMP  curriculum  is  built  around  small-group  investigations.  It  seems  that  Billic  does  not  really  trust 
students  who  are  working  together  to  be  on  task.  Billic  has  replaced  the  "partner"  quizzes  provided  as  part 
of  the  CMP  curriculum  with  her  own  teacher-made  individual  evaluations.  Billic  supplements  the  CMP 
curriculum  with  computational  practice  and  occasionally  gives  a  quiz  or  test  without  the  use  of  calculators, 
even  though  calculators  are  always  available  for  non -graded  activities. 

Billic  is  generally  reluctant  to  change  her  tried -and -true  teaching  methods  and — as  a  result — is  often 
frustrated  by  the  inevitable  incongruence  of  trying  to  leaching  a  curriculum  that  does  not  match  her 
teaching  style.  However,  we  have  observed  some  aspects  of  Biilic's  teaching  that  are  changing.  In  the 
second  half  of  the  year,  Billic  began  letting  go  of  some  of  the  routines  she  had  been  using  for  years  (like 
using  the  first  10-15  minutes  of  each  class  for  computational  or  problem-solving  "warm-ups").  And  she 
recently  has  seemed  more  willing  to  tolerate  confusion  in  her  classroom;  her  wait  time  when  questioning 
students  is  longer  now  than  earlier  in  the  year. 

Billic  is  not  a  bad  teacher.  On  the  contrary,  she  does  many  things  in  her  classroom  that  casual 
observers  would  classify  as  good  teaching.  However,  we  have  observed  a  constant  tension  between  the 
intentions  of  the  innovative  curriculum  and  her  routine  practice.  Billic  may  be  at  what  Hoed,  Rutherford, 
Huling- Austin,  and  Hall  (1987)  term  the  mechanical  level  of  use  of  innovation—a  level  characterized  by 
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disjoint  and  often  superficial  use  of  curriculum  materials.  This  disjointness  of  old  and  new  practices  leads 
to  the  frustrations  inherent  in  being  torn  between  two  philosophies  of  teaching. 


Darcy  has  been  teaching  for  10  years.  She  has  a  degree  in  elementary  education,  but  for  the  last  four 
years  has  been  teaching  middle  school  mathematics.  Darcy  characterizes  the  first  seven  years  of  her 
teaching  as  "very  traditional,"  but  says  that  during  the  past  three  years  she  has  begun  to  attend  workshops 
and  meet  people  that  "opened  doors  for  me."  Unlike  Billie,  Darcy's  background  in  mathematics  is  not 
strong;  she  had  only  nine  hours  of  mathematics  in  college  and  openly  admits  this  weakness,  claiming  "if  I 
had  a  better  background  in  mathematics  I  would  be  a  better  teacher."  Darcy  believes  that  a  deeper 
understanding  of  mathematics  would  enable  her  to  ask  more  appropriate  probing  questions— questions 
that,  in  turn,  would  help  her  students  make  their  own  mathematical  discoveries.  As  Fennema  and  Franke 
(1992)  point  out,  lack  of  mathematical  knowledge  can  be  quite  influential  in  a  teacher's  instructional 
decision-making. 

Although  we  realize  that  Darcy  needs  help  in  understanding  the  mathematics  of  the  6th  grade 
curriculum  at  times,  we  also  see  her  as  willing  to  learn  and  to  take  risks  in  exploring  what  to  her  is 
uncharted  territory.  Her  approach  to  teaching  is  one  that  allows  students  the  opportunity  to  explore  and 
discuss  ideas.  These  explorations  occasionally  lead  to  unanticipated  dilemmas,  but  more  often  provide 
situations  for  learning  to  take  place.  The  following  is  a  recorder's  description  of  the  classroom  interactions 
of  a  group  of  boys  (two  African  Americans,  a  Latino,  and  an  Indian)  in  Darcy's  class. 

They  are  not  afraid  or  embarrassed  to  ask  each  other  or  an  adult  a  question. ...  If  they  come  up  with 
different  solutions,  each  person  will  argue  his  case,  if  any  one  person  in  the  group  doesn't  understand 
a  question  or  how  to  get  a  solution,  someone  else  in  the  group  will  explain  it  .  .  .  they  explain 
concepts  to  each  other  until  the  person  understands. 

The  most  promising  aspect  of  Darcy's  teaching  is  that  she  is  committed  to  being  a  learner.  One 
demonstration  of  this  came  after  the  unit  on  area  and  perimeter  when  she  wrote,  This  is  the  first  time  I 
really  understood  box  to  find  the  actual  area  of  a  circle."  Darcy  is  also  learning  new  methods  of  teaching. 
Toward  the  end  of  the  year,  the  recorder  observed: 

Darcy  now  tries  to  create  a  classroom  environment  that  promotes  and  encourages  student  involvement 
in  class  activities.  Instead  of  presenting  a  math  concept  first  and  illustrating  that  idea  by  working 
several  problems  to  practice  on,  she  now  investigates  a  series  of  problems  with  interactions  between 
her  and  the  students  to  develop  mathematical  concepts.  Darcy  wants  her  students  to  be  able  to 
mkulate  some  of  me  mathematical  concepts  that  were  introduced  to  them. 

Not  all  of  Darcy's  teaching  episodes  rum  out  as  the  writers  of  the  CMP  curriculum  had  envisioned. 
Sometimes  the  difficulties  are  due  to  Darcy's  limited  mathematical  background— for  example,  she  once 
confused  the  class  for  an  entire  lesson  by  mistakenly  telling  them  that  adjacent  angles  were  consecutive 
angles  in  a  polygon.  On  other  occasions  Darcy  sometimes  seems  to  get  so  involved  in  the  creative  aspects 
of  a  student  activity  that  she  overlooks  students'  mathematical  errors.  For  example,  an  activity  in  the  CMP 


The  Teacher  on  the  Grow 
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unit  on  rational  numbers  asked  students  to  lay  out  a  garden  with  specified  fractional  parts  designated  foe 
each  vegetable.  Darcy  had  students  illustrate  their  selections  by  gluing  seeds  to  miniature  gardens  drawn 
on  pieces  of  cardboard  and  some  of  the  gardens  were  quite  creative.  However,  in  grading  these  colorful 
projects,  the  fact  that  some  of  the  gardens  showed  12/10  or  15/10  of  the  garden  planted  escaped  Darcy 'i 
attention  entirely. 

As  we  can  see  from  the  preceding  discussion,  Darcy  is  not  a  outstanding  teacher.  On  the  other  hand, 
we  have  noted  growth  in  her  teaching  from  the  beginning  of  last  school  year  to  the  present  She  herself 
has  been  learning  about  data  analysis,  area,  and  probability.  She  has  been  willing  to  try  journal  writing  as 
a  means  of  gaining  access  to  students'  thoughts.  And,  although  at  first  reluctant,  she  now  enthusiastically 
uses  partner  quizzes  as  a  means  of  aligning  her  assessment  with  her  instructional  methods.  Being  open  to 
change,  and  anxious  to  learn,  has  allowed  Darcy  to  grow  both  in  content  knowledge  and  in  pedagogical 
expertise. 


Natalie  has  been  teaching  for  13  yean,  with  experience  in  both  self-contained  and  departmentalized 
middle  grades  classes.  While  her  degree  is  in  elementary  education,  she  has  picked  up  a  number  of 
additional  mathematics  courses  over  the  years.  Her  mathematics  background,  in  terms  of  hours,  would 
certainly  be  the  equivalent  of  a  minor  in  mathematics,  although  not  enough  for  a  major.  She  describes 
herself  as  having  been  "very  good  at  teaching  algorithms"  during  her  early  years  of  teaching.  "  I  used 
concrete  materials,  broke  down  the  skills,  and  felt  quite  successful.*'  After  attending  an  NSF  workshop, 
she  began  to  reconsider  her  thinking  about  teaching  and  "went  looking  for  in  service  experiences."  She  has 
in  the  past  few  yean  attended  many  workshops  on  mamemAtks  leaching  and  methodology  and  is  currently 
involved  in  a  project  on  alternative  assessment.  Natalie  wants  her  students  to  be  able  to  "talk,  explain, 
probe,  prove  what  they  state,  write,  tackle  a  problem,  never  stop,  problem  solve,  action  plan,  apply,  and 
transfer  concepts  later  in  the  year."  Her  most  common  teaching  approach  is  to  pose  a  problem,  have 
groups  of  students  work  on  it,  share  their  ideas  with  the  whole  class,  explore  related  problems,  and  then 
return  to  the  original  problem. 

Natalie  has  had  no  difficulty  adapting  to  the  methods  and  mathematics  of  the  CMP  materials  because 
her  personal  philosophy  of  teaching  already  aligned  quite  well  with  the  philosophy  of  the  program.  She 
very  quickly  moved  past  the  personal  cornems  that  many  teachers  must  work  through  in  implementing  an 
innovative  curriculum,  and  focused  her  concern  on  student  adaptation  to  the  innovation.  Natalie  is 
particularly  interested  in  her  students'  view  of  assessment  in  this  new  curriculum.  She  writes,  "Many  are 
really  hung  up  on  assessment  They  are  concerned  with  the  lack  of  grades  in  my  gradebook.  A  few 
dislike  the  'unfairness'  of  less  able  students  doing  well  because  they  arc  working  with  a  student  who 
understands." 

Our  analysis  of  Natalie's  leaci^.j  is  mat  she  has  a  comfortable  command  both  of  the  mathematics  she 
teaches  and  of  appropriate  techniques  for  facilitating  student  growth.  Her  content  knowledge  is  strong 
enough  that  she  is  not  threatened  by  students'  questions  that  extend  beyond  the  content  in  the  textbook. 
Nor  is  she  concerned  when  students'  conjectures  arc  erroneous.  Natalie  is  knowledgeable  enough  to 
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know  where  to  look  for  counter-examples,  as  demonstrated  in  the  following  vignette.  (Students  bad 
previously  found  the  area  of  polygonal  figures  by  superimposing  clear  centimeter  grids  and  counting 
squarea.) 

Natalie:     Now,  how  do  you  measure  the  area  of  Irregulir  shapes?  What  do  you  do  with  the  pieces 

and  parts?  Pieces  and  parts  seem  to  pose  a  problem.  [Natalie  draws  a  "bean"  on  an 

overhead  grid]  Who  can  tell  me  the  area  of  this  shape? 
Sam:       I  put  an  x  In  all  of  the  squares.  If  it's  almost  a  square,  it  gets  an  x.  Then  1  take  a  calculator 

and  add.  [Student  Is  putting  x's  in  all  squares  and  "almost  squares."  When  he  reaches  half 

i  square  he  claims:]  This  would  be  .5,  this  one  over  here,  .25. 
Natalie:     Other  kids  may  be  thinking  of  those  as  fractions*  parts  of  the  square,  but  Sara  doesn't  want 

to  add  fractions,  so  he  put  it  in  decimal  form.  Renaldo,  do  you  want  to  share  your 

strategy? 

[Silence,  then  Renaldo  nods  his  head  He  comes  forward  carefully  places  a  piece  of  string 
around  the  perimeter  of  the  "bean"  and  then  stretches  the  measured  length  of  string  into  t 
square.  Nitalie  demonstrates  to  the  class  with  hand  gestures.] 
OK.  What  dkl  you  get? 

Renaldo:  200.  m    M  Jt        „9M  J 

Natalie:    [Referring  to  an  earlier  lesson.]  Remember  the  polygon  we  found  with  area  of  14  and 

perimeter  of  30?  We  changed  It  so  that  the  perimeter  stayed  the  same,  but  the  area 

changed? 

Carta:      The  perimeter  is  the  same,  but  the  area  Is  different,  that's  confusing! 

[Natalie  gives  the  students  some  time  to  try  out  "Renaldo's  Theory"  of  finding  the  area  of 
irregular  shapes  by  comparing  the  results  obtained  (a)  by  tracing  around  their  open  hands 
and  figuring  an  approximate  area  by  counting  squares  versus  (b)  by  wrapping  a  piece  of 
string  around  the  figure,  making,  the  measured  string  into  a  square,  and  figuring  its  area. 
Then  the  class  comes  back  together.] 

Thomas:   My  square  is  going  off  the  paper.  Renaldo,  your  theory  is  wrong! 

Natalie:     Renakio,  can  you  teU  us  your  theory? 

Renaldo:  You  take  the  perimeter  and  you  make  a  regular  polygon,  then  you  measure  the  square. 

JaneUe:     Your  theory  U  wrong! 

Natalie:    [Jo  JaneUe]  Why? 

JaneUe:     I  don't  know,  it's  just  wrong. 

Natalie:    How  many  found  that  the  square  had  a  greater  area?  [Many  hands]  ...  I  just  wanted  to 
say  that  this  Is  what  mathematics  Is,  coming  up  with  a  theory  and  testing  it  out  Renaldo  Is 
really  acting  like  a  mathematician... 
This  vignette  captures  the  essence  of  The  Standards  Bearer.  Natalie  is  able  to  entertain  students' 
notions  in  the  classroom  discourse,  whether  they  are  right  or  wrong.  This  session  could  have  stopped 
with  the  first  student's  suggestion  of  how  to  find  the  area  and  Renaldo  would  have  continued  to  wonder 
about  his  approach  to  finding  area.  Also,  the  other  students  would  have  missed  out  on  the  opportunity  to 
test  a  theory  and  show  by  counter-example  its  weakness.  This  classroom  episode  was  nude  possible 
becsuse  Natalie  is  confident  enough  of  her  mathematical  background  to  allow  students  to  make 
mathematical  conjectures.  Furthermore,  she  ia  wilUng  to  risk  letting  students  assume  some  control  over 
what  happens  in  the  classroom,  realizing  that  studeni  may  experience  momentary  confusion  when  they 
share  Ideas,  but  that  such  discussions  often  lead  to  greater  opportunities  for  student  learning. 

Discussion 

From  our  caricatures.  It  is  interesting  to  speculate  how  Billie  and  D  xy  might  have  reacted  to  the 
situation  described  from  Natalie's  class.  Billie,  in  her  concern  to  remove  all  potential  confusion,  would 
likely  have  Ignored  or  quickly  corrected  Renaldo  on  his  theory.  Darcy,  due  to  her  limited  mathematics 
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background,  might  have  praised  Rcoaldo  for  hii  creativity  and  accepted  his  method  as  appropriate 
(especially  if  bis  estimate  for  the  bean- shaped  figure  had  proved  at  all  reasonable).  In  either  case,  a 
valuable  learning  opportunity  would  have  been  lost  In  BUlie's  case,  a  chance  for  the  class  to  really  "do 
mathematics"  would  have  been  squandered.  In  Darcy's  case,  a  misconception  might  have  been 
perpetuated — both  for  her  and  her  students. 

As  i  result  of  our  data  collection  this  year,  we  feel  confident  that  level  of  mathematics  training  is  one  of 
the  important  variables  in  successful  implementation  of  the  innovative  CMP  curriculum.  Another  variable 
of  interest  seems  to  be  degree  of  prior  agreement  with  the  methodological  philosophy  of  the  curriculum. 
Interestingly,  we  have  noted  some  characteristics  of  teachers  from  which  no  pattern  is  developing.  One  of 
these  is  the  number  of  years  of  teaching  experience:  there  arc  teachers  in  all  three  caricatures  with  double- 
digit  years  of  experience-  Another  is  arnount  of  inscrvicc  education  and  workshops  attended:  most  of  the 
CMP  teachers  have  had  numerous  such  experiences,  but  only  some  seem  to  have  been  significantly 
impacted  by  them. 

Our  study  of  the  teachers  involved  in  curricular  innovation  is  still  very  much  in  Us  formative  stages.  As 
our  evaluation  of  the  CMP  curriculum  continues  over  the  next  several  years,  we  will  continue  to  make 
assertions  and  to  look  for  evidence  to  confirm  or  disconfinn  our  claims.  In  the  coming  year,  we  intend  to 
further  connect  our  research  with  the  literature  on  teacher  change  is  well  is  with  that  on  teacher  content 
knowledge  and  beliefs  about  mathematics.  The  caricatures  that  we  have  developed  so  far  have  already 
raised  an  interesting  question.  Which  is  the  more  difficult  adaptation  for  teachers  to  make — using  and 
appreciating  the  power  of  unfamiliar  methodologies  (as  BUlie  must  do),  or  recovering  from  lack  of 
mathematical  background  when  unfamiliar  mathematics  content  is  encountered  in  student  materials  (as 
Darcy  must  do)?  We  hope  that  further  study  of  the  teachers  who  together  comprised  our  caricatures  of 
Billie,  Darcy,  and  Natalie— along  with  additional  information  from  teachers  who  will  be  involved  in  the 
piloting  of  the  seventh  and  eighth  grade  CMP  materW  '  ill  shed  torn*  light  on  this,  and  other,  important 
questions. 


Fenncma,  E.,  ft  Franke,  M.  L.  (1992).  Teachers'  knowledge  and  its  impact  In  D.  Orouws  (Ed), 
Handbook  of  restore*  on  mathematics  teaching  and  learning  (pp.  147-164).  New  York:  Macmillan. 

Hord,  S.  M..  Rutherford,  W.  L,  Huling- Austin,  L.,  *  Hail.  G.  E.  (1987).  Taking  charge  of  change. 
Alexandria,  VA:  Association  for  Supervision  and  Curriculum  Development. 

Noss,  R.,  &  Hoylcs,  C.  (1993).  Bob-A  suitable  case  for  treatment?  Journal  of  Curriculum  Studies,  25, 
201-218. 

Thompsoo,  A.  G.  (1984).  The  relationship  of  teachers'  conceptions  of  mathematics  and  mathematics 
teaching  to  instructional  practice.  Educational  Studies  in  Mathematics,  15, 105-127. 


Reference* 


BEST  COPY  AVAILABLE 


144 


Volume  2 


LIMITS  OF  SEQUENCES  AND  SERIES: 
PROSPECTIVE  SECONDARY  MATHEMATICS  TEACHERS'  UNDERSTANDING 


Brenda  Let* 


Wu  Feng  Institute  of  Technology  tnd  Commerce,  Taiwan.  R  O  C 


Abstract 


This  article  U  about  the  Investigation  of  teacher*'  subiect  muter  knowledge  and  its 
interrelations  with  pedagogic*"  content  knowledge  and  curriculum  knowledge  in  the 
context  of  teaching  the  concept  of  limit.  Thirty-eight  prospective  secondary 
mathemau'ea  teachers  completed  a  nontchool-like  usk  in  an  open-ended 
questionnaire  regarding  to  their  knowledge  about  limits.  The  analysis  tbowa  that 
many  aubjecta  poasesa  basic  understanding  of  the  conception  of  limit. 
Undcntanding  of  the  other  categories  of  the  concept  of  the  limit  wu  missing,  and 
very  few  could  differentiate  between  sequence*  and  series.  Evidences  have 
indicated  that  lack  of  the  conception  of  limit  influenced  the  subjects'  pedagogical 
content  knowledge  and  curriculum  knowledge  the  context  of  teaching  of  the  concept 
of  the  limit  Therefore,  when  describing  limits  for  students,  many  used  their  own 
basic  understanding  about  the  limit  concept  to  explain  what  a  limit  is.  and  were 
unable  to  come  up  with  different  ways  of  explanation. 


The  focus  of  research  on  what  teachers  need  to  know  in  order  to  teach  has  shifted  from 
quantitatively  examining  teachers'  standardized  tests  acorei  to  emphasizing  knowledge  and 
understanding  of  facts,  concepts,  and  principle*  and  the  way*  in  which  they  are  organized,  as 
well  as  knowledge  about  the  disciplines  (Ball.  1991;  Even.  1993;  Lee.  1992;  Leinhardt  A 
Smith.  1985;  Shulman.  1986;  Wilson  et  al.,  1987).  Although  researchers  argue  mat  teachers' 
subject  matter  knowledge  is  interrelated  with  pedagogical  content  knowledge  and  curriculum 
knowledge,  there  is  little  research  evidence  to  support  and  illustrate  the  relationships  (Even, 
1993).  Lee  (1992)  provides  a  framework  for  understanding  the  subject  matter  knowledge  for 
teaching  the  concept  of  limit.  Thii  framework  consista  f  five  understanding  categories;  such 
as  basic  understanding,  computational  understanding,  transitional  understanding,  rigorous 
understanding,  und  abstract  understanding.  The  general  aim  wu  to  investigate  pre-service 
teachers'  subject  matter  knowledge,  pedagogical  content  knowledge  and  curriculum 
knowledge  in  the  context  of  teaching  the  concept  of  limit.  In  particular,  we  examined 
prospective  teachers'  understanding  about  the  limits  of  sequences  and  series. 


*  Thti  psper  ii  baled  on  part  of  the  author'i  doctoral  ditseriation.  completed  ai  Michigan 
State  University  in  1992.    The  author  grateit'ly  acknowledge!  Olenda  Lappen.  William 
Fitzgerald.  Bruce  Mitchell.  Perry  Lanier,  and  Thomai  McCoy  for  their  help. 


Method 


Sublets:  The  subjects  in  this  study  were  38  prospective  accoodary  mathematics  teachers  in 
the  last  stage  of  their  professional  education.  This  group  was  selected  because  their 
knowledge  reflected  the  knowledge  prospective  teachers  have  gained  during  their  college 
education,  but  before  they  started  teaching.  They  came  from  six  universities  in  the  United 
States  of  America. 

lntfnmvnunnn-  Subject*  were  asked  to  write  down  the  responses  as  if  they  were  leaching. 
The  task  was  a  non-school  problem  with  two  parts  and  was  given  in  Figure  1.  The  task 
provided  several  pile  up  fraction  bars,  and  unit  fractions  were  shaded  successively  an 
descending  order.  In  part  one,  subjects  were  asked  lo  write  down  a  sequence  based  an  the 
given  geometrical  figures  and  ho  provide  the  limit.  In  part  two  they  were  asked  to  write  down 
another  sequence  formed  by  the  partial  sums  of  the  irqnrnre  they  wrote  (i.e.  the  infinite 
*)  and  to  provide  the  limit 


1  .Figure  (A)  below  illustrates  a  fraction  wall  formed  by  fraction  bars.  Consider  the  infinite 
serptfnrr  formed  by  the  individusl  shaded  fraction  ban  in  figure  (B)  below: 


I   I  I 


a)  Write  down  die  infinite  sequence  formed  by  the  Individual  shaded  fraction  bars  in 

figure  (B),  and  what  is  its  limit? 

b)  Write  down  the  infinite  sequence  formed  by  the  partial  sums  of  the  sequencr  in  (a), 
and  what  is  aU  limit? 


■ 


Figure  1 

Procedure:  Subjects  were  given  the  questionnaire  in  a  paper-pencil  formal.  The 
administration  of  the  questionnaire  look  place  in  the  regular  methods  class  by  the  instructor  m 
the  year  of  1991.  The  task  was  exam  bed  and  scored  by  three  Individuals  consisting  of  one 
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mathematician,  ooc  high  school  teacher  and  the  researcher  bcnclf  based  on  a  pre-de*cribed 
scoring  system.  The  subjects'  responses  were  scored  2. 1.  and  0  points  based  onthecorrcct 
responses,  partially  correct  response*,  and  incorrect  responses  or  no  responses,  respectively. 
The  scoring  system  of  the  prospective  teachers' responses  in  our  sample  was  shown  in  Table 

Table  1-Scoring  System   

7  pt-  Providing  the  correct  sequence  with  correct  matching  UmiL 
Examples: 

If  on  (i)  a  subject  states  the  harmonic  aequence  (a^lm}  and  says  its  limit  IsO.or 
If  on  (a)  a  subject  states  the  harmonic  aeries  {»n*£  j£i     and  says  this  sequence 

diverges  or  its  limit  is  infinity, 
tf  oo  (b)  a  subject  gives  the  sequence  is  {%,  J  J  and  the  sequence  is  divergent 

md  has  no  limit,  or 

If  on  (b)  a  subject  gives  the  sequence  In  the  numerical  representation  as  1.  1+1/2. 

1+1/2+1/3.  1+1/2+1/3+1/4       l+l/2+1/3+...+I/n....  and  gives  the  limit  is 

positive  Infinity. 

1  pt-  Providing  the  correct  sequence  with  incorrect  limit  or  with  no  limit  number  given. 
Examples: 

If  on  (a)  a  subject  states  thu  the  sequence  is  1%^}.  but  the  limit  is  2.  or  some  other 

finite  number  rather  than  the  true  limit  which  is  0;  or 
If  on  (b)  a  subject  gives  the  sequence  { a^  I  j^f  £  }  and  gives  2  for  the  limit  or  ether 

finite  numbers. 

0  pL-  No  response  or  incorrect  response. 


The  results  consisted  of  two  sections.  The  first  section  was  the  distribution  of  the  raw  scores 
ind  the  other  section  was  the  categories  of  the  responses.  Based  on  the  scoring  system,  the 
correct  and  the  incorrect  responses  were  scored.  In  part  (a)  of  the  task  .  less  than  half  (45%) 
of  the  responses  were  correct  and  were  scored  two  points;  29%  of  the  responses  were  scored 
one  point;  and  26%  of  the  responses  were  scored  0  points.  In  part  (b)  of  the  task,  only  one 
sixth  (16%)  of  the  responses  were  correct  and  scored  two  points;  26%  of  the  responses  were 
scored  one  point;  and  more  than  half  (51%)  of  the  responses  were  scored  0  points. 

The  responses  of  the  task  were  then  grouped  based  on  the  following  categories:  (I)  correct 
sequence  with  correct  limit.  (2)  correct  sequence  with  Incorrect  limit;  (3)  incorrect  sequence 
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with  correct  limit;  (4)  incorrect  sequence  with  incorrect  limit;  and  (5)  no  response,  The 
responses  in  each  category  indicated  numbers  of  correct  response,  types  of  errors,  kinds  of 
mistakes,  and  bow  many  of  them.  For  example,  one  subject  responded  "  the  sequence  was 


The  purpose  of  this  study  was  to  elicit  the  prospective  secondary  mathematics  teachers' 
subject  matter  knowledge  of  understanding  about  the  concept  of  the  limit  The  knowledge  of 
understanding  about  the  concept  of  the  limil  were  categorized  as  1)  basic  understanding,  2) 
computational  understanding,  3)  transitional  understanding.  4)  rigorous  understanding,  and  5) 
abstract  understanding  (Lee.  1992).  In  order  to  find  the  limit  of  a  given  sequence,  one  needed 
fust  to  identify  five  different  represent* Lions  of  sequences:  listing  the  first  few  terms,  one 
dimensional  graph,  two  dimensional  graph,  algebraic  expression,  and  geometrical  figures. 
(Lee.  1992).  Then  based  on  the  knowledge  of  understanding  about  the  concept  of  the  limits, 
one  would  be  able  to  find  the  limit  of  a  given  sequence,  The  task  presented  here  was  a 
geometrical  representation  of  sequences.  The  subjects'  task  was  first  to  transfer  (Putnam. 
1987)  the  geometrical  figures  into  listing  the  fust  few  terms  and/or  stated  the  general  term  (an 
algebraic  representation),  The  subjects  were  then  demonstrated  (heir  knowledge  and 
understanding  about  the  concept  of  the  limit  by  showing  how  to  (each  the  limit  of  (his  given 
sequence  in  written  formats  The  discusskM  consisted  of  two  sections.  First,  we  used  part 
(b)  of  the  task  to  demonstrate  prospective  secondary  mathematics  teachers'  understanding 
about  the  concept  of  the  (unit  of  this  geometrical  representation  Then,  we  showed  three 
pervasive  mu-understanding  of  (he  concept  of  the  limit. 


The  five  categories  of  understanding  of  the  concept  of  the  limit  in  terms  of  the  geometrical 
figures  tn  the  task  were  concluded  as  follows: 

Bisie  unArumrimy  By  looking  at  the  either  the  geometrical  representation,  or  the  listed  first 
few  terms  and/or  the  algebraic  expression,  subjects  intuitively  slated  that  the  limit  U  infinity  or 
the  lunit  did  not  exist. 


{in  =  jjtj  )  and  gave  the  expression         ^tj  for  the  limit."  This  response  grouped  in 


category  (4)  which  was  incorrect  sequuxe  with  incorrect  limit. 


Discussion 
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fy-ip  ««if— I w  Sublet* mxtdib* 

*l+^2(J)*4<J)+...+  20-,(^) 
-Hj  +  j  +  ^  +  j       (n  terms  of  5) 

-«♦§ 

— >  infinity,  whenever  o— >4nftrJty 
Tbui.  13 1  >  J***.  S^n  Is  Alio  dvcrfenL 

T^ntirin«>i  im/Wwutfa.-  Subjects  ttntfened  the  jeomrtrical  representation  into  verticil 
format,  nich  M, 


and  knew  diM  oVaomof  the  atiaArf  wxawai  actaalty  the  son  of  ihe  harmonic  aerie* 
E  fc?  C ' howcvcr*  *cy  might  pot  know  how  to  prove  it 

BifflBMM  umfcattPdinc  Subjects  proved  the  turn  of  the  harmonic  aeries  was  actually  equals 
to  infinity  by  showing  the  connection  to  the  definite  Integral 
Bm  ifcfr  =f  ±dx  =  lnxr»ln-«  - 

Atxtrart  «v<rm«dtnt ;  Subjects  applied  and  transferred  the  above  knowledge  into  tasks  In 
mathematics  and**  at  other  Be  Id 
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However,  the  results  indicated  this  (roup  of  prospective  secondly  mathematics  teachers' 
knowledge  of  undemanding  about  the  concept  of  the  limit  was  restricted  to  the  basic 
understanding  regarding  to  this  geometrical  representation 

In  addition,  the  results  also  indicated  three  miscottccpttool  subjects  possessed.  These  were 
finite  point  of  view  of  the  concept  of  the  limit,  rnis-mterpreiation  of  the  geometrical 
representation,  and  confusion  bet  ween  sequences  and  series. 

Finite  point  of  view  af  the  cnncgpi  nf  th*  limit:  Recall  the  definition  of  a  sequence  was 
defined  as  "A  sequence  is  a  function  whose  domain  is  the  set  of  positive  integers."  The 
responses  of  some  of  the  subjects  were  dated  otherwise.  For  example, 

i)  The  sequence  is  {B-j)  and  the  limit  is  B. 

U)  ^  "n  *  nTT  +  tt"*  *****  U0' 

MivialflTiT;laiinn  nf  thff  ^^^r«'  "ir^^lfir  The  response  given  by  one  subject  was 
given  m  the  following  figure: 


This  subject  obviously  showed  no  ■nderstanding  of  the  notion  of  fraction  and  thus 
misinterpreted  the  geometrical  representation  of  the  Limit  of  the  series  with  the 

geometrical  series  (an- ~).  Because  of  the  confusion  between  ihcse  two  given  sequences' 

{an  -  LAt)  indfao-  1/2°),  11%  of  the  subjects  came  to  the  avorrect  conclusion. 

Oinrminn  between  sequmce*  *nH  cerifci-  Students  in  calculus  class  often  confuse  Infinite 
sequences  with  inftnitc  series  (Davis,  1912).  Several  subjects  in  this  study  also  had  a  hard 
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lime  to  differentiate  between  these  two.  Two  of  them  claimed  that  they  did  no*  know  whit  ihe 
term  "partial  wms"  meant.  Half  of  the  subject*  provided  do  responses  in  pan  (b)  indicating 
the  lack  of  the  ability  to  form  a  new  sequence  from  the  aeries. 

Conclusion 

A  powerful  content-specific  pedagogical  preparation  based  on  meaningful  and  comprehensive 
subject  matter  knowledge  with  the  correctly  connected  curriculum  knowledge  would  enable 
teachers  to  teach  in  the  spirit  envisioned  in  the  Professional  Standards  for  Teaching 
Mathematics  (NCTM.  1991).  However,  this  group  of  prospective  lecondsry  mathematics 
teachers'  knowledge  and  understanding  about  the  concept  of  the  limit  was  restricted  to  the 
basic  understanding.  The  ability  of  transferring  the  geometrical  fraction  bars  into  listing  the 
first  few  termi  of  a  sequence  and/or  the  general  term  seemingly  was  not  there.  This  was  an 
evidence  of  the  lack  of  curriculum  knowledge;  especially  how  to  connect  the  notion  of  fraction 
to  the  concept  of  limit.  Tbii  also  indicated  the  lack  of  pedagogical  strategy  for  leaching  the 
concept  of  limit  How  to  properly  integrate  the  intuitive  notion  of  limit  earlier  into  the  lower 
mathematics  curriculum  and  pedagogical  preparation  Is  a  question  needing  further  research. 
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FROM  LEARNING  MATHEMATICS  TO  TEACHING  MATHEMATICS:  A  CASE  STUDY  OF 
A  PROSPECTIVE  TEACHER  IN  A  REFORM-ORIENTED  PROGRAM 


This  study  examines  the  experience  of  a  prospective  elementary  teacher  in  the  context  of  a  reform- 
oriented  mathematics  teacher  education  program  and  in  her  subsequent  student  teaching  in 
elementary  classrooms.  It  highlights  the  shift  in  Toni's  relationship  to  mathematics  resulting  from 
her  mathematical  experiences  in  the  program  and  her  struggles  to  provide  her  students  with 
opportunities  to  learn  as  she  had.  Toni  instituted  many  of  the  teaching  practices  that  she  had 
benefited  from  as  a  student.  However,  'her  use  of  these  strategies  was  not  supported  by  an  ability 
to  identify  and  understand  the  "big  ideas"  involved  in  what  she  was  teaching  nor  by  an  elaborated 
personal  theory  of  how  children  learn  mathematics. 

Mathematics  teacher  preparation  programs  may  be  conceived  based  on  a  sound  foundation  of 
research  and  theory.  However,  it  is  the  prospective  teachers'  understandings  of  their  experiences  in  such 
programs,  not  the  conceptions  of  the  researcher  /  teacher  educator  that  determine  the  effectiveness  of  the 
program.-  This  study  was  an  attempt  to  look  at  the  sense-making  of  one  prospective  elementary  teacher 
in  the  context  of  a  reform  oriented  instructional  program  and  subsequent  field  experience. 

Toni  was  one  of  26  prospective  elementary  teachers  who  volunteered  to  participate  in  the 
mathematics  education  courses  of  the  Construction  of  Elementary  Mathematics  (CEM)  project.1  The  . 
two  semester-long  courses,  created  specifically  for  the  research  project,  were  based  on  construed vist 
theory  and  current  mathematics  education  reform  ideas  (NCTM  1989, 1991).  The  first  course  was  a 
mathematics  course,  which  dealt  primarily  with  understanding  multiplicative  structures,  and  the  second 
was  a  course  on  mathematics  learning  and  teaching.  The  courses  were  the  focus  of  research  using  a 
construe  Ovist  teaching  experiment  design  (Simon  &  Blume,  in  press;  Cobb  &  Steffe,  1983),  and  both 
were  taught  by  the  first  author.  Following  her  participation  in  the  courses,  Toni  took  part  in  a  5-week 
pre-pracucum  and  a  15-week  student  teaching  practicum  in  elementary  school  classrooms. 

The  case  study  of  Toni3  was  based  on  data  from  interviews  conducted  with  her  before,  during, 
and  after  the  program;  videotapes  of  the  project  classes;  her  reflective  journal;  her  written  work;  and 
videotapes  of  her  teaching  during  the  pre-pracucum  and  practicum.  The  purpose  of  the  case  study  was 
to  bener  understand  the  development  of  prospective  elementary  teachers  as  they  progress  from  narrow 
views  of  mathematics  and  traditional  views  of  mathematics  learning  and  teaching  towards  views  more 
consonant  with  those  of  the  current  mathematics  education  reform  effort.  Toni's  story  chronicles  her 
growth  as  a  learner  of  mathematics  and  her  struggles  to  foster  similar  growth  in  her  students  and  focuses 
on  the  sense  that  Toni  made  of  an  innovative  mathematics  learning  experience  and  its  relationship  to  her 
subsequent  teaching. 


Prior  to  CEM 

Toni  entered  the  program  with  an  acceptable  academic  record  (2.9  grade  average)  including  two 
college  mathematics  courses.  Nonetheless,  she  reported  that  she  had  learned  very  little  mathematics  in 
the  past  and  that  mathematics  caused  her  anxiety.  Her  anxiety  and  the  negative  experiences  that  she 
heard  described  by  other  students  regarding  the  university's  mathematics  for  elementary  teachers  course 
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caused  Ton)  to  postpone  taking  this  required  course  and  to  sign  up  for  the  CEM  course  (in  lieu  of  the 
mathematics  for  elementary  teachers  course)  when  the  opportunity  arose.  She  hoped  that  the  CEM 
course  would  be  better,  more  applicable  to  her  career  as  an  elementary  school  teacher,  and  less  stressful. 
Despite  her  anxiety  about  doing  mathematics,  Tom  was  eager  to  teach  mathematics.  She  was  committed 
to  creating  a  better  experience  for  her  students  "to  pr  svent  otheT  people  from  feeling  the  way  I  feel  about 
math." 

Toni's  mathematical  knowledge  consisted  of  some  rudimentary  understandings  and  a  host  of 
mathematical  algorithms.  These  algorithms  were  "black  boxes"  whose  workings  she  never  questioned. 
She  seemed  to  have  no  expectation  that  she  could  understand  these  algorithms.  She  was  able  to  use  her 
algorithms  in  the  context  of  the  problems  for  which  they  had  been  taught,  she  generally  remembered 
how  and  when  to  use  them.  In  addition,  Toni  monitored  her  work  by  judging  the  magnitude  of  her 
answers  to  quantitative  problems  and  by  using  unit  analysis  to  check  the  appropriateness  of  her 
computation. 

Toni  believed  that  her  mathematical  preparation  was  inadequate  due  to  the  limitations  of 
traditional  mathematics  teaching.  However,  a  role-play  prior  to  the  start  of  the  project  courses,  in  which 
she  played  the  teacher  working  with  one  student,  revealed  that  she  had  not  as  yet  constructed  an 
alternative  approach  to  mathematics  teaching.  Her  response  to  a  student  who  did  not  understand 
regrouping  in  subtraction  was  procedural  in  focus  and  consisted  exclusively  of  teacher  explanation. 
Participation  in  Course  One:  Mathematics 

Although  Toni  approached  the  mathematics  course  with  some  anxiety,  it  did  not  keep  her  from 
participating  immediately.  The  nature  of  her  contributions  were  consistent  with  what  we  had  observed 
in  pre-program  interviews  -  procedural  explanations  and  attention  to  when  an  algorithm  should  be  used. 
Her  initial  journal  reflections  were  brief  and  answer  oriented.  However,  soon  Toni  began  to  explore 
ideas  independently  and  to  focus  on  what  it  would  mean  to  understand  an  idea.  Toni's  journals  in  the 
latter  part  of  the  course  provided  evidence  that  her  work  between  classes  involved  wrestling  with 
mathematical  questions  and  evaluating  her  understanding  of  the  ideas  involved.  She  began  to  consider 
her  ability  to  verbalize  an  idea  as  an  indicator  of  her  level  of  understanding.  However,  in  contrast  to  her 
view  of  journal  writing  as  a  chance  to  verbalize  an  idea  to  develop  and  assess  her  understanding,  we  find 
no  evidence  that  she  viewed  collaborative  group  work  in  this  way. 

Whereas  prior  to  the  course,  a  ratio  was  a  black -box  for  Toni,  in  the  latter  half  of  the  class  she 
asked  thoughtful  questions  about  the  meaning  of  the  ratios  being  used  in  an  attempt  to  understand  ratio 
as  a  measure  of  an  attribute  of  a  physical  situation  (see  Simon  &  Blume,  in  press).  Over  the  course  of 
the  semester,  Toni  increasingly  engaged  in  empirical  exploration  in  order  to  evaluate  the  validity  of  a 
particular  mathematical  formulation.  She  used  a  bathroom  scale  to  investigate  the  relationship  between 
weight  and  pressure.  She  mixed  and  tasted  different  concentrations  of  ice  tea  in  order  to  choose  between 
additive  and  multiplicative  explanations  for  concentration,  both  of  which  she  found  compelling  in  class. 
Toni  expressed  enthusiasm  about  being  able  to  "experiment"  in  these  ways.  Her  view  of  mathematics 
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seemed  to  be  expanded  by  including  empirical  investigation.  However,  we  noted  that  she  was  unable  to 

reason  about  proposed  arguments  in  the  absence  of  the  empirical  results. 

Toni's  growing  enthusiasm  for  experimenting  led  her  to  conduct  an  independent  investigation  in 

response  to  a  question  posed  by  a  fellow  student  She  was  puzzled  by  why  an  n%  inc     ^  followed  by  a 

n%  decrease  did  not  return  an  employee  to  her  original  salary  level.  Toni  reflected,  "Our  100%  theory 

seer  ted  very  logical,  because  it  seems  to  me  that  if  you  [add]  20%  of  a  number  [to  the  original  number], 

tlv.  original  number  divided  by  the  new  number  will  equal  80%."3  Toni  calculated  the  rwults  of  the 

increase  and  decrease  and  recorded  the  results  in  a  table  to  look  for  a  pattern.  She  wrote, 

I  am  having  a  difficult  time  determining  what  is  wrong  with  our  theory.  I  did  find  that  the  smaller 
the  percentage  increase,  the  closer  the  original  number  is  to  a  percentage  that  will  bring  you  to  one 
hundred  percent  [Toni  expected  that  the  percent  increase  plus  the  quotient  (original  salary  divided 
by  the  new  salary)  would  equal  100%.]  I'm  not  sure  what  this  means,  but  I  think  it  is  a  significant 
factor  in  determining  what  is  wrong  with  our  theory. 

This  excerpt  shows  not  only  Toni's  engagement  in  exploring  patterns,  but  also  her  sense  that  the 

pattern  is  a  partial  step  towards  the  understanding  that  she  is  seeking.  Whereas  earlier  in  the  course,  she 

might  have  focused  on  her  inability  to  get  "the  answer,'*  she  now  seemed  to  view  her  sense  making  as  an 

ongoing  process. 

Following  her  participation  in  the  program,  Toni  described  herself  as  often  feeling  frustrated  in 
this  first  semester.  "I  just  felt  sometimes  I  just  wanted  to  say,  'Just  give  me  the  answer.  I  don't  want  to 
explore  it  anymore."  She  identified  her  concern  for  her  grade  in  the  course  as  compounding  her  tension 
and  frustration.  She  felt  a  need  to  earn  a  good  grade  in  the  course,  yet  feit  a  lack  of  control  at  times  to  do 
so.  Unlike  previous  mathematics  courses  in  which  the  teacher  indicated  behavioral  criteria  that  would 
constitute  success,  this  course  did  not  aim  at  competence  with  a  particular  set  of  behaviors. 

Toni  showed  growth  in  her  commitment  to  understand,  her  sense  of  what  it  means  to  understand 
aspects  of  mathematics,  and  her  confidence  in  her  ability  to  understand.  However,  at  times  Toni's 
original  answer  orientation  was  in  evidence.  A  change  seemed  to  be  occurring  in  Toni's  relationship  to 
mathematics;  yet,  her  previous  relationship  had  been  developed  over  many  years  and  remained  a 
significant  influence.  While  Toni  came  to  value  exploration  and  reflection,  she  became  frustrated 
periodically  with  her  lack  of  progress  and  focused  on  hearing  from  others  ideas  of  how  to  solve  the 
problem.  It  seems  important  to  recognize  that  although  a  shift  had  developed  in  her  relationship  to 
mathematics,  it  had  only  moderate  impact  on  her  mathematical  concepts  over  the  course  of  one 
semester.  Many  of  Toni's  underdeveloped  mathematical  concepts  such  as  her  difficulty  in  distinguishing 
between  multiplicative  and  additive  relationships  remained  problematic. 
Participation  in  Course  Two:  Learning  and  Teaching  Mathematics 

In  the  second  course,  Toni  continued  to  explore  mathematics  and  to  increase  her  confidence  in 
her  ability  to  understand  and  to  solve  problems.  In  addition,  the  alternative  to  traditional  mathematics 
teaching  that  she  was  seeking  was  taking  shape.  In  her  writings  and  her  class  participation,  she  stressed 
focusing  on  and  promoting  children's  thinking,  understanding,  and  communication  of  mathematics.  Her 
experience  impressed  upon  her  th;  power  of  using  manipulatives.  Analyzing  mathematical  knowledge 
to  articulate  what  it  might  mean  to  understand  a  concept  remained  difficult  for  her.  She  seemed  to  make 
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Utile  progress  on  questions  such  as  "What  might  understanding  division  be  beyond  counting  out  cubes  to 
solve  a  division  word  problem?" 

Although  Toni's  experiences  in  the  CEM  mathematics  contributed  to  her  evolving  image  of 
mathematics  teaching,  she  made  distinctions  between  teaching  prospective  teachers  and  teaching 
children.  She  assened  that  the  CEM  mathematics  lessons  were  for  students  who  "had  learned  the  basics 
of  mathematics."  And  in  a  post-program  interview,  she  indicated  that  the  frequent  lack  of  closure 
regarding  a  correct  answer  or  procedure  would  be  less  appropriate  for  elementary  students. 
Sni/tent  Teaching 

Toni  did  her  student  teaching  in  classrooms  that  permitted  a  significant  amount  of  freedom  to 
teach  mathematics  as  she  saw  fit.  The  content  that  she  was  expected  to  teach  derived  from  the  school 
district's  mathematics  curriculum  guide.  From  her  initial  lessons,  it  was  clear  that  Toni  was  committed 
to  creating  a  form  of  practice  which  departed  from  traditional  mathematics  teaching  and  which 
incorporated  what  she  had  learned  in  her  teacher  education  program.  Her  teaching  made  frequent  use  of 
small  collaborative  groups  and  manipulative  materials.  Rather  than  lecture  and  demonstration,  Toni 
tended  to  begin  her  lessons  by  posing  questions  or  problems  to  the  students. 

Toni's  approach  to  teaching  mathematics  often  involved  posing  questions  to  lead  students 
through  a  series  of  responses  that  were  designed  to  build  to  the  fcvel  of  response  which  she  had 
identified  as  her  goal  for  the  lesson.  (In  post-teaching  interviews  she  often  used  the  language,  "lead 
them  to  understand.")  The  responses  were  what  she  considered  lo  be  indicators  of  understanding  given 
that  the  children  had  not  been  provided  with  a  model  to  imitate.  When  her  goal  was  to  teach  students  to 
name  and  write  simple  fractions  using  area  models  (our  language)  she  followed  a  four-part  plan:  (1)  ask 
the  students  to  say  the  number  of  parts,  (2)  ask  them  to  say  how  many  of  those  parts  are  indicated,  (3) 
ask  them  for  the  fraction  name,  (4)  ask  them  for  the  written  form.  From  Toni's  perspective,  she  had 
designed  a  plan  lo  develop  understanding.  It  began  with  something  that  the  students  knew,  how  to  count 
the  number  of  parts,  and  developed  sequentially  with  each  piece  connected  to  the  one  before.  Toni's 
instruction  was  predicated  on  the  expectation  that  someone  would  be  able  to  answer  the  question 
appropriately.  There  did  not  seem  to  be  an  attempt  to  inquire  into  children's  understanding.  As  a  result, 
there  *as  no  explicit  attempt  to  base  the  lesson  on  students'  current  concepts.  During  the  lesson,  her 
attention  was  noi  on  what  concepts  students  were  constructing,  but  whether  they  were  producing  the 
behaviors  mat  she  considered  to  be  evidence  of  understanding.  She  did  not  focus  on  creating  a 
problematic  situation  that  would  result  in  accommodation. 

Toni  was  limited  by  her  knowledge  of  mathematics  and  her  ability  to  identify  key  mathematical 
ideas.  In  addition,  her  views  of  mathematics  learning  were  relatively  undeveloped.  She  seemed  lo 
believe  that  learning  involves  active  participation  as  opposed  to  passive  taking  in  of  information.  She 
believed  that  understanding  must  be  built  on  prior  understanding.  Her  lessons,  however,  suggest  that 
this  building  process  is  the  result  of  sequencing  of  a  particular  set  of  behaviors. 

Our  sense  is  that,  prior  to  a  lesson,  Toni  did  not  analyze  the  mathematical  understandings  nor  did 
she  question  whether  she  was  teaching  concepts  or  skills.  Rather  Toni's  question  seemed  to  be,  "How 
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can  I  teach  this  topic  (found  in  the  curriculum  guide)  in  a  way  that  will  foster  more  understanding  than 
just  teaching  a  rote  algorithm?"  "Understanding"  in  the  context  of  thinking  about  teaching  rather  than 
about  learning  evokes  an  association  with  a  set  of  teaching  strategies  which  Toni  thinks  of  as 
contributing  to  understanding.  Thus,  Toni  focused  on  using  manipulative*,  asking  questions,  and  having 
students  work  together.  This  focus  on  general  teaching  strategies  does  not  involve  Toni  in  important 
issues  of  the  mathematics  and  of  children's  thinking. 

Summary  and  Conclusions 

The  mathematical  experiences  in  which  Toni  engaged  during  the  CEM  classes  gave  her  a  feel  for 
what  mathematics  learning  might  be.  Although  she  struggled  at  times  with  the  lack  of  closure  on 
mathematical  ideas  and  with  (he  exam  process,  Toni  felt  herself  growing  in  understanding  and  in  her 
confidence  to  engage  in  mathematical  experiences  and  discussions.  She  approached  her  student  teaching 
with  a  cctamitment  to  adapt  to  the  elementary  classroom  that  which  had  been  powerful  for  her, 
including  opportunities  for  students  to  develop  their  own  ideas  and  strategies,  to  work  with 
manipulative*  and  diagrams,  to  encounter  a  variety  of  approaches  to  problems,  to  articulate  their  ideas, 
and  to  see  the  connections  between  mathematical  ideas.  These  commitments  cover  some  of  the  key 
aspects  of  recent  mathematics  education  reform  documents  (cf.  NCTM,  1989  and  1991). 

For  Toni,  what  were  the  key  determinants  of  her  CEM  mathematics  learning  experiences?  Her 
reflections  and  subsequent  teaching  suggest  that  Toni  focused  on  the  structure  of  the  class  and  the 
behaviors  of  the  teacher,  including  the  use  of  cooperative  groups,  manipulatives,  whole  class  discussion, 
and  teacher  questioning  of  students.  Notable,  as  well,  were  the  teaching  strategies  not  in  evidence  such 
as  lecture/  demonstration  and  telling  students  whether  their  answers  were  correct. 

However,  as  Toni  attempted  to  apply  these  strategies  in  the  classroom,  they  became  problematic. 
Students  did  not  necessarily  learn  what  Toni  intended  for  them  to  learn.  How  could  she  help  them  make 
progress  without  telling  them  what    think?  What  manipulatives  should  be  used,  at  what  point?  What 
problems  should  the  cooperative  groups  be  engaged  in?  What  issues  should  be  pursued  now  and  which 
ones  addressed  later?  Often,  when  Toni  viewed  videotape  of  her  lessons,  she  was  able  to  recognize 
when  she  was  not  doing  the  type  of  teaching  that  she  intended  to  do.  However,  knowing  how  to 
promote  the  learning  of  particular  concepts  was  not  clear  to  her. 

Whereas  Toni  had  ad  >pted  a  potentially  powerful  set  of  teacher  behaviors,  she  was  relatively 
unaware  of  what  went  on  inside  the  teacher's  head.  She  was  unaware  of  the  knowledge  and  thinking 
which  informed  the  teacher's  decision  making.  (Simon,  in  press,  provides  an  empirical  and  theoretical 
exploration  of  the  teacher's  decision  making  in  the  CEM  mathematics  class.)  A  teacher's  mental  activity 
can  be  discussed  focusing  on  three  broad  areas:  mathematics,  mathematics  learning,  and  mathematics 
teaching.  These  three  interdependent  categories  allow  us  to  organize  our  analysis  of  Toni's  limitations 
as  a  teacher  of  mathematics. 

Mathematics:  Toni  created  her  lessons  based  on  the  topics  listed  in  the  curriculum  guide.  She 
did  not  seem  to  inquire  into  the  "big  ideas"  that  were  implicated  in  these  topics,  nor  did  she  attempt  to 
specify  the  web  of  concepts  that  might  be  related  to  the  principal  understanding  at  hand.  We 
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hypothesize  two  reasons  for  this.  Fuse,  Toni's  own  understanding  of  the  mathematics  was  often  weak. 
Second,  Toni  did  not  see  the  teacher's  analysis  of  the  mathematics  as  foundational  to  the  kind  of 
mathematics  learning  opportunities  that  she  had  come  to  value. 

Mathematics  Learning:  Toni  had  not  developed  an  explicit  theory  of  mathematics  learning. 
Although  many  of  her  views  seem  compatible  with  a  construed visi  orientation,  careful  examination 
suggests  thai  her  ideas  are  about  teaching  and  not  learning,  that  is,  they  are  about  how  to  support 
learning  and  not  the  mechanism  by  which  learning  takes  place.4  For  example.  Toni  believes  that  when 
students  have  the  opportunity  to  generate  their  own  ideas  rather  than  listen  to  the  teacher's  ideas,  they 
develop  greater  understanding.  Contrast  that  idea  with  a  construe tivist  notion  that  each  person 
constructs  their  own  understandings  in  all  situations  (including  lectures),  and  that  learning  is  a  process  of 
construction  which  is  triggered  by  a  problematic  situation  in  which  current  schemes  are  inadequate  to 
accomplish  the  goal  of  the  individual.  Toni's  belief  implies  a  particular  type  of  classroom  activity.  It 
does  not  address  the  knowledge  of  the  individual  and  how  that  knowledge  is  transformed  As  a  result  of 
her  mention  to  teaching  rather  than  learning,  Toni  does  not  focus  on  understanding  students'  cuiient 
conceptions.  Without  an  explicit  personal  theory  of  learning,  she  is  unable  to  analyze  teaching  beyond 
sorting  teaching  behaviors  into  those  which  are  more  and  less  effective. 

Mathematics  Teaching;  Toni's  teaching  and  her  reflections  on  her  teaching  suggest  that  she 
repeatedly  returns  to  a  set  of  teaching  behaviors  which  she  believes  result  in  learning.  Using 
manipulatives,  posing  real-world  problems,  organizing  cooperative  groups  and  whole  class  discussions, 
and  questioning  students  rather  than  telling  them  information  are  the  tools  that  she  brings  to  the 
classroom.  However,  her  lack  of  grounding  in  the  mathematics  and  in  how  students  learn,  leaves  her 
with  a  limited  set  of  strategies  for  helping  students  to  progress. 

Toni's  leaching  consists  of  leading  students  through  a  set  of  behaviors  towards  behaviors  which 
she  considers  to  be  demonstrative  of  the  knowledge  she  is  trying  to  promote.  She  attempts  to  start  the 
sequence  at  a  point  where  she  can  count  on  appropriate  responses.  TOs  novice  approach  to  teaching- 
without -telling  may  appear  to  be  successful  as  long  as  there  is  one  or  more  students  who  can  answer  her 
questions.  However,  when  Toni  becomes  aware  that  students  are  not  following  what  is  transpiring,  ber 
approach  does  not  help  her  know  how  to  proceed. 

While  Toni  is  leading  her  students  towards  her  goal,  she  frequently  engages  in  behaviors  that  are 
likely  to  be  beneficial.  She  asks  students  why  they  did  what  they  did  and  to  represent  their  ideas  with 
concrete  representations.  However,  the  potential  of  such  strategies  is  limited  by  the  mathematical  value 
of  the  activity  and  the  appropriateness  of  the  activity  to  the  students'  current  mathematical  knowledge. 
In  addition,  her  lack  of  discrimination  between  logico  mathematical  knowledge  and  social  knowledge 
prevents  her  from  making  an  informed  choice  among  a  wide  range  of  strategies  -  even  telling.  (Of 
course.  Toni  does  engage  in  telling,  but  it  seems  to  creep  in  when  she  is  intending  not  to.) 

For  Toni,  the  two-semester  CEM  instructional  program  was  significant.  It  gave  her  a  chance  to 
change  her  relationship  to  mathematics  and  to  have  an  experience  of  mathematics  learning  with 
understanding  in  a  collaborative  classroom  community.  Toni  also  acquired  a  set  of  potentially  powerful 
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teaching  strategies.  Ker  reflections  in  her  journals  and  interviews  suggest  that  much  of  what  she 
experienced  and  read  are  useful  to  her  as  she  thinks  about  learning  and  teaching  experiences  in  which 
she  is  involved. 

Aa  important  as  these  changes  are,  Toni's  story  also  points  at  the  inadequacy  of  her  preparation  to 
teach  mathematics.  Observations  of  her  teaching  and  subsequent  analysis  of  her  reflections  on  her 
leaching  suggest  that  the  following  are  key  questions: 

1 .  What  is  the  extent  and  nature  of  instructional  intervention  that  would  provide  her  with  a  strong 
conceptual  background  for  teaching  mathematics  in  the  elementary  grades? 

2.  How  might  Toni  be  assisted  in  identifying  "big  ideas"  in  the  elementary  mathematics 
curriculum? 

3.  What  experiences  would  lead  Toni  to  develop  a  useful  personal  theory  of  how  children  learn 
mathematics  and  the  commitment  and  ability  to  pursue  children's  understandings  and  thinking? 

4.  How  might  Toni  learn  the  "invisible"  aspects  of  teaching,  the  mathematical  conceptual 
analysis,  the  building  of  models  of  students'  thinking,  the  hypothesizing  about  potential  learning 
(discussed  in  Simon,  in  press)? 

Clearly  the  answers  involve  a  program  of  greater  duration  and  the  opportunity  for  extensive 
teaching  experience  in  reform-oriented  classrooms  supervised  by  educators  who  have  a  deep 
understanding  of  these  issues.  Regular  opportunities  to  conduct  mathematics  interviews  with  children 
and  to  analyze  the  content  and  process  of  those  interviews  in  a  group  of  colleagues  also  seems  indicated. 
However,  many  of  the  answers  to  these  questions  are  less  easily  identified. 


Notes 

'The  CEM  project  is  supported  by  the  National  Science  Foundation  under  Grant  No.  TPE-9050032. 
Any  opinions,  findings,  and  conclusions  or  recommendations  expressed  in  this  material  are  those  of  the 
author  and  do  not  necessarily  reflect  the  views  of  the  National  Science  Foundation. 
2 A  much  longer  paper  describing  the  case  study  is  available  from  the  first  author.  In  this  7  page  version, 
transcript  data  were  deleted. 

5  Note  that  the  20%  refers  to  20%  of  the  original  number  while  the  80%  refers  to  80%  of  the  new  (larger) 
number.  The  students  were  not  making  this  distinction. 

4Our  language  here  is  overly  dichotomous.  We  recognize  that  having  a  personal  theory  of  learning  is 
not  all-or-nothing.  Certainly  Toni  has  some  rudimentary  notions  about  learning.  For  example,  she 
teema  to  believe  that  learning  is  sequential.  However,  we  believe  that  an  important  point  is  made  by 
contrasting  her  orientation  towards  teaching  strategies  with  a  perspective  grounded  in  how  students 
learn. 
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A  PRESERVICE  TEACHER  LEARNING  TO  TEACH  MATHEMATICS 
IN  A  COGNITIVELY  GUIDED  MANNER 


BanHninh  A.  Phlllon.  Barbara  E.  Armstrong,  &  Nadine  S.  Bezuk 
Center  for  Research  in  Mathematics  and  Science  Education 
San  Diego  State  University 


This  paper  reports  the  results  of  a  study  designed  to  answer  three  questions:  I)  To  what  extent 
can  a  preservice  elementary  school  teacher  adopt  cognitively  guided  beliefs  with  respect  to  the  teaching 
of  mathematics?  2)  How  does  on  exemplary  student  teacher  transfer  into  practice  her  beliefs  about 
teaching  mathematics  in  a  cognitively  guided  manner?  3)  What  are  some  of  the  issues  /factors  that 
influence  the  degree  to  which  a  student  teacher  can  teach  mathematics  in  a  cognitively  guided  manner? 
Results  indicate  that  a  student  teacher  can  adopt  cognitively  guided  beliefs  and  experience  some  success 
at  implementing  these  beliefs  during  instruction.  However,  this  student  teacher  experienced  many 
difficulties.  The  reasons  for  these  difficulties  are  discussed  and  comparisons  are  drawn  between  the 
beliefs  and  practices  of  the  student  teacher  and  those  of  her  master  teacher.  Implications  for  teacher 
preparation  are  discussed. 

There  is  a  desperate  need  to  change  the  way  mathematics  is  currently  taught,  and  researchers 
have  begun  to  study  the  beliefs  and  knowledge  teachers  must  possess  in  order  to  be  in  a  position  to  make 
these  changes.  This  research  has  been  supported  by  the  theoretical  framework  proposed  by  Shulman 
(1986)  who  introduced  the  term  pedagogical  content  knowledge  in  an  attempt  to  link  content  knowledge 
and  curricular  knowledge  into  an  area  devoted  to  "the  ways  of  representing  and  formulating  the  subject 
that  make  it  comprehensible  to  others"  (p.  9).  An  important  question  related  to  teacher  education  and 
teacher  change  is  the  extent  to  which  teachers  use  pedagogical  content  knowledge.  A  research  program 
conducted  at  the  University  of  Wisconsin  and  referred  to  as  Cognitively  Guided  Instruction  (CGI) 
suggests  that  primary  school  teachers  who  receive  detailed  research-based  knowledge  about  addition  and 
subtraction  problem  types  and  solution  strategies  use  this  increased  understanding  of  how  children  think 
to  learn  more  about  their  own  students'  understanding,  resulting  in  better  mathematics  learning  and 
increased  confidence  by  their  students  (Carpenter,  Fennema,  Peterson,  Chiang,  &  Locf,  1989;  Peterson, 
Fennema,  Carpenter,  St  Locf,  1989).  These  results,  however,  have  not  been  extended  to  preservice 
teacher  education.  That  is,  we  do  not  know  whether  people  who  are  in  the  process  of  becoming  teachers 
stand  to  benefit  by  receiving  detailed  research-based  knowledge  about  children's  solutions  strategies. 

The  current  study  investigated  this  issue  by  studying  one  student  teacher  to  aetermine  the  degree 
to  which  she  developed  CGI  beliefs  and  the  extent  to  which  these  beliefs  resulted  in  CGI  instruction  in  a 
first  grade  classroom.  We  used  case  study  methodology  to  investigate  this  student  teacher  during  her 
second  semester  of  a  two-semester  fifth-year  elementary  school  credential  program.  We  chose  an 
exemplary  student  teacher  because  we  were  seeking  an  existence  proof:  that  is,  can  a  preservice  teacher 
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utilize  research  about  how  children  think  in  such  a  way  that  it  influences  her  practice,  and  if  so,  what  are 

the  issues  and  factors  that  influence  the  decree  to  which  this  occurs? 

METHOD 

The  subject  for  this  study,  Miss  T,  was  selected  because  her  background  and  circumstances 
distinguished  her  from  other  elementary  school  pre  service  teachers.  First  her  mathematics  background 
was  stronger.  Second,  she  had  completed  a  graduate  course  in  mathematics  education  prior  to  the  start 
of  her  fifth  year  in  which  she  was  ex*\^**i  to  CGI  material.  Third,  during  the  year  she  worked  on  her 
credential,  she  took  a  mathematics  methods  course  that  included  CGI  material.  Fourth,  during  her 
second  semester  student  teaching,  she  was  working  with  a  first  grade  teacher  who  had  herself  been 
involved  with  a  CGI  in  service  project  during  the  past  year. 

Data  were  collected  for  a  period  of  one -and- a- half  years,  from  the  time  Miss  T  was  enrolled  in 
her  graduate  course  until  her  completion  of  student  teaching,  with  the  majority  of  data  collection  taking 
place  during  her  second  semester  of  student  leaching  in  a  first  grade  inner-city  classroom.  Data  included 
scores  on  belief  scales  taken  before  and  after  the  graduate  course,  interviews  conducted  before  she  began 
and  after  she  completed  her  student  teaching  assignments,  12  classroom  observations  of  her  student 
teaching,  and  a  planning  session  with  her  cooperating  teacher.  We  also  observed  the  master  teacher  on 
six  separate  occasions,  and  interviewed  her  at  the  end  of  the  student  teaching  semester.  All  of  the 
observations  and  post-observation  discussions  of  Miss  T  were  audiotaped  and  selectively  transcribed, 
and  we  videotaped  one  lesson.  All  interviews  were  transcribed  in  their  entirety. 
RESULTS  AND  DISCUSSION 

Miss  T's  Orientation  Prior  to  Student  Teaching.  Miss  Ts  took  the  pretest  belief  scale  at  the 
beginning  of  her  student  teaching  semester.  These  scores,  along  with  her  preinterview,  indicated  that 
she  possessed  an  orientation. toward  the  following  beliefs:  (a)  children  construct  their  own  knowledge, 
(b)  skills  should  be  taught  in  relationship  to  understanding  and  problem  solving,  (c)  mathematics 
instruction  should  facilitate  children's  construction  of  knowledge,  and  (d)  children,  if  provided 
appropriate  materials  and  a  chance  to  discuss  their  thinking,  can  create  mathematical  meaning  for 
themselves.  She  was  critical  of  the  type  of  mathematics  instruction  generally  found  in  schools  involving 
demonstrations,  guided  practice,  and  homework  from  the  textbook,  and  she  viewed  the  textbook  as  a 
resource  to  be  used  but  not  to  be  obeyed  She  intended  for  problem  solving  to  form  the  basis  for  much 
of  what  she  did  in  class,  with  students  encouraged  to  sharenheir  thinking.  She  believed  that  conceptual 
understanding  ought  to  precede  the  development  of  procedures. 

Translating  Beliefs  Into  Practice.  The  following  were  common  characteristics  of  all  die 
lessons  we  observed  Miss  T  teach.  Textbooks  were  never  used  Students  were  consistently  asked  to 
explain  how  they  got  their  answers.  Word  problems  were  often  either  used  as  the  basis  of  the  lesson  or 
students  were  asked  to  compose  their  own.  Miss  T  was  never  satisfied  with  just  one  correct  answer,  and 
the  students  seemed  comfortable  with  being  asked  for  additional  strategies. 

The  hallmark  of  CGI  is  the  teacher's  use  of  content -specific  research  knowledge  about  students' 
mathematical  thinking.  One  example  of  this  occurred  early  in  the  leaching  of  Miss  T's  geometry  unit, 


ERIC 


4  $9 


160 


when  sbe  wanted  her  students  to  develop  vocabulary  while  at  the  same  time  work  on  their  understanding 
of  shapes  by  describing  the  difference  between  a  square  and  a  rectangle.  One  student  commented  that 
"This  (referring  to  the  rectangle)  is  weird  and  this  (referring  to  the  square)  is  not"  and  another  said, 
-This  is  long  and  this  is  like  a  box."  Miss  T  responded  by  asking  the  swdent,  "Are  sides  of  the  square 
different  from  sides  of  the  rectangle?"  One  boy  stated,  "one  is  longer  and  the  other  is  shorter,"  a  girl 
said,  "one  is  smaller  and  the  other  is  taller,"  and  anotner  girl  said,  "one  is  skinny  and  one  is  fat."  Miss  T 
then  commented  that,  "I  am  trying  to  get  to  one  thing."  At  this  point  in  the  lesson,  Miss  T  passed  out 
scissors  and  the  students  worked  on  cutting  out  some  shapes. 

During  the  discussion  after  class,  Miss  T  explained  that  she  had  wanted  her  students  to  state  that 
the  square  is  made  of  up  four  equal  sides  whereas  the  rectangle  has  two  pairs  of  equal  sides.  While 
discussing  the  difficulty  her  students  were  having  with  analyzing  various  properties  of  shapes,  Mrs.  A 
suggested  that  Miss  T  read  a  paper  that  had  just  been  sent  to  her  about  CGI  and  geometry  (Lehrer, 
Fcnncma,  Carpenter,  &  Osana,  1992),  which  included  a  thorough  discussion  of  van  Hiele's  levels  of 
geometric  thought.  During  a  discussion  with  Miss  T  three  days  later,  she  was  asked  what  she  thought  of 
the  article.  She  commented: 

Miss  T:     I  liked  it.  It  was  difficult  for  me  to  ...  I  read  Van  de  Walle  (1989)  for  this  unit.  I  had  thought 
that  I  bad  understood  the  levels.  The  research  with  regards  to  those  levels  really  helped  me ... 

I:  Did  that  article  affert  anything  you  were  thinking  about  with  regards  to  how  you  will  teach? 

Let  me  put  it  this  way,  did  re-understanding  level  0  (of  the  Van  Hiele  Levels)  change  the  way 
you  will  leach? 

Miss  T:  Yes. 

t:  How? 

Miss  T:     I  am  not  going  to  focus  on  specific  features  or  specific  language.  I'll  bring  it  up,  because 

some  kids  might  get  the  fact  that  a  square  ha*  it  and  a  rectangle  doesn't,  but  I  am  not  going  to 
sit  there  like  I  did  the  other  day  and  try  to  get  the  entire  classroom  to  get  that 
And  she  didn't.  Miss  T  spent  the  duration  of  the  geometry  unit  letting  her  students  work  at  a  number  of 
different  centers  she  had  created  so  that  her  students  would  be  able  to  engage  in  activities  which  might 
be  said  to  address  van  Hiele  level  0  (visualization),  instead  of  van  Hiele  level  1  (analysis).  These 
activities  were  well-received  by  her  students  and  seemed  appropriate.  This  was  an  example  of  Miss  T's 
use  of  research-based  knowledge  of  students'  thinking  when  making  instructional  decisions. 

The  fact  that  Miss  T  was  able  to  utilize  detailed  knowledge  of  students'  thinking  when  nuJcing 
instructional  decisions  is  encounging.  Howevc*  although  there  were  times  when  she  was  able  to  do 
this,  there  were  many  occasions  when  her  knowledge  of  students'  thinking  did  not  translate  into 
instructional  decisions.  During  one  discussion  about  how  she  uses  knowledge  of  individual  students 
when  making  curricular  decisions,  she  stated: 

Maybe  I  will  take  home  their  book  and  their  portfolios,  so  I  can  begin  to  tell  what  they  know. 

ITiit  wouldn't  even  drive  me  that  much,  because  if  I  found  out  that  three-fourths  (of  the  students 

in  the  class)  were  direct  modelers  and  one-fou^.  (of  the  students)  were  counters  (using  counting 


ERIC 


strategies),  with  some  use  of  derived  frets,  I  don't  think  thit  would  help  roe  that  much  to  help 
me  focus  on  what  I  am  doing.  I  think  the  problem  is  the  subject  matter  is  so  limited. 
Miss  T  knew  that  many  of  her  students  were  not  yet  able  to  count-on,  but  she  still  had  trouble  designing 
lessons  which  she  fell  would  address  her  students'  levels.  The  next  session  will  describe  some  possible 
reasons  for  this  difficulty, 

What  are  some  of  the  Issues/factors  that  Influenced  Miss  T's  Implementation  of  CGI? 

There  are  a  number  of  reasons  why  a  teacher's  knowledge  of  students'  mathematical 
understanding  might  not  be  accessed  when  making  instructional  decisions.  We  cite  five: 

1)  The  teacher's  knowledge  of  mathematicc  might  not  be  sufficiently  structured  to  allow  her  to 
fit  observations  of  her  students'  understanding  into  a  coherent  mathematical  picture.  That  is,  without 
possessing  a  rich  mathematical  road  map,  the  teacher  may  not  see  the  possibilities  related  to  structuring 
the  curriculum  (McDiarmid,  Ball,  &  Anderson,  1989). 

2)  The  teacher  might  view  the  curriculum  as  given,  and  she  may  not  believe  she  has  any 
freedom  to  vary  from  that  curriculum.  For  example,  many  teachers  view  the  textbook  as  the  curriculum 
to  be  closely  followed  (Romberg  A  Carpenter,  1986). 

3)  Teachers  may  not  possess  a  map  of  the  curriculum.  Although  this  Is  related  to  reasons  #1  and 
#2,  it  merits  separate  mention.  Whereas  a  teacher  may  posses  mathematical  knowledge  rich  in 
relationships  (#1)  and  may  not  believe  that  the  mathematics  curriculum  is  defined  by  the  textbook  (#2), 
she  still  may  not  possess  a  sense  of  what  important  mathematical  ideis  should  be  included  at  a  particular 
grade  level. 

4)  The  knowledge  of  students'  thinking  may  not  fit  into  a  larger  framework.  In  her  case  studies 
of  English  teachers,  Grossman  (1990)  noted  that  teachers  who  do  not  possess  a  framework  with  which  to 
make  sense  of  their  students'  understanding  may  find  it  difficult  to  learn  from  experience.  An  example 
of  this  can  be  found  in  this  study.  Miss  T  understood  that  her  students  were  having  difficulty  explaining 
their  geometric  reasoning,  and  even  though  she  had  read  about  the  Van  Hiele  Levels,  it  was  not  until  she 
went  back  and  thought  again  about  the  levels  that  she  was  able  to  make  sense  of  her  students*  thinking  in 
terms  of  their  development  of  geometric  reasoning.  As  a  result,  her  renewed  understanding  of  the  Van 
Hiele  Levels  provided  the  larger  framework  into  which  she  was  able  to  place  her  knowledge  of  her 
students'  thinking,  resulting  in  her  ability  to  make  appropriate  instructional  changes. 

5)  Teachers  may  be  constrained  by  their  view  of  how  children  develop  understanding.  This  is 
especially  true  among  novice  teachers,  who  often  underestimate  the  time  required  for  students  to 
develop  conceptual  understanding..  The  many  forces  acting  on  elementary  school  teachers  help  explain 
why  this  view  continues  to  predominate  many  teachers'  thinking.  Behavioral  objectives,  for  example, 
which  are  sdll  extolled  as  important  for  beginning  teachers  to  understand  to  help  them  focus  their 
lessons  (Zumwalt,  1989),  cany  with  them  the  unintended  (or  perhaps  intended)  message  that  anything 
can  be  taught  to  anyone  in  forty-five  minutes. 

In  describing  Miss  T*s  difficulties,  we  will  discuss  how  her  difficulties  compared  with  the 
difficulties  experienced  by  her  master  teacher,  Mrs.  A.  Two  consistent  issues  plaguing  Miss  T  were 
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classroom  management  and  her  student*'  difficulty  articulating  their  thinking.  Although  both  of  these 
issues  also  bothered  her  master  teacher,  classroom  management  did  not  seem  to  trouble  Mrs.  A  nearly  as 
much  as  it  troubled  Miss  T. 

The  five  reasons  stated  above  did  not  equally  account  for  the  difficulty  Miss  T  experienced  when 
she  attempted  to  use  her  knowledge  about  students'  thinking  when  making  instructional  decisions.  The 
first  two  reasons  did  not  seem  to  play  a  major  role  -  her  knowledge  of  the  mathematical  content  was 
deep  and  she  did  not  view  the  textbook  as  being  overly  important.  The  fourth  reason  also  did  not  seem 
to  apply  because  not  only  is  the  framework  which  describes  the  addition  and  subtraction  problem  types 
and  solution  strategies  well  formulated,  but  Miss  T  possessed  an  excellent  understanding  of  this 
framework,  perhaps  even  better  than  Mrs.  A's.  For  example,  note  the  following  dialogue  between  Miss 
T  and  one  of  the  researchers: 

I:  Have  you  talked  to  Mrs.  A  about  what  she  would  like  them  to  be  able  to  do  by  the  end  of  the 

first  grade? 

Miss  T:    Not  that  specific  question.  But  I  asked  her,  "Before  we  get  to  geometry,  what  do  you  want 
me  to  cover?"  She  said  she  wanted  them  to  be  able  to  do  start  unknown  problems,  wuich 
surprised  me. 

I;  Why  did  that  surprise  you? 

Miss.  P.:  Because  it  is  so  specific.  Some  of  them  may  not  be  able  to  get  there  yet  It  seems  to  me  a 
developmental  issue.  There  are  some  of  these  lads  that  won't  be  able  to  get  that...  It  would 
be  like  forcing  someone  to  have  that  cogniti  ve  flexibility  before  they  have  that  cognitive 
flexibility.  Forcing  them  to  think  the  words  in  the  problem  before  they  really  understand 
what  it  means  or  how  they  can  change  the  numbers  or  understand  the  situation  so  they  can  do 
it  themselves. 

We  believe  that  reasons  3  and  5  accounted  for  much  of  Miss  T's  difficulties.  Having  only 
student  taught  for  half  of  one  semester  at  the  5th-6th  grade  level,  Miss  T  had  virtually  no  opportunities 
to  consider  what  are  the  big  mathematical  ideas  toward  which  first  grade  children  ought  to  be  oriented 
That  is,  ahe  had  not  created  a  mental  map  of  the  curriculum  to  which  she  might  turn  when  making 
decisions  about  the  class.  We  ire  not  in  a  position  to  comment  as  to  whether  or  not  Mrs.  A  possessed 
such  a  map  of  the  curriculum,  but  it  is  noteworthy  thai  Miss  T  thought  her  master  teacher  possessed  one: 
"I  think  she  has  a  master  plan  in  her  brain  that  she  has  mentioned  several  times  that  she  may  not  be  able 
to  verbalize."  She  also  said,  "I  asked  her  what  she  wanted  me  to  cover  and  I  don't  know  if  she  is  trying 
to  torture  me  by  not  telling  me  specifics"  The  other  issue  which  seemed  pertinent  to  Miss  Ts  ability  to 
utilize  information  about  her  students'  thinking  was  #3,  involving  her  inexperience  at  knowing  how  long 
one  might  reasonably  expect  students  to  take  to  develop  addition  and  subtraction  problem  solving 
abilities  and  associated  processes  of  reasoning.  This  was  an  issue  that  did  not  seem  to  concern  Mrs.  A, 
who  often  mentioned  that  her  chronologically  younger  students  required  the  passage  of  time  before  they 
might  come  into  their  own. 
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Perhaps  the  rooit  interesting  difference  between  Miss  T  and  Mrs.  A  was  their  view  of  themselves 
as  CGI  teachers.  One  of  the  questions  they  responded  to  during  separate  interviews  conducted  at  the  end 
of  the  semester  required  each  of  them  to  place  herself  on  a  CGI  continuum  in  terms  of  where  they 
thought  they  were  and  where  they  would  like  to  be.  Figure  1  and  2  display  their  respective  responses. 

Non-CGI   X  _0  CGI 

Teacher  Teacher 

FIGURE  I:  Mrs.  A's  self evaluation  of  where  she  Is  as  a  CGI  teacher  (X)  and  where  she 

would  like  to  be  (O). 


Non-CGI  X  O  CGI 

Teacher  Teacher 

FIGURE  2.  Miss  Ts  self  evaluation  of  where  she  Is  as  a  CGI  teacher  (X)  and  where  she 

would  like  to  be  (O). 

In  describing  why  she  placed  herself  where  she  did,  Mrs.  A  explained  that  she  still  had  a  long  way  to  go 
in  implementing  CGI.  Miss  T,  on  the  other  hand,  explained  that  although  she  was  not  completely 
implementing  CGI,  she  felt  that  she  had  adopted  CGI  beliefs  and  it  was  only  because  of  other  issues, 
such  as  classroom  management  and  her  students*  inability  to  express  themselves,  that  she  wis  not  able 
to  further  implement  CGL 

The  difference  in  where  Miss  T.  the  student  teacher,  and  Mrs.  A,  the  master  teacher,  placed 
themselves  on  the  continuum  reflects  their  different  views  of  that  which  constitutes  CGI.  Mrs.  A,  like 
the  other  in  service  teachers  who  have  placed  themselves  on  this  continuum,  saw  herself  in  terms  of  what 
she  was  able  to  Implement  in  the  classroom.  Miss  T,  however,  viewed  herself  in  terras  of  her  own 
beliefs,  separated  from  the  many  factors  that  impeded  her  ability  to  implement  CGI  as  she  would  have 
liked. 

The  three  authors,  independently  using  an  instrument  designed  to  locate  one's  development  of 
CGI  based  on  one's  practice  (Franke  &  Fennem*.  !992),  indicated  that  both  Mrs  A  and  Miss  T  held  the 
rudiments  of  CGI  philosophy  and  were  beginning  to  translate  that  philosophy  into  instruction.  We 
placed  Mrs.  A  a  little  higher  than  Miss  T  on  the  scale. 

We  hypothesize  that  the  differences  in  where  the  master  teacher  and  the  student  teacher  placed 
themselves  on  the  scale  may  highlight  an  important  difference  between  how  inservice  teachers  and 
student  teachers  come  to  understand  new  learning  theories.  While  both  inservice  teachers  and  preservice 
teachers  must  filter  new  theories  through  their  current  understanding,  inservice  teachers  may  constrain 
the  new  information  In  such  a  way  as  to  take  in  only  that  which  they  are  able  to  usimilate  Into  their 
current  schema  of  teaching.  Student  teachers,  on  the  other  hand,  who  do  not  possess  a  great  deal  of 
knowledge  about  the  practice  of  teaching  from  the  perspective  of  the  teacher,  may  be  more  apt  to  take  in 
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the  theory  as  t  whole  without  necessarily  knowing  how  or  even  if  they  will  be  in  a  position  to  implement 
that  theory  during  instruction.  In  the  current  study,  Mrs.  A  placed  herself  low  on  the  CGI  Teacher  scale 
because  she  was  no*  implementing  CGI  as  much  as  she  hoped  to.  Miss  T  placed  herself  high  on  the  CGI 
Teacher  scale  in  spite  of  her  perception  that  she  was  not  able  to  implement  CGI  to  the  extent  to  which 
she  would  like,  because  she  thought  she  possessed  a  good  understanding  of  CGI  principles. 
FINAL  COMMENTS 

This  study,  which  provides  an  existence  proof  that  a  preservice  teacher  can  utilize  pedagogical 
content  knowledge  about  bow  children  think  in  such  a  way  that  it  influences  her  practice,  carries 
important  implications  for  teacher  preparation.  Miss  T  developed  strong  cognitively  guided  beliefs  that 
affected  her  classroom  practice  when  student  teaching  with  a  CGI  master  teacher.  Furthermore,  these 
beliefs  were  not  shaken  even  in  an  environment  where  implementation  was  difficult.  The  student 
teacher  consistently  based  lessons  around  problems,  encouraged  students  to  provide  a  variety  of  solution 
strategies,  and  assessed  her  students.  However,  she  experienced  much  difficulty  consistently  applying 
her  knowledge  of  her  students'  understanding  when  making  curricular  decisions.  Our  analysis  of  this 
'difficulty  suggests  areas  to  be  addressed  during  teacher  preparation.  In  particular,  the  possibility  that  the 
process  by  which  inscrvice  teachers  assimilate  novel  pedagogical  information  may  be  qualitatively 
different  from  the  process  by  which  student  teachers  assimilate  suca  pedagogical  informatioo  may  have 
important  implications  for  both  teacher  preparation  and  teacher  in  servicing. 
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TEACHERS  ENTER  THE  CONVERSATION 
Deborah  Sc  hitter 
Education  Development  Center,  Inc. 


With  the  emergence  of  a  new  vision  of  mathematics  instruction,  the  mathematics  education  community 
finds  itself  in  need  of  specific,  concrete  images  in  order  to  1)  communicate  basic  theoretical  principles  that 
underlie  thai  vision  and  2)  identify  for  discussion  Issues  intrinsic  to  the  practice  of  the  "new  mathematics 
pedagogy. "  A  project  was  U signed  to  support  teachers  as  they  wrote  reflective  first-person  narratives 
about  mathematics  learning  process  in  their  own  classrooms.  The  paper  describes  the  project  and  Its 
products  and  discusses  responses  to  the  papers  produced  Finally,  it  considers  what  teachers  learned  in 
the  very  process  of  writing  such  papers . 


Out  of  the  convergence  of  changing  social  needs  with  two  decades  of  research  in  cognitive 
psychology,  a  new  vision  of  mathematics  instruction  has  emerged.  Though  codified  in  the  NCTM 
Standards  and  embraced  by  Influential  segments  of  the  education  policy  community,  it  has  yet  to  be  shown 
what  this  vision  will  look  like  when  translated  into  the  day-to-day  life  of  the  mathematics  classroom. 
Constructing  the  practice  that  will  realize  the  principles  animating  the  Standards  has  only  just  begun  and  it 
follows  from  the  very  nature  of  those  principles  that  classroom  teachers  must  be  the  primary  agents  of  that 
process. 

With  Increased  authoriry-and  responsibiliry--for  shaping  mathematics  instruction  in  their 
respective  classrooms,  teachers  will  also  need  to  invent  new  forms  of  collegiality.  They  must  demonstrate 
to  their  peers,  as  well  as  to  the  rest  of  us,  what,  concretely,  the  new  mathematics  classroom  will  look  like. 
But  once  acknowledging  this  need,  the  absence  of  teacher  voices  from  the  professional  conversation 
becomes  deafening  (Cochran-Smith  and  Lytle,  1990).  This  has  provoked  some  teacher  educators,  myself 
included,  to  wonder.  What  are  the  forms  and  the  forums  through  which  teachers  might  share  what  they  are 
learning  as  they  begin  to  transform  their  practice  along  the  lines  mandated  by  the  Standards? 

In  recent  years,  a  consensus  has  been  growing  that  stories  are  more  helpful  to  people  who  need  to 
learn  to  think  in  new  ways  about  complex,  context  dependent  domains  like  teaching  than  are  theoretical 
expositions  (Barnett.  1991;  Carter,  1993;  Shulman.  J .  1992;  Shulman.  L..  19S6).  Only  through  the 
telling  of  stories  about  their  classrooms  can  teachers  convey  the  richness  and  Interconnectedness  of  what 
they  have  come  to  understand-about  their  students,  s&y.  and  their  schools  and  communities;  about  subject 
matter,  about  established  classroom  structures  as  well  as  experimental  ptactices-as  they  face  the  stream  of 
challenges  that  constitutes  everyday  life  in  the  classroom.  The  current  mathematics  education  literature 
provides  examples  upon  which  such  teacher  narratives  might  be  modeled:  case  studies  of  classroom 
teachers  written  by  researchers  (e.g.  Schifter  A  Fosnot.  1993;  Wilcox  et  al..  1992);  case  studies  conducted 
by  university  faculty  who  also  leach  K-12  mathematics  and  make  their  own  teaching  the  object  of  their 
research  (Ball,  in  press-a  in  press-b;  Borasi.  1992;  Lampert.  1988. 1989);  and  cases  written  by  full-time 
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classroom  teachers  (Bamett,  1991;  Countryman,  1992).  Such  studies  can  provide  rich  accounts  of 
classroom  process,  illustrating  the  kinds  of  dilemmas  that  arise  in  daily  instruction  and  bow  teachers  think 
about  and  resolve  such  dilemmas. 

In  this  paper  I  describe  an  experimental  project  which  borrows  elements  from  each  of  these 
models.  Designed  to  support  teachers  writing  about  their  own  mathematics  instruction,  the  Mathematics 
Process  Writing  Project  (MPWP)  was  conducted  by  SuromerMath  for  Teachers,  a  K-12  in-service 
mathematics  program.  Since  1983,  SummerMath  for  Teachers,  which  is  based  at  Mount  Holyoke 
College,  has  offered  summer  institutes  and  courses  based  on  construe  tivist  perspectives  on  learning 
(Schifter,  1993-a;Schifter&Fosnot, 1993; Simon ASchifier,  1991). 


Although  project  participants  did  conduct  "research"  (defined  as  systematic  and  intentional  inquiry 
[Cochran-Smith  &  Lytic,  19901),  the  MPWP  emphasized  "the  teacher  as  writer"  rather  than  "the  teacher  as 
researcher."  Its  goal  was  to  produce  rich,  reflective  narratives  of  classroom  process  which  explored 
teachers'  goals  and  decision  making. 

The  course  comprised  two  major  activities:  reading  assigned  materials  and  writing.  The  readings 
were  by  teachers  writing  about  their  own  teaching-for  example,  articles  by  Bali  (in  press-a,  in  press-b) 
and  Urnpert  (1988, 1989)  as  well  as  articles  coming  out  of  the  writing  movement  (Atwell,  1985;  Hillocks, 
1 990).  In  addition  to  such  works,  the  second  and  third  groups  of  teacher-writers  read  papers  written  by 
their  predecessors.  All  readings  were  critically  examined  for  both  content  and  writing  style. 

The  writing  component  of  the  course  was  fashioned  after  the  process-writing  model  that  many  of 
the  elementary  teachers  already  used  in  their  own  classes.  Consistent  with  the  mathematics  pedagogy  we 
endorse,  process  writing  involves  students  working  cooperatively  to  analyze  and  edit  writing  projects. 
For  the  first  several  weeks,  specific  assignments  were  given  so  that  teachers  could  begin  to  explore 
pedagogical  issues  and  experiment  with  writing  styles  (e.g.,  transcribe  a  classroom  dialogue  and  then 
write  a  narrative,  based  on  that  dialogue,  about  what  happened;  describe  a  student  who  has  revealed  to  you 
that  he/she  has  learned  something  that  you  are  trying  to  teach;  write  about  a  student  who  expresses  a 
mathematical  idea  that  surprises  you.)  Eventually  teachers  determined  the  direction  of  their  own  writing 
and  worked  on  final  projects- 15-  to  40-page  reflective  narratives  on  topics  of  their  choosing.  Throughout 
the  course,  teachers  met  in  both  small  and  large  groups  to  share  their  work  and  solicit  feedback.  All  of 
their  work  was  turned  in  to  me,  the  project  director  and  instructor,  and  I  responded  in  writing.  Upon 
request,  1  met  with  teachers  either  in  class,  in  my  office,  or  over  the  telephone. 


The  49  papers  produced  by  project  participants  are  quite  varied.  Some  of  these  explore  particular 
grade-specific  mathematical  topics-third  graders  working  on  graphs,  sixth  graders  using  Logo  to  discover 
properties  of  triangles,  high  school  students  constructing  meaning  for  the  concept  of  variable.  In  contrast 
to  traditional  classroom  presentations  of  mathematics  activities,  these  papers  position  activities  and 
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problems  in  the  flow  of  a  particular  classroom.  The  reader  learns  about  the  teachers'  goals  for  the  lesson, 
about  what  was  happening  before  a  particular  problem  was  posed,  what  happened  afterwards,  about  the 
questions  students  asked,  the  ideas  they  proposed,  how  they  interacted  with  one  another  and  with  the 
teacher,  what  students  learned,  what  the  teacher  learned,  etc. 

Other  papers  address  issues  that  classroom  teachers  are  likely  to  face  as  they  engage  the  new 
mathematics  pedagogy:  How  does  one  teach  students  to  listen  to  one  another,  work  collaboratively,  and 
participate  In  mathematical  inquiry?  How  does  one  meet  the  needs  of  all  students  In  a  mixed-ability 
classroom?  How  might  published  materials  be  adapted  to  meet  the  particular  needs  of  one's  class? 

In  still  other  papers,  teachers  write  about  their  own  process  of  change-conquering  meth  phobia, 
living  with  and  working  through  conflicting  paradigms  of  learning  and  teaching,  experimenting  with  new 
teaching  strategies,  and  engaging  in  inquiry  about  students'  cognitive  constructions. 

See  Schifter  (1993-b)  for  excerpts  of  teachers'  papers.  A  subset  of  these  papers  will  appear  in  an 
anthology  (Schifter,  in  preparation)  to  be  published  by  Teachers  College  Press. 


Since  the  first  set  of  papers  was  produced  24  months  ago,  I  have  distributed  them  to  teachers  and 
teacher  educators  along  with  a  questionnaire  about  them,  in  addition,  my  colleagues  and  I  have  used  the 
papers  in  our  own  in-service  courses. 

Teacher  educators  who  have  used  the  papers  have  found  that  the  vivid  descriptions  of  classroom 
process  provide  their  students  with  grounding  for  theoretical  principles  where  contexts  for  interpreting 
these  abstractions  are  lacking.  For  example,  one  colleague  who  assigned  to  her  pre-service  students  a 
paper  about  third  graders'  explorations  of  multiplication  reported  that,  although  her  students  had  been 
talking  about  "discovery"  and  "discourse"  all  semester  long,  it  was  only  after  reading  that  paper  that  they 
had  an  image  of  what  those  words  might  mean,  concretely,  for  an  elementary  classroom.  From  then  on, 
these  students  continually  referred  back  to  the  paper  as  they  discussed  instructional  principles  and 
possibilities. 

In  contrast  to  decontextualized  presentations  of  the  theoretical  basis  of  the  new  mathematics 
pedagogy,  the  classroom  situations  described  in  the  teachers'  papers  are  instantly  recognizable  to  their 
peers,  helping  them  to  interpret  those  principles  in  terms  of  their  own  teaching.  In  "Making  Graphs  Is  a 
Fun  Thing  to  Do,"  Val  Pen ni man  describes  her  confusion  when  she  realized  that  students  who  had 
followed  her  from  second  grade  into  third  could  not  answer  simple  questions  about  graphs  even  though 
they  had  done  a  hands-on  unit  together  the  year  before.  As  she  planned  her  graphing  unit  for  third  grade, 
she  decided  to  make  the  task  more,  rather  than  less,  complex-it  had  to  involve  a  problem  which 
challenged  her  students  to  construct  new  understandings.  Her  paper,  which  follows  her  class  through  the 
unit,  allowed  some  teachers  to  translate  a  theoretical  principte-that  the  construction  of  new  understandings 
is  stimulated  when  established  structures  of  interpretation  are  defeated  by  novel  expericnces-to  their  own 
teaching  situations: 
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[The  paper]  changed  the  way  I  always  thought  about  helping  children  to  understand  a  concept 
When  the  children  in  Val's  class  . . .  encountered  difficulties  in  graphing,  she  . . .  increased  the 
difficulty  of  the  situation.  Prior  to  reading  her  paper  and  seeing  the  response  that  her  students  had, 
I  would  naturally  have  simplified  the  task.  I  learned  that  by  increasing  the  difficulty  of  some  tasks, 
you  can  encourage  better  understanding. 

Another  conception  new  to  most  teachers  and  dramatized  in  the  papers  is  that  mathematics  is  not  a 
finished  body  of  discrete  facts  And  computational  routines,  but  a  dynamic  field  which  involves  posing 
questions,  making  and  proving  conjectures,  exploring  puzzles,  solving  problems,  and  debating  ideas.  For 
example,  in  "Decimal  Multiplication:  Down  the  Rabbit  Hole,"  Rita  Horn  leads  the  reader  along  the  route 
traced  by  her  students:  "We  multiplied  and  got  a  smaller  answer!  How  can  that  be?"  "I  think  when  you 
multiply  by  a  decimal,  you  get  an  answer  smaller  than  .the  number  you  started  with.H  "Not  always!  Look 
at  when  you  multiply  3  by  2.7.  The  answer  gets  bigger  than  3."  "So  why  does  it  work  some  of  the  time, 
but  not  ail  of  the  lime?"  And  in  "Of-ing  Fractions,"  Joanne  Moynahan's  class  of  sixth  graders  is  trying  to 
figure  out  which  operation-addition,  subtraction,  multiplication,  or  division-fits  the  following  problem: 
T]y  paYj<  family  att^rvi-rf  a  pi^ir  TW  family  m»/fc  un  1/3  nf  tbr  fiflrrn  TT onlf  thfrff   HOW  mMV 

Davis**  were  u  the  picnic?  As  readers  follow  the  children's  discussion,  they  are  confronted  with 
questions  about  the  meanings  of  multiplication  and  division,  about  relationships  among  operations,  and 
•bout  the  match  between  a  mathematical  model  and  the  situation  it  represents.  For  some  teachers,  papers 
like  these  provide  a  first  opportunity  to  think  through  such  conceptual  issues  for  themselves. 

I  [was]  very  interested  in  the  math  of  Rita's  paper.  I  had  never  thought  about  decimal 
multiplication  that  way  and  I  was  intrigued. 

Others  find  that  the  papers  yield  new  insights  into  their  students'  ways  of  thinking: 

"Of-ing  Fractions"  was  helpful  to  me  mathematically.  I  was  at  a  confused  state  about  how  and 
why  multiplying  fractions  was  so  confusing  to  kids  and  bard  to  teach  and  that  paper  really 
provided  the  "momentary  stay  against  confusion"  I  needed  at  a  certain  time. 

And  still  others  realize  that  perhaps  their  own  students  could  engage  in  the  kind  of  mathematics  portrayed 


I  learned  that  within  most  children's  conversations  about  mathematics  there  are  some  very 
important  ideas,  and  if  I  listened  in  my  own  class,  I  would  begin  hearing  them. 

Clearly,  it  is  the  very  concrete  »nd  specific  nature  of  the  papers  that  induced  teachers  to  examine- 
indeed,  for  many,  to  formulate  for  the  first  tirae-their  own  beliefs  about  such  dxp  and  important  matters. 
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Precisely  because  tbe  pipers  were  narrated  from  the  teacher's  perspective,  teacher-readers  could  see 
themselves  in  their  colleagues  jhoes  and  begin  to  imagine  themselves  in  similar  situations. 


Conclusion 


As  i  social  consensus  has  crystallized  around  the  instructional  paradigm  perhaps  best  articulated  in 
the  NCTM  Standards,  teachers  of  mathematics  in  the  United  States  are  being  asked  to  transform  their 
practice  in  unprecedented  wiys.  But  at  this  stage  in  the  reform  process,  the  principles  that  underlie  the 
Standards  are  largely  abstractions:  the  construction  of  the  day-to-day  practice  that  will  concretely  realize 
them  has  only  just  begun.  The  animating  premise  of  the  writing  project  reported  on  here  is  that  it  is  the 
teachers  themselves  who  must,  collectively,  invent  the  new  mathematics  pedagogy  and,  in  so  doing, 
discover  what  those  principles  really  mean. 

However,  even  as  I  argue  that  teachers  must  assume  primary  responsibility  for  producing  and 
disseminating  the  knowledge  necessary  for  transfonning  mathematics  Instruction,  I  also  believe  they 
cannot  assume  that  responsibility  until-and  unless -they  themselves  undertake  to  transform  their  own 
teaching.  But  teachers  whose  practice  enacts  traditional  paradigms  of  learning  and  teaching  cannot  begin 
this  process  on  their  own.  Through  in-service  programs,  teachers  must  be  provided  with  opportunities- 
for  example,  in  explorations  of  mathematical  ideas-to  experience  challenges  to  their  often  (^articulated 
beliefs  about  learning,  teaching,  and  the  nature  of  disciplinary  content. 

Writing  project  participants  had  previously  taken  at  least  one  in-service  mathematics  education 
course  with  me  or  one  of  my  colleagues  at  SummerMath  for  Teachers:  some  had  been  working  with  us 
for  as  long  as  seven  years;  others  had  entered  the  program  the  previous  summer  and  were  just  now 
beginning  to  work  through  what  it  means  to  enact  a  practice  based  on  a  constructivist  view  of  learning.  Ail 
were  reflective  about  their  teaching  and  all  had  demonstrated  the  ability  to  write  fluent  prose. 

These  teachers  viewed  the  writing  project  as  an  c^)portunity  to  further  develop  their  teaching.  It 
provided  yet  another  context  for  examining-in  a  very  profound  way -the  assumptions  that  form  the  basis 
of  their  practice.  In  the  words  of  one  participant: 

I  found  the  writing  process  forced  a  scrutiny  of  what  goes  on  in  my  classroom  that  I  have  never 
experienced  be  fore -not  from  having  observers  in  my  room,  not  from  being  evaluated,  and  not 
from  writing  in  a  journal.  When  I  first  began,  it  wis  a  painful  experience  to  read  what  I  had 
written.  There  were  so  many  incidents  and  situations  that  looked  different  when  I  read  about  them 
that  I  began  to  question  my  teaching  skill.  Now  that  I  have  had  a  chance  to  think  about  the 
experience  for  a  while,  I  realize  that  writing  and  then  reading  about  what  happened  puts  you  and 
your  observations  some  distance  from  the  situation  written  about.  It  allows  an  objectivity  in  a 
more  leisurely  settkg  which  helps  to  clarify  thinking. 
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No  less  important  was  the  collective  reflection  that  took  place  each  week  as  teachers  shared  their 
writing  and  participants  recognized  the  power  of  the  work  they  were  doing  tflgclhtf  to  construct  the  new 
pedagogy.  As  one  teacher-writer  put  it: 

Meeting  with  a  group  of  teachers  each  week  helped  me  no*  only  by  giving  me  feedback  on  my 
writing  but  on  the  math  that  was  happening  in  my  classroom  as  well .  It  also  gave  me  a  chance  to 
read  and  hear  about  what  was  going  on  in  other  classrooms.  Developing  this  habit  of  reflecting 
and  sharing  has  been  a  pivotal  part  of  my  change.  It  has  struck  me  several  times  that  these  are 
pieces  that  are  often  missing  from  teacher  education  programs  and  from  our  daily  professional 
lives,  and  for  me,  these  were  pieces  that  were  essential. 

At  the  beginning  of  each  MPWP  course,  participants  were  anxious,  intimidated  by  the  task  set  for 
them.  These  teachers  did  not  think  themselves  capable  of  creating  a  significant  piece  of  work,  one  that 
addressed  a  complex  pedagogical  issue  and  honestly  represented  their  teaching.  And  they  were  afraid  that 
others  would  scom--or,  at  best,  be  indifferent  to- their  work.  Thus,  they  began  with  short  assignments 
and  as  they  received  lots  of  feedback  that  pointed  out  successful  writing  and  identified  important  ideas, 
their  confidence  grew.  Writing  week  after  week-for  14  weeks-with  encouragement  and  suggestions 
from  me  and  from  their  peers,  the  teachers  slowly  developed  drafts  of  their  final  papers.  They  then  had  an 
additional  ten  weeks  to  complete  their  projects,  calling  on  me  and  on  one  another  for  further  support  as 
needed.  Clearly,  such  writing  is  time  consuming,  exposing,  and  difficult  And  in  the  absence  of  serious, 
well  conceived  programs  designed  to  encourage  it,  very  few  teachers  wUl  undertake  it 

Finally,  education  policy  in  general,  and  teacher  education  in  particular,  have  traditionally  shared  in 
what  might  be  called  the  "culture  of  professional  expertise"~wiih  its  mechanisms  of  legitimation  and  its 
hierarchical  models  of  knowledge  production  and  dsscniinauc*-thal  are  so  pervasive  a  feature  ol  modem 
society.  Teachers  will  have  to  fight  for  the  idea  that  it  is  they  themselves  who  must  invent  the  new 
mathematics  pedagogy  and  that  a  literature  of  teacher  narratives  can  give  voice  to  that  process.  As  for 
teacher  educators,  we  will  have  to  get  used  to  the  idea  that  our  role  is  to  help  teachers  challenge  the  very 
culture  of  expertise  that  has  authorized  us  to  be  part  of  this  exciting  process. 
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Martin  A.  Simon  and  finnj*  Rmh^ir  Perm  Sine  University 


Recent  mathematics  education  reform  efforts  have  focused  attention  on  the  need  toreconecptualue  ' 
mathematics  teacher  education.  Such  a  reconceptualisation  requires  an  empirical  base  with  respect 
to  teacher  development  in  the  direction  of  mathematics  reform  principles.  This  case  study 
examines  the  experience  of  one  prospective  elementary  teacher  in  the  context  of  a  two-semester 
reform-oriented  instructional  sequence.  Our  reconstruction  recounts  Georgia  s  struggle  with  a 
shift  In  mathematics  education  paradigms. 

This  brief  report  is  part  of  a  longer  case  study  of  Georgia,  which  includes  analysis  of  her  student 
leaching  experiences.  The  analysis  of  her  teaching  provides  additional  insight  into  the  nature  of  her  beliefs 
and  understandings.1  The  study  was  part  of  the  Construction  of  Elementary  Mathematics  Frojcct2,  a 
three-year  study  of  prospective  elementary  teacher's  development  which  involved  two  semester-long 
classroom  teaching  experiments,  the  first  a  mathematics  course  and  the  second  a  course  on  mathematics 
learning  and  teaching.  All  classes  were  videotaped,  participants  were  interviewed  periodically,  and 
journals  and  written  work  were  collected.  In  addition,  a -group  of  prospective  teachers  targeted  for  more 
extensive  data  collection  were  videotaped  (student)  teaching  in  elementary  school  classrooms,  and  post- 
teaching  interviews  with  them  were  recorded. 

Georgia's  story  is  told  in  chronological  "sliccC  reflecting  a  natural  segmentation.  The  fust  slice 
portrays  Georgia  before  the  classes  began.  The  subsequent  slices  included  here  detail  the  beginning  of  the 
first  semester,  and  the  remainder  of  the  two-semester  instructional  program. 


Georgia  anived  fall  semester  on  me  main  campus  of  a  large  university,  coming  from  a  small 
college  where  her  father  was  an  instructor.  She  had  some  difficulty  adjusting;  her<rips  back  home  each 
weekend  to  visit  her  family  and  boyfriend  provided  emotional  support  for  the  transition. 

In  the  first  interview,  Georgia  began  to  establish  herself  as  one  of  the  most  outspoken  members  of 
the  group.  Unlike  most  of  the  prospective  teachers,  she  asked  a  number  of  questions  at  the  end  of  the 
interview:  "Why  is  this  so  important?'*  "Why  are  we  doing  this  interview?"  "We  can  be  honest  with  you  - 
it  won't  affect  our  grade?"  Her  blunt,  outspoken  manner  was  to  be  evident  all  through  the  project. 

Georgia  confessed  in  the  first  interview  that  "I  have  a  difficulty  with  math.  It's  not  one  of  my 
stronger  subjects  so  I  thought  I'd  try  {the  project  course]/*  Georgia's  performance  on  a  project  pretest  and 
a  series  of  mathematics  problems  administered  during  interviews  supported  her  claims  of  being  weak  in 
mathematics.  "I  know  that  when  I  was  in  elementary  school  it  was  not  taught  enough,  that's  one  reason  1 
don't  like  it,  and  I  wish  to  change  that."  "1  never  really  had  teachers  who  really  took  time  to  really  see 
how  1  was  ...how  the  progress  was  coming.  It  was  kinda  just  hurry  up  and  get  this  over  with  so  we  can 
move  on  to  something  else."  For  Oeorgia  the  poor  teaching  she  had  received  was  the  cause  of  her  current 
lack  of  confidence  and  competence  in  mathematics.  "I  mean  the  experience  i  have  had  with  math  teachers 
is  that  they're  so  cotton  pic  kin'  cold  and  hard." 
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As  Georg  ia  discussed  her  expectations  of  the  pilot  course,  it  bee i me  clear  that  she  found  fault  with 
the  teachers  that  she  had  encountered,  not  with  traditional  approaches  to  mathematics  instruction.  She 
indicated  that  a  good  course  would  involve  targe  numbers  of  practice  problems,  an  ongoing  feeling  of 
success(frustration  was  to  be  avoided),  regular  praise  by  the  teacher,  and  significant  individual  attention. 
It  was  important  to  Georgia  to  know  whether  her  an s wen  and  procedures  were  correct.  As  she  was 
working  problems  during  an  interview,  she  looked  to  the  interviewer  for  confirmation,  "I'm  not  getting 
any  feedback,  [pause]  Are  you  an  effective  teacher?  [nervous  laughter]* 

Georgia  was  asked  to  explain  how  mathematics  should  be  taught  so  that  students  could  understand 
it  She  said  that  it  would  be  important  to  put  students  In  groups  so  the  bright  students  could  help  the 
slower  students  and  that  after  she  had  her  students  work  in  groups,  she  would  stop  the  students  and  have 
people  who  got  the  right  answers  put  them  on  the  board.  "If  they  did  it  the  wrong  way  or  the  way  I  didnt 
want  it  done,  possibly  I  could  show  the  way  I  wane  it  done  and  the  proper  way  to  do  it." 

We  used  a  mock  teaching  situation  to  compare  prospective  teachers'  comments  in  interviews  with 
their  "teaching  behaviors/1  Georgia  role-played  a  teacher  who  was  helping  a  sixth-grader  who  was 
incorrectly  regrouping  while  computing  300  minus  124.  The  interviewer  offered  to  provide  any  teaching 
materials  requested  Georgia  worked  with  the  "student*1  by  repeating  the  rules  for  subtraction,  and  asking, 
"Now,  do  you  understand?"  When  asked  if  she  would  do  anything  differently  if  she  were  to  do  the  role 
play  again,  she  said  that  she  would  give  him  "an  example  problem ...  like  200  minus  like,  123 ...  because 
he  had  trouble  with  his  zeros,  so  I  would  use  zeros."  This  statement  Fits  with  an  idea  of  competence  in 
mathematics  as  being  able  to  apply  procedures  you  have  learned  to  a  series  of  closely  related  problems. 
Beginning  of  the  Mathematics  Course 

Beginning  with  the  first  mathematical  experience,  the  project  mathematics  class  ran  counter  to 
Georgia's  expectations.  Georgia  expressed  her  dissatisfaction  non-verbally,  verbally,  and  in  her  journal. 
She  objected  to  the  lack  of  positive  reinforcement  and  the  amount  of  time  spent  on  individual  problems. 
How  could  she  learn  anything  if  the  teacher  never  told  her  what  was  right?  Although  mathematics  classes 
had  not  worked  well  for  her  in  the  past,  Georgia  clung  to  traditional  expectations  of  a  mathematics  class. 
"We  should  be  getting  a  worksheet  every  day  with  at  least  five  problems  on,  so  that  we  have  practice  and 
when  we  enter  a  test,  we  don't  have  total  blank  knowledge  of  what  is  going  to  be  on  there.11  Speaking  up 
in  class  #7  she  asserted,  "I  know  you  won't  do  this,  but  I  kind  of  wish  you  would  just  like  tell  us. ...  right 
now  I  am  dumbfounded  about  [the  class  process].  ...I  just  don't  see  us  going  forward....!  am  so 
frustrated.  1  just  wish. ..that  it  would  be  normal.*1 

This  was  her  most  threatening  mathematics  experience  yet.  Not  only  was  she  thrown  again  into 
the  frightening  sea  of  mathematics,  but  this  time  she  was  left  without  many  of  her  traditional  life 
preservers;  there  was  no  book  to  study,  no  examples  for  extra  practice,  and  no  sample  solutions  that  she 
could  follow  in  solving  similar  problems.  "I'm  getting  to  the  point  where  I'm  getting  a  little  ticked  off," 
Georgia  reported  with  obvious  understatement.  The  videotape  of  class  #9  showed  Georgia  as  not  only 
uninvolved  but  resistant.  She  did  not  participate  in  the  fust  part  of  the  class-  leaning  on  her  elbow  and 
looking  bored.  When  she  was  assigned  a  partner  and  asked  to  work  on  some  problems  with  him,  she 
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shook  her  bead  and  indicated  that  she  did  not  want  her  small  group  participation  to  be  recorded.  Her 
partner  tried  to  interest  her  in  the  assignment,  but  Georgia  merely  yawned  and  glared  at  the  instructor. 

Another  way  Georgia  resisted  the  direction  of  the  class  was  by  aligning  herself  with  the  other 
easily  identified  resistor*  Sherry.  Sherry  conusted  the  instructors  efforts  by  insisting  that  her  rights  were 
being  violated  and  threatening  to  refer  the  maner  to  higher  authority.  Georgia  and  Sherry  spent  time 
together  between  classes  and  supported  each  other  verbally  during  challenges  to  the  class  process. 

Georgia  seemed  convinced  that  this  traumatic  experience  was  the  work  of  an  insensitive  teacher.  "I 
don't  like  that  night  exams.lstc]  Hedoesn'trealizethatatnightyoujustwanttokindofcrash^  You 
know,  and  you  are  tired  You  know,  you  have  a  full  day.  But  be  doesn't  care  because  it  is  at  his 
convenience,  you  know,  and  he  doesn't  want  to  take  away  from  class  time  which  is  totally  ridiculous." 

In  her  journal  after  class  9,  she  wrote,  "Lastly  I  am  still  very  frustrated  and  feel  awkward  about 
saying  the  frustration  is  still  there.  I  feel  in  NO  way  ready  to  take  the  exam  nor  do  I  feel  that  I  wUl  be  able 
to  do  well  on  it.  The  reason  for  this  I  believe  is  because  nothing  in  the  class  has  been  determined  as  right 
yet"  The  teacher  had  not  respected  traditional  rules  about  preparing  students  for  an  exam. 

Georgia  took  her  exam  and  the  results  were  more  devastating  than  she  had  anticipated  -  no  points 
earned  for  any  of  her  answers.  Crushed  and  crying,  Georgia  headed  home.  Her  dad  would  come  to  her 
defense.  They  talked  until  late  into  the  night,  her  father  trying  to  support  her  but  yet  suggesting  that 
perhaps  the  professor  might  be  trying  some  reasonable  approaches  to  mathematics.  During  spring  break, 
looking  for  allies,  Georgia  described  the  class  to  a  former  mathematics  instructor  and  showed  her  the 
exam.  She  received  the  confirmation  that  she  sought  The  former  instructor  agreed  that  Georgia's 
professor's  approach  was  crazy  and  that  the  exam  was  cruel.  Georgia  was  ready  to  drop  the  course. 

However,  as  she  sat  with  her  decision  to  quit,  she  became  less  sure  that  it  w  s  appropriate  for  her. 
She  would  not  feel  good  about  herself  if  she  gave  up.  It  would  put  her  a  semester  behind.  Most  of  her 
classmates  were  making  it  Georgia  returned  to  campus  and  confronted  the  instructor,  expressing  her 
anger  and  hurt  and  describing  her  indecision  as  to  whether  to  continue  in  the  course.  He  listened  and 
expressed  his  desire  that  she  do  well  and  his  availability  to  work  with  her  if  she  chose  to  continue..  In  her 
journal  later  that  week  she  revealed  her  decision. 

In  doing  alot  [sic)  of  thinking  last  night  and  pondering  what  I  am  going  to  do  about  improving  my 
grade  and  learning  to  THINK  in  the  manner  that  you  have  set  forth.  I  discovered  that  I  am  going  to 
stick  with  it  I  am  determine  [sic]  to  work  my  self  [sic)  until  I  achieve  in  this  course  What  I  will 
expect  from  you  is  help,  with  me  as  a  student  you  will  grin  your  money  s  worth  as  a  teacher,  l  win 
alsoget  with  other  people  in  the  class  and  work  as  hard  as  possible  to  improve  my  thinking  ability. 
Georgia  had  decided  to  continue  in  the  course  and  had  softened  her  rhetoric  with  the  teacher. 
However,  in  an  interview  with  one  of  the  other  research  team  members,  Georgia  revealed, 

I  think  you  have  to  begin  to  think  the  way  he  thinks  just,  I  mean  even  if  you  don't  want  to...  and 
even  if  you  don't  believe  that's  the  proper  way  to  think,  you  have  to  think  or  you  won  t  make  It  in 
that  course.  So  what  I  have  to  do  is  I  have  to  readjust  my  thinking  mst  for  him.  Okay,  totally  turn 
my  thinking  around  and  then  go  from  there.  But  I  am  not  saying  after  this  class.  I  won  t  go  back  to 
the  way  I  thought  before 

Later  in  the  same  interview,  she  shares, 
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I  guess  I'm  lust  a  fighter,  you  know,  and  I  won't  let  htm,  you  know,  flunk  me  in  this  course.  Just 
because  I  will  be  darned  if  1  get  another  zero  on  the  test  And  if  I  do,  I  think  I  will  take  him  to  the 
Dean  or  something  because  you  know.  You  know  1  could  have  not  of  even  taken  that  test,  I  could 
have  just  gone  home,  sat  in  the  easy  chair,  and  watched  TV  and  got  the  same  grade  I  got,  you  know. 
And,  you lcnow,  he  said  you  don't  get  my  points  for  effort.  So  you  know,  I  guess  effort  means  ' 
nothing  to  Mm,  you  know.  An  effort  is  nothing,  you  know.  1  mean,  if  I  see,  I  think  in  order  to  be 
an  effective  teacher  which  I  think  he  is  not,  you  have  to  encourage  your  kids  if  they  are  putting  forth 
an  effort,  you  know. 

Georgia  had  died  resisting  the  shift  in  classroom  norms  which  characterized  the  mathematics  class. 
Her  resistance  had  been  unsuccessful.  She  was  now  prepared  to  try  compliance,  play  "Mr  game"  so  well 
that  she  would  beat  him  at  it 

The  Remainder  of  the  Mathematics  Class  and  the  Mathematics  Education  Class 

Georgia's  behavior  in  class  began  to  change.  She  was  becoming  more  involved,  more  willing  to 
explore  ideas,  and  seemed  more  committed  to  understanding  an  idea  before  moving  on.  Although  she  still 
expressed  herself  openly  when  she  didn't  like  something,  these  expressions  were  about  specific  issues;  the 
overall  attitude  of  resistance  was  gone.  Slowly,  she  began  to  take  more  leadership  in  her  small  groups. 
Georgia's  journal  entries  considered  the  mathematics  more  thoughtfully.  She  reported  that  she  was 
spending  a  lot  more  time  thinking  about  the  mathematics  discussed  in  class  and  working  on  problems. 
She  distanced  herself  from  Sherry  and  developed  a  regular  study  group  wiih  Emily  and  Judy,  two 
prospective  teachers  who  were  weak  in  mathematics,  but  who  were  enthusiastic  about  the  class  and 
committed  to  doing  well. 

What  had  begun  as  determination  to  play  the  "game"  well,  had  developed  into  a  real  interest  in  the 
mathematics,  and  later  into  an  appreciation  for  the  instructional  approach.  As  her  newly  developed 
mathematical  activity  began  to  give  her  moments  of  insight,  Georgia  began  to  feel  a  sense  -'achievement 
that  was  not  dependent  on  praise.  Although,  overall  her  mathematical  understanding  remained  weak,  she 
noted  her  progress  and  began  to  value  the  context  which  fostered  her  learning. 

In  class  discussions,  Georgia  began  to  wonde.*  *';out  proposed  solutions.  In  one  discussion,  she 
encouraged  her  group  to  try  situation  after  situation  in  a  search  for  counter-exam  ples.  This  emphasis  on  a 
solution  working  continued  on  into  the  second  semester.  In  Class  31,  she  again  asked  her  group,  "I  mean 
does  that  work  for  every  case,  like  did  you  already  go  through  these?"  Georgia  tended  to  be  satisfied  if  all 
the  examples  she  tried  worked;  her  approach  tended  to  be  inductive  rather  than  deductive.  She  seemed 
content  if  she  and/or  the  group  felt  that  the  answers  we*e  right  No  longer  did  she  look  to  the  Instructor,  a 
book ,  or  an  outside  authority  for  confirmation. 

Beginning  to  see  math  as  an  empirical  science,  Georgia  encouraged  her  group  to  mix  two  types  of 
soda  in  order  to  resolve  a  mathematical  dispute  about  the  quantitative  relationships  involved  in 
concentration.  Later,  in  an  interview,  she  revealed  that  she  had  experimented  with  juice  mixtures  the 
previous  weekend,  but  believed  that  it  was  important  for  her  fellow  students  to  be  involved  themselves  in 
the  exploration.  This  seemed  to  be  indicative  of  a  shift  in  Georgia's  beliefs  about  how  mathematics  Is 
learned. 
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In  the  second  semester  her  tendency  to  assume  t  leadership  role  was  apparent  in  a  simulation  using 
base  five  blocks.  She  expressed  concern  that  all  members  of  the  group  were  understanding  each  others' 
explanations  and  that  they  were  seeing  various  ways  the  problems  could  be  solved.  She  was  fascinated  by 
the  problems  and  pursued  some  extensions  of  these  problems  that  she  generated  herself.  Twice  during-the 
class  period,  she  commented  that  she  was  really  enjoying  working  with  the  X mania  simulation  and 
intended  to  use  it  when  she  had  her  own  classroom. 

In  the  middle  of  the  second  semester,  Georgia  was  asked  to  repeat  the  role  play  she  had  done 
before  the  first  semester  had  begun.  In  this  role  play,  rather  than  telling  the  student  the  algorithm  and 
asking  him  if  he  understood  as  she  had  done  previously,  Georgia  asked  the  student  questions  designed  to 
help  him  solve  the  problem  himself. 

The  following  interview  excerpts  provide  additional  evidence  of  Georgia's  shifting  ideas. 
Inter:     ...  let's  say  I  was  to  come  in  [to  a  hypothetical  classl  and  watch  [you  teach]  for  a  period  of  a 

week  or  two,  what  kinds  of  things  would  I  see  you  doing? 
Georgia:  ...  you'd  probably  see  a  lot  of  classroom  work,  a  lot  of  group  involvement,  a  lot  of  student 
participauon,  you'd  probably  see  a  lot  of,  let's  sec,  questions,  maybe  not  always  a  lot  of 
answers,  but  maybe  a  lot  of  questions. 
Inter     How  can  you  have  questions  without  answers? 

Georgia:  Well,  I  think  I'd  try  to  run  it  a  little  bit,  my  classroom,  a  little  bit  like  we  ve  been  running  our 
math.  I'd  try  to  stimulate  a  lot  of  questions  and  let  them  search  a  little  bit  more  for  the 
answers  instead  of  just  always  just  giving  them  the  answers. 

Inter:     Why  would  you  do  that? 

Georgia:  I  think  that  students  learn  more  effectively  that  way.  I  know  it's  worked  for  me  this 

semester.  I  think  it  helps  them  search  and  see  that  there's  not  just  one  set  way  for  doing 
problems.. .It'll  help  them  understand  and  it  will  also  help  them  in  their  thinking  process  and 
I  think  it  will  help  them  later  on  to  develop  their  thinking  in  a  better  way.  I  mean,  you  can  t, 
it  won't  just  help  them  in  mathematics  it'll  help  them  in  all  areas  I  think. 

Inter.     So,  I  don't  think  I  understand.  You're  going  to  ask  your  kids  lots  of  questions  but  not  give 
them  any  answers.  . 

Georgia:  Well,  they'll  eventually  come  up  with  the  answers  but  they  won  t  have  the  answer  right  off 
hand,...  they'll  have  to  think  about  it  like  we  do  in  class  you  know.  We're  not  always  given 
answers  right  away  as  some  of  the  kids  would  like  us  to  have  the  answers  right  away,  we 
have  to  think  and  we  have  to  search,  and  you  know  sometimes  it's  days  before  we  even 
know  whether  we're  right  or  not  but  you  know,  we've  gone  through  a  whole  thinking 
process  and  I  believe  my  students  will  have  to  go  through  that  whole  thinking  process  as 
well.  I  think  it  just  makes  them  a  better  student  and  a  better  thinker.  I  mean,  you  have  to 
think  about  mathematics,  you  can't  just  be,  you  know,  I  don't  know,  just  all  black  and 
white,  there's  got  to  be  some  gray  in  there,  you  know. 

Inter:     What  do  you  mean  by  some  gray? 

Georgia:  Well,  it  can't  be  always  right  and  wrong,  there's  got  to  be  some  area  in  there  about  sort  of 
like  confusion  and  maybe  frustration  and  maybe  like  them  searching  that  gray  area.  It  could 
be  them  thinking  or  maybe  some  confusion  or  some  questions  or  things  that  can't  always  be 
right  or  wrong,  you  know.  It  can't  always  be  well  this  way  is  right  or  this  way  is 
wrong....Sometimes  [not  telling  the  answers]  causes  a  lot  of  frustration,  1  mean,  sometimes 
it  really  causes  a  lot  of  frustration.  But  if  he  tells  you  why  right  away  then  you're  not  going 
to  search  anymore  for  anymore  answers  and  you're  not  going  to  explore  the  quesdon 
anymore.  ... 

The  reader  might  question  whether  Georgia  was  just  "playing  the  game  well,"  speaking  the  party 
line.  Our  strongest  evidence  that  Georgia's  shift  was  real  was  her  perseverance  to  teach  consistent  with 
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this  new  paradigm  of  mathematics  education  in  the  face  of  considerable  resistance  from  her  cooperating 
teacher.5 

Later  in  the  interview,  Georgia  offered  her  reconstruction  of  the  change  that  she  had  undergone. 
I  reached  a  point  where  I ...  got  tired  of  beina;  a  spoiled  brat....I  wanted  it  all  spoon  fed  you  know,# 
just  like  all  my  other  classes.. ..(The  teacher]  just  wants  us  to  learn  to  the  fullest  capability  we  can 
team.  And  he  wants  us  to  look  at  a  new  way  of  looking  at  mathematics  and  that's  what  we  have  to 
do.  I  guess  that's  where  it  all  started  to  click.  I  can't  tell  you  what  day  (  decided  to,  like,  say, 
"Okay,  math  turn  on."  I  guess  I  just  really  started  working  and  it  just  all  came  together....  There  are 
times  in  die  class  where,.. I  look  at  other  people  in  there  arid  I  see  mat  they  don't  really  work  as  hard 
as  I  work  but  yet  they're  achieving.. .beyond  me,  and,  you  know,  that  frustrates  me  at  times  because 
I  think  I  bust  my  butt  in  this  class  to  get  where  I'm  at  ...But  you  have  to  look  beyond  that  and  you 
have  to  say,  "look,  I'm  not  looking  at  those  people,  I'm  looking  at  me  and  where  I'm  at,  where  I 
was  at  the  beginning  of  the  year  and  where  I've  comc"...But  I  can't  tell  you  when  it  all 
happened...It  was  really  gradual  and  I  went  through  a  lot  of  work  and  a  lot  of  opening  up  my  mind 
to  new  ideas. 

Summary  and  Conclusions 

In  dramatic  fashion,  Georgia's  story  highlights  some  important  developmental  themes  regarding 
the  mathematics  teacher  education  of  prospective  teachers  who  are  themselves  products  of  traditional 
mathematics  instruction.  These  include  loosening  of  traditional  expectations,  participating  in  a 
renegotiation  of  classroom  social  norms,  and  developing  a  personal  sense  of  ability  to  create  mathematics. 
Georgia  had  been  a  weak  student,  never  feeling  successful  and  competent  in  mathematics.  Yet,  she  clung 
to  her  traditional  expectations  of  mathematics  class.  They  represented  the  known  and  were  therefore 
relatively  safe.  Not  every  prospective  teacher  resists  as  strongly  as  Georgia.  However,  Georgia's 
experience  invites  us  to  take  seriously  the  emotional  content  that  can  be  associated  with  making  such  a 
significant  paradigm  shift.  Do  our  teacher  preparation  and  teacher  enhancement  programs  anticipate  and 
support  such  emotional  upheaval? 

The  second  theme  involves  engagement  in  on- going  renegotiation  of  the  roles  of  teacher  and 
students  in  the  classroom,  what  activities  are  valued,  how  mathematics  is  validated,  and  what  it  means  to 
be  effective  in  the  classroom.  Closely  associated  with  this  process  is  a  reexamination  of  what  constitutes 
mathematics  and  how  it  is  developed.  The  uVrd  theme  refers  to  the  prospective  teacher's  growing  sense 
that  "1  can  develop  and  express  mathematical  ideas,  judge  mathematical  validity,  and  contribute  (as  a 
student)  in  a  classroom  mathematics  community  that  is  developing  shared  mathematical  understandings." 
While  this  brief  list  is  in  no  way  exhaustive,  all  three  of  these  components  seem  to  be  important  in  the 
preparation  of  teachers  to  carry  out  envisioned  reforms.  We  would  emphasize  that  we  are  not  merely 
talking  about  familiarizing  prospective  teachers  with  what  goes  on  in  reform  oriented  classrooms  or  even 
giving  them  a  taste  of  what  it  is  like  to  participate  in  them.  Rather  the  issue  is  one  of  prospective  teachers 
participating  in  personal  transformation  as  learners  of  mathematics  and  members  of  mathematical 
communities  Do  teacher  education  programs,  particularly  those  that  aim  to  make  an  Impact  with  a  large 
number  of  teachers,  adequately  plan  for  such  changes? 

Although  Georgia's  story  demonstrates  important  change  in  these  three  areas,  Georgia's  overall 
knowledge  of  elementary  mathematics  improved  only  slightly,  remaining  a  weak  link  in  her  preparation  to 
teach  mathematics.  A  longer,  more  comprehensive  opportunity  tolcam  mathematics4  in  a  reform-oriented 
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classroom  is  indicated  for  two  reason*.  First,  the  conceptual  understanding  needed  is  too  vast  to  be 
learned  in  one  or  two  semesters.  Second,  we  suspect  that  the  learning  curve  starts  out  quite  Hat  as 
prospective  teachers  develop  new  conceptions  of  mathematics,  develop  as  problem  solvers,  and  learn  to 
communicste  ibout  mathematics.  As  growth  in  these  areas  progresses,  the  learning  curve  with  respect  to 
conceptual  understanding  can  become  steeper.  Mathematical  interventions  of  insufficient  duration, 
therefore,  risk  generating  only  the  flat  pan  of  the  curve.  However,  how  to  quantify  sufficient,  duration  will 
require  empirical  investigation. 

Finally,  a  large  pan  of  learning  to  be  a  mathematics  teacher  takes  place  In  the  classroom  as  the 
prospective  teacher  has  the  opportunity  to  assume  the  teachers  role.  This  is  beyond  the  scope  of  this  brief 


lThc  longer  paper  is  available  upon  request  from  the  first  author. 
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THE  EFFECT  OF  A  COURSE  EMPHASIZING  TEACHING  TECHNIQUES 
CONGRUENT  WITH  THE  NCTM  STANDARDS  ON  PRE-SERVICE  TEACHERS' 
BELIEFS  AND  ASSESSMENT  PRACTICES 

Barbara  W.  Gmverand  Patricia  Ann  Kennev 

University  of  Pittsburgh 
Learning  Research  and  Development  Center 

This  study  focused  on  the  beliefs  of pre-service  secondary  mathematics  teachers  about  the  nature  of 
assessment  practices,  the  criteria  used  to  evaluate  student  performance,  the  relationship  between  their 
beliefs  and  the  evaluation  criteria,  and  the  effects  that  a  mathematics  teaching  methods  course  may  have 
had  on  their  assessment  beliefs  and  practices.  The  teachers  entered  the  mathematics  teaching  methods 
course  with  beliefs  about  assessment  consistent  with  the  reform  movement  and  maintained  those  beliefs 
throughout  the  course.  Their  assessment  practices  were  consistent  with  their  beliefs  in  areas  such  as 
applying  holistic  evaluation  methods  and  in  giving  equal  value  to  visual  and  symbolic  representations. 
With  respect  to  important  evaluation  criteria,  the  teachers  referred  to  certain  criteria  (correct  answer,  show 
work,  provide  explanation)  more  frequently  at  the  end  of  the  course  than  at  the  beginning.  Dissimilar 
application  of  evaluation  criteria  to  samples  of  student  work  raised  issues  for  further  investigation. 

Achieving  the  goals  set  forth  in  The  National  Council  of  Teachers  of  Mathematics  Curriculum  and 
Evaluation  Standards  for  School  Mathematics  (1989)  am)  its  Professional  Standards  for  Teaching 
Maibcmajjcji  (199!)  depends  upon  individual  teachers  changing  their  instructional  practices  (Clark  & 
Peterson,  1986;  Thompson,  1992)  is  well  as  their  beliefs  about  the  nature  of  the  teaching  and  learning  of 
mathematics.  Classroom  assessment  practices,  because  they  reflect  beliefs,  are  an  appropriate  topic  to 
facilitate  reflections  by  teachers  about  the  leaching  and  learning  of  mathematics  University  courses  in 
methods  of  leaching  mathematics  are  a  logical  place  for  pre- service  teachers  to  begin  to  think  about  their 
beliefs  about  classroom  assessment  and  to  formulate  their  ideas  about  assessment  criteria  (Meyerson, 
1978;  Schram,  Wilcox,  Lanier,  A  Lappan,  1988). 

Little  is  known  about  pre-service  teachers'  prior  beliefs  concerning  student  assessment  or  about 
changes  in  assessment  practices  that  may  result  from  a  leaching  methods  course  that  directly  addresses 
assessment  issues.  The  purposes  of  this  study  were: 

1 .  to  identify  the  extent  to  which  pre-service  teachers'  beliefs  about  and  criteria  for  assessing  student 
performance  changed  as  a  result  of  participation  in  a  course  designed  to  emphasize  instructional 
techniques  consistent  with  the  NCTM  Standards 

2.  to  determine  relationships  between  pre-service  teachers'  beliefs  about  mathematics  teaching  and 
learning  and  the  criteria  they  use  to  evaluate  student  performance; 

3 .  lo  determine  the  ways  In  which  elementary  pre-service  teachers  differ  from  secondary  pre  service 
teachers  !n  their  beliefs  about  mathematics  teaching  and  learning  and  in  the  criteria  they  use  to 
evaluate  student  performance. 
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Because  of  page  limitations,  only  portions  of  the  first  two  purposes  will  be  addressed  in  this  paper. 


Method 


Subjects 


Twenty-two  secondary  pre -service  teachers  (hereafter  referred  to  as  "teachers)"  enrolled  in  a  one- 
semester  Mathematics  Teaching  Methods  course  ax  the  University  of  Pittsburgh  participated  in  the  study. 
The  Course 

Two  instructors  taught  a  six-credit  secondary  mathematics  methods  course  two  nights  a  week  for  2 
1/2  hours  each  night  Overall,  the  view  presented  in  the  course  can  be  characterized  as  a  combination  of 
what  Kuhs  and  Bail  ( 1986)  [cited  in  Thompson,  1992]  term  Learner-focused  and  Consent  focused  with 
emphasis  on  understanding .  Learner-focused  views  the  teacher  as  a  facilitator  of  student  learning, 
creating  a  learning  environment  which  facilitates  student  thinking  and  reasoning.  A  Content/undcrsunding 
view  makei  the  mathematics  content  the  focus  of  the  classroom  activity  while  emphasizing  students' 
understanding  of  ideas  and  processes.  The  instructors  emphasized  the  role  of  problem  solving, 
communication,  reasoning,  and  connections  in  planning  instructional  activities  and  in  assessing  students* 
understanding  of  mathematics.  Two  class  periods  were  devoted  to  discussing  classroom  assessment.  The 
goal  of  these  classes  was  to  attempt  to  influence  the  beliefs  and  practices  of  the  teachers  toward  developing 
assessment  tasks  that  would  elicit  a  range  of  knowledge  from  factual  to  higher  level  reasoning  and  toward 
employing  a  broader  range  of  evaluation  criteria  than  a  single  correct  numerical  answer. 
Tnsmimgnts 

Each  of  the  following  instruments  was  administered  at  the  beginning  and  eod  of  the  course. 

Beliefs  inventory  2  The  beliefs  inventory  contained  34  sutemenu  about  the  teaching  and  learning 
of  mathematics,  seven  of  which  addressed  assessment  issues.  The  teachers  indicated  the  extent  of  their 
agreement  with  the  sutemenu  on  a  scale  of  1  (strongly  disagree)  to  3  (strongly  agree)  and  provided  brief 
descriptions  of  their  rationale  for  the  selected  choice. 

1 A  longer  vers  too  of  the  paper  which  will  addrcu  all  three  issue*  in  detail  will  be  tviiUbk  at the  conference  or  can  be 
obtained  by  wntinf  to  the  authors. 

*  The  Beliefs  Inventory  is  an  augmented  version  of  one  used  by  ih«  Documentation  component  of  the  QUASAR  Project, 
directed  by  Dr.  Mary  Kay  Siein.  QUASAR  (Quanuuuive  Undemanding:  Amplifying  Student  Achievement  and  Reaiouog)  U 

.       aw-   a  _u..     ,  *  .~  ...kuM  m*iUntiu>i  ■  itcmwii/w  im  middtt  KAOtiil  with  hiflh  DtrceftUUttS  Of 
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Scoring  student  rttiponv*  activity  The  Scoring  Activity  packet  included  three  open-ended 
mathematics  tasks3  (Number  Theory.  Decimal,  Pattern),  shown  in  Figure  1,  with  each  task  accompanied 
by  seven  or  eight  sample  responses  that  had  been  generated  by  middle  school  students.  Using  a  range  of . 
score  levels  from  0  to  4,  the  teachers  evaluated  each  student  response  and  provided  a  brief  rationale  for  the 
score  level  selected. 

Criteria  for  full  credit  responses.  Following  the  evaluation  of  each  set  of  student  responses  for  a 
given  task*  the  teachers  wrote  descriptions  of  their  criteria  for  a  full-credit  response  ("4")  for  that  task. 

Analysts/Results 

Criteria  for  AHMtiny  Rm/Vm  Petformance 

Overall  approach.  To  determine  changes  in  the  assessment  criteria  used  by  the  teachers,  the  overall 
approach  for  scoring  full  credit  responses  was  coded  as  either  Holistic  or  Analytic.  On  thr  average  across 
the  three  tasks,  most  of  the  teachers  used  a  holistic  approach  both  at  the  beginning  and  end  of  the  course 
(93%  and  82%,  respectively).  This  change  was  not  statistically  significant. 

Specific  characteristics  Each  of  the  descriptions  of  score  level  4  criteria  was  coded  using 
categories  related  to  expectations  for  student  work  {Correct  Answer,  Demonstrate  Understanding,  Shows 
Work,  and  Provide  Explanation),  with  a  single  description  receiving  one  or  more  codes  depending  on  the 
number  of  criteria  mentioned  (e.g.,  a  response  of  "Must  have  the  right  answer  with  the  right  explanation" 
was  coded  as  both  Correct  Answer  and  Provide  Explanation).  The  results  of  this  coding,  as  shown  in 
Table  1,  reveal  that  for  all  three  tasks  references  to  the  category  Demonstrate  Understanding  decreased 
significantly  from  the  beginning  to  the  end  of  the  course.  Significant  increases  occurred  for  the  Decimal 
task  in  the  categories  of  Correct  Answer  and  Provide  Explanation  and  for  the  Number  Theory  task  in  the 
categories  of  Show  Work  and  Provide  Explanation. 

The  results  indicate  that  the  teachers  were  likely  paying  greater  attention  to  the  specific 
requirements  identified  in  the  task  instructions.  For  example,  in  the  Decimal  task  the  significant  increases 
in  the  categories  Correct  Answer  and  Provide  Explanation  could  be  linked  to  the  instructions  for  this  task, 
which  required  the  choice  of  a  correct  answer  and  an  explanation  of  that  choice.  Similarly,  the  instructions 

3  The  three  tusks,  which  have  been  released  for  public  dissemination,  were  developed  by  the  QUASAR  Project  as  pan  of  us 
Assessment  component,  directed  by  Dr.  Suzanne  Lane.  Information  on  the  assessment  component  of  QUASAR  can  be 
obtained  by  sending  an  inquiry  to  the  address  listed  in  the  preceding  footnote 


for  the  Number  Theory  Task  (cf:  Figure  1)  p.obably  influenced  the  increase  in  ihc  references  to  Show 
Work  as  an  appropriate  criteria  for  a  score  level  of  4. 

Table  1  Distribution  of  Categories  Mentioned  in  a  Full-credit  Response  for  the  Three  Tasks 


Category 

Ttrt 

Corroa 
Answer 

Remonstrate 
Undemanding 

Show 
Work 

Provide 
Explanation 

Begin,  of 
Course 

End  of 
Course 

Begin,  of 
Course 

End  of 
Course 

Begin,  of 
Course 

End  of 
Course 

Begin,  of 
Course 

End  of 
Course 

Decimal 

77% 

100%* 

64% 

4l%* 

5% 

5% 

45% 

73%* 

Number  Theory 

81% 

95% 

76% 

38%* 

14% 

67%* 

0% 

29%* 

Puttm 

90% 

100% 

35% 

14%* 

5% 

0% 

90% 

95% 

•p  <  .01 


In  the  case  of  the  Decimal  task,  a  situation  emerged  that  warrants  further  investigation.  Although 
the  teachers  indicated  that  a  correct  answer  and  an  explanation  were  important  criteria,  the  score  levels 
assigned  to  a  particular  student  response  to  the  Decimal  Task  (which  contained  the  correct  answer,  but  an 
irrelevant  explanation)  ranged  from  0  to  4.  It  is  unclear  as  to  how  the  methods  course  and/or  the  teachers' 
beliefs  influenced  these  decisions. 
Beliefs  Ahfmt  Assessment 

On  the  Beliefs  Inventory,  seven  suicmcnis  addressed  important  ci*»*room  assessment  issues 
(e.g.,  assessment  for  instructional  guidance,  holistic  scoring,  alternative  solution  strategics,  assigning 
grades).  Overall,  the  pattern  of  responses  shown  in  Table  2  indicates  that  the  teachers'  beliefs  about 
assessment  were  consistent  from  the  beginning  to  the  end  of  the  methods  course.  In  addition,  there  is 
some  evidence  that  their  beliefs  were  in  alignment  with  the  purposes  of  assessment  as  espoused  by  the 
mathematics  education  reform  movement  (e.g.,  agreement  with  statements  #1  and  #4). 
Table  2    Mean  Response  to  the  Statements  on  Assessment  Beliefs 


Stattmtat 

■tgiaalag  of 

Conn* 

Eal  of 
Cowrie 

1.  Assessment  for  instructional  decisions 

4.0 

4.3 

2.  Wnllen  tests  as  best  mean*  to  assess  proiress 

2.6 

2.3 

3.  Chief  rote  of  assessment  is  to  assign  trades 

2.0 

1.9 

4.  Some  work  evaluated  in  manner  similar  to  essay 

4.1 

4.3 

5.  Complete  solution  mav  include  visual  imates  ... 

43 

45 

6.  Use  of  Enitish  lanf  uate  given  equal  wetiht 

2.5 

2  4 

7.  Credit  for  aroropfiaie  methods  that  differ... 

<? 

4.5 
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1  JnUny  AacaaEffl  Bdjfifi  to  Evaluation  Qitem 

Statement  #5  (A  complete  solution  to  i  mathematics  problem  miy  include  visual  images  or 
diagram*  in  addition  to  equations  and  numbers,)  was  one  statement  chosen  to  investigate  the  relationship 
between  teachers'  beliefs  about  assessment  and  the  criterii  they  used  to  evaluate  student  performance 
because  20  of  the  22  teachers  either  strongly  ■  greed  or  ■  greed  with  this  sutement  on  one  or  both 
administrations  of  the  Beliefs  Inventory.  If  their  beliefs  were  aligned  with  practice,  then  this  subgroup  of 
20  teachers  would  likely  assign  similar  score  levels  to  i  correct  response  thit  was  based  on  the  use  of  i 
diagram  or  visual  and  to  i  correct  response  that  did  not  contain  i  diagram.  The  investigation  of  this 
conjecture  involved  looking  it  the  score  levels  that  the  subgroup  members  assigned  to  the  two  sample 
responses  to  the  Number  Theory  task  shown  in  Figure  2.  Response  A  included  i  diigram  is  part  of  i 
correct  solution,  end  Response  B  did  not  use  i  diigram. 

For  Response  A  (with  diigram),  16  of  the  20  subgroup  members  assigned  it  i  score  level  of  "4" 
for  one  of  the  two  administrations  of  the  Scoring  Activity,  and  four  members  assigned  it  i  score  level  of 
"3"  on  bo4h  administrations.  This  pattern  of  scoring  wis  consistent  with  the  pattern  for  Response  B 
(without  diagram)  in  which  18  subgroup  members  issigned  it  i  score  level  of  "4"  for  one  of  the  two 
administrations,  and  two  members  assigned  it  i  score  level  of  "3"  on  both  administrations.  Thus,  the 
teachers'  beliefs  in  the  ippropriateness  of  diagrams  and  visual  images  were  actualized  in  that  they  issigned 
high  score  levels  to  both  the  response  utilizing  i  diagram  and  the  response  expressed  in  numbers. 

Another  issue  emerged  that  warrants  further  study.  Of  the  teachers  who  issigned  score  levels  of 
"3"  lo  Response  A  and  B,  ill  of  them  did  so  due  to  ■  lack  of  generality  of  the  response  (e.g.,  °[25)  is  a 
correct  solution,  but  there  are  others.").  These  teachers  obviously  were  reserving  the  highest  score  level 
for  i  response  that  went  beyond  the  stated  requirements  of  the  problem.  The  particular  aspects  of  the 
course  and/or  their  beliefs  that  influenced  this  decision  are  presently  unclear. 

Discussion 

The  secondary  pre-service  teachers  entered  the  course  with  beliefs  and  assessment  practices 
somewhat  consistent  with  current  reform  efforts  and  maintained  those  beliefs  and  some  of  the  practices 
throughout  the  course.  Further  evidence  of  the  alignment  between  the  teachers'  beliefs  and  practices  and 
mathematics  education  reform  emerged  from  the  teachers'  use  of  several  criteria  associated  with 


communication  and  higher  level  reasoning  to  evaluate  student  responses,  their  acceptance  of  holistic  as 
well  as  analytic  evaluation  methods,  and  their  assignment  of  nearly  identical  score  levels  to  correct 
responses  that  employed  different,  but  correct  strategies.  With  respect  to  the  assessment  component  of  die 
methods  course,  there  is  evidence  that  the  teachers  responded  to  the  idea  that  teacher  expectations  of 
student  performance  should  be  made  explicit  to  students  in  both  instructional  explanations  and  assessment 
practices.  The  decrease  in  references  from  beginning  to  end  of  the  course  to  the  specific  characteristic 
Demonstrate  Understanding  as  a  criteria  warrants  further  investigation,  as  it  may  reflect  a  change  in  the 
meaning  these  teachers  attributed  to  the  phrase  "to  know  and  understanding  mathematics"  (WUson, 
Cooney,  &  Badger,  1991).  Making  pre-service  teachers  aware  of  their  own  beliefs  and  practices  with 
respect  to  assessment  may  encourage  them  to  sec  the  value  of  open-ended  mathematics  tasks  as  appropriate 
measures  of  student*'  mathematical  knowledge  and  to  include  these  and  other  alternative  assessment 
methods  in  their  classroom  evaluation  practices.  Discussions  about  beliefs  and  practices  can  atso  assist  the 
methods  course  instructor  in  designing  activities  that  may  influence  the  pre-service  teachers  as  they  re- 
examine, and  perhaps  change,  their  instruction  and  assessment  methods. 
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Efiiztl.  Three  assessment  tasks  used  lo  study  evaluation  practices  of  pie-service  teachers. 


NUMBER  THEORY  TASK 


Yolanda  was  telling  her  brother  D  anion  about  what  she  did  In  math  class. 

Yoianda  said,  "Damlan,  I  used  blocks  In  my  math  class  today.  When  !  grouped  the  blocks  In  groups 
of  2. 1  had!  block  left  over.  When  I  grouped  the  blocks  In  groups  of  3, 1  had  I  block  left  over.  And 
when  I  grouped  the  Nocks  in  groups  of  4, 1  still  had  I  block  left  over." 

Damian  asked,  'How  many  blocks  did  you  have?" 

What  was  Yolanda's  answer  to  her  brother's  question? 
Show  your  work. 
Answer:  


For  homework  Miguel's  teacher  asked  him  to  look  at  the  pattern  below  and  draw  the  figure  that  should 
come  next. 


Miguel  does  not  know  how  to  find  the  next  figure. 

A .  Draw  the  next  figure  for  Miguel. 

B.  Write  a  description  for  Miguel  telling  him  how  you  knew  which  figure  come*  next. 


Fiyure  2.  Two  selected  responses  to  the  Number  Theory  task 

Response  A  (with  diagram)  Response  B  (without  diagram) 

Wlit  »»i  Ytitmit't  •tiv«r  »•  hf  Wnktr'i  qsttttat?  Wkit  wis  Ttltait'l  •»fw»r  f«  tor  fcr«k«r'f  ^ntdnT 


DECIMAL  TASK 


Circle  the  number  that  has  the  greatest  value. 
.08         .8      .080  .008000 
Explain  your  answer 


PATTERN  TASK 


23- 
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SHARED  AUTHORITY:  A  ROADBLOCK  TO  TEACHER  CHANGE? 

Lynn  C.  Hart 
Georgia  State  University 

Margaret,  a  teacher  participant  in  the  Atlanta  Math  Project,  is  <^V^ngto  change 
her  pedagogical  practice  to  reflect  the  reform  recommendations  from  NC7M  [Wt). 
Thispaper  suggests  shared  authority  as  a  framework  to  help  analyze  and  interpret  the 
seemingfy  random  patterns  of  change  observed  in  the  first  two  years  ""J™1*™ 
been  with  the  project.  An  interpretation  of  the  concept  of  shared  authority  is  offered 
and  examples  from  the  data  are  provided. 

Mathematics  inwniction  in  the  United  Sutee  U  experiencing  careful  scrutiny.  In  I"*  with 
current  research  on  learning,  The  Pmfflf Inn?1  <'™!iTf1l  for  Trrhing  Mifr"™"~  (NCTM,  1991)  is 
recommending  pedagogical  practice  that  supports  student  convocation,  reasoning  and  problem 
solving.  Teachers  in  the  field  who  are  attempting  to  refine  their  practice  to  more  closely  minor  these 
recommendations  are  often  experiencing  a  difficult  and  complicated  Struggle  as  they  attempt  to 
change.  This  paper  will  tell  a  piece  of  one  teacher's  story. 

Background 

In  earlier  papers  1  described  the  research  framework  (Hart,  1991)  and  analysis  of  year  one  for 
Margaret  (Hart,  1992;  Hart  and  Najee-ullah,  1992),  a  teacher  participant  in  the  Atlanta  Math  Project. 
This  paper  will  continue  the  discussion  through  Margaret's  second  year  with  the  project.  Four  video 
tapes  were  chosen  for  analysis:  two  tapes  previously  discussed  for  year  one  (9/20/90,  5/3/91)  and 
two  tapes  for  year  two  (9/6/91,  3/19/92). 

Choosing  a  Penpective 

Perhaps  the  most  difficult  aspect  of  telling  Margaret's  story  is  the  selection  of  what  to  tell  and 
what  to  leave  out.  My  teacher  change  paradigm  acts  as  a  filter  to  screen  data  and  may  cause  me  to 
interpret  what  1  see  from  only  this  perspective.  But  even  within  the  plethora  of  what  is,  1  must  make 
decisions  of  what  is  representative  of  the  evidence  of  change  observe^  in  Margaret's  teaching  practice 
and  hence  offer  a  subjective  view. 
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It  U  within  this  confusion  that  the  notion  of  shared  minority  within  the  classroom  has  emerged 
at  a  piece  of  the  framework  to  help  me'  understand  Margaret's  Inconsistent  behavior  over  the  first  two 
yean  of  the  project  -  as  well  as  the  behavior  of  other  teachers  in  our  project.  This  Invisible  data 
become*  mora  apparent  as  I  rethink  my  discussion  of  Margaret  in  year  one  and  add  to  it  the 
observations  from  year  two.  Much  of  the  seeming  ly  unrelated  behaviors  begin  to  connect  and  a 
larger  theme  begins  to  emerge. 

What  do  1  mean  to  share  authority  in  the  classroom?  I  picture  this  as  a  continuum  upon  which 
classrooms  might  be  placed.  Even  individual  events  occurring  over  the  course  of  a  single  class  period 
might  be  placed  on  various  points  along  the  continuum.  In  a  lecture-oriented  classroom  the 
intellectual  authority  is  almost  exclusively  in  the  hands  of  the  teacher.  In  a  classroom  where  student 
share  their  Ideas  verbally  or  come  to  the  overhead  projector  and  describe  their  strategies,  there  Is 
mora  sharing  of  meaning  making.  Further  along  the  continuum  student  thinking  Is  genuinely 
considered  and  ia  ntt  always  filtered  through  the  teacher,  approved  by  the  teacher  or  given  credence 
by  the  teacher.  In  a  classroom  where  the  intellectual  authority  is  most  fully  shared  the  students  would 
participate  In  the  decision  making  for  acceptable  justifications  and  arguments.  As  shouj  in  Figure  I. 
the  willingness  to  share  authority  impacts  many  other  aspects  of  classroom  Interaction  and  decision 
making. 
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Introducing  the  notion  of  shared  authority  in  the  classroom  -  as  I  believe  the  Standard*  (1991) 
do  suggest  -  raises  issues  of  propriety,  power  and  ownership.  As  students  begin  to  take  more 
responsibility  for  the  Intellectual  life  in  a  classroom  they  struggle  with  prevailing  customs,  situations 
of  who  owns  an  idea  and  the  standing  of  the  person  presenting  a  position.  Individuals  who  are 
considered  to  have  more  power,  e.g.,  the  teacher,  will  receive  more  unspoken  authority.  As  the 
teacher  moves  to  open  up  the  intellectual  climate,  he  or  she  must  begin  to  relinquish  his  or  her 
control  and  power  and  begin  to  acknowledge  me  varying  positions  that  might  be  held.  For  many, 
•  teaching  mathematics  encompasses  their  professional  identity,  a  position  of  authority  which  they 
control  and  orchestrate.  Depending  on  me  individual,  sharing  the  power  in  the  classroom  may  not  be 
an  easy  task  because  they  may  be  unwilling  to  relinquish  the  authority  they  associate  with  being  a 
-teacher".  It  may  help  to  explain  the  difficulty  many  teachers  are  experiencing  as  they  attempt 


A  second  consideration  that  impacts  the  notion  of  shared:  authority  as  a  major  construct  in 
teacher  change  Is  the  domain  of  mathematics  itself.  Long  viewed  by  the  masses  as  the  most  certain, 
rigid  and  fixed  of  the  sciences,  the  teaching  and  leaning  of  mathematics  has  fostered  very  strong 
beliefs  about  what  it  means  to  know  and  do  mathematia.  To  share  authority  suggests  that  varying 
perspectives  about  mathematics  exist  and  that  they  may  be  valuable  within  the  mathematics 
community  of  the  classroom.  This  is  a  potentially  cootroversUI  position.  Perhaps  certain  Individuals 
(or  groups)  look  at  the  mathematics  differently,  not  inadequately,  just  differently. 


It  is  within  this  thinking  that  I  come  back  to  Margaret.  In  previous  papers  (Hart,  1992;  Hart 
and  Najee-ullah,  1992)  I  describe  some  patterns  of  discourse  from  the  two  year-one  tar>es  of 
Margaret's  classroom.  1  identified  teaching  behaviors  which  I  believed  discouraged  student  discourse. 
These  included  Margaret's  tendency  to: 


change. 


Margaret's  Story 
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•  fuood  student  thinking  through  directed  questioning,  e.g.,  a  student  would  begin  with  an  idea 
and  Margaret  would  lead  hiai  or  her  m  a  particular  direction  through  machine  gun  type 
questioning; 

•  mirror  student  expressions  without  reacting  and  interpreting,  e.g.,  a  student  would  say  "you  get 
the  same  answer  if  you  reverse  the  order"  and  Margaret  would  repeat  the  words  verbatim 
without  comment; 

•  or  completlny  student  statements,  e.g.,  a  student  would  start  a  statement  like  "not  everyone  gets 
singles*  and  Margaret  would  add  to  the  thought  by  saying  *so  you  think  it  was  less?". 

I  round  tunneling  and  completing  to  be  the  most  discouraging  behaviors,  with  mirroring  having 
almost  no  effect.  As  I  began  to  study  the  tapes  from  year  two,  I  observed  similarities  between  the 
tfffimhg  of  year  one  and  the  timing  of  year  two  taoes.  At  the  beginning  of  each  school  year 
Margaret  was  working  very  hard  to  engage  the  students  and  to  facilitate  the  discussion.  This  could  be 
interpreted  as  the  adjustment  of  the  students  to  an  environment  that  invited  their  participation  rather 
than  Margaret  starting  over.  At  the  beginning  of  year  two  the  students  were  just  as  resistent  to 
change  as  the  students  had  been  at  the  beg  inning  of  year  one.  However,  in  all  four  tapes  I  found 
examples  of  the  behaviors  I  had  initially  Identified  in  year  one  -  but  the  lessons  in  year  two  fejjt 
different.  Margaret  was  different  but  it  was  not  obvious  (to  me)  what  was  causing  this  feeling.  It 
was  at  this  point  that  Jones  (personal  communication.  February  24,  1993)  outlined  themes  she  was 
observing  in  field  notes  from  the  Atlanta  Math  Project  at  a  project  research  meeting  and  the  notion  of 
shared  authority  began  to  make  sense. 

The  Analysis  Revisited 

In  order  to  explore  shared  authority  as  a  larger  theme  that  guided  Margaret's  practice,  I  decided 
to  reanalyxe  the  tapes  using  that  perspective.  As  mentioned  before,  in  the  earlier  analysis  1  had 
focused  on  behaviors  that  I  perceived  had  limited  or  encouraged  discourse.  I  had  identified  three 
behaviors: 
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tunneling,  mirroring  and  completing.  Because  of  space  limitations  I  will  focus  oo  only  on  the  first 
for  elaboration. 

Funneling  was  evidenced  in  Margaret's  classroom  when  a  student  would  make  a  statement  mat 
Margaret  apparently  thought  was  at  the  beginning  of  a  'correct"  track  and  would  use  successive 
questioning  to  lead  the  student  to  a  desired  outcome.  Margaret  showed  several  examples  of  this  in  all 
four  tapes.  The  following  example  demonstrates  this  practice  at  the  beginning  of  year  one.  When  a 
student  is  trying  to  figure  out  bow  to  estimate  the  amount  of  money  taken  in  from  locker  rentals  at  his 
middle  school,  Margaret  engages  him  in  the  following  exchange. 

Student  It  depends  on  now  many  lockers  there  are. 

MARGARET  Oh.  It  depends  on  how  many  lockers  there  are  as  to  how  much  money  was 

taken  in?  Or  bow  much  money  could  have  been  taken  in? 

Student  Yes.  If  it  was  $2.00  you  times  it  by  two. 

MARGARET  About  how  many  lockers  do  you  think  there  were? 

Student  800 

MARGARET  So  take  the  number  of  lockers  .  .  . 

Student  1400  cause  I  just  figured  it  out 

MARGARET  Take  the  number  of  lockers  times  $2  per  locker  and  .  .  . 

In  this  situation  Margaret  was  leading  the  student  step-by-step  to  explain  his  thinking  to  the  class. 
She  appeared  unwilling  to  accept  his  abbreviated  explanation. 

An  example  can  also  be  found  in  the  last  tape  of  year  two  in  a  seemingly  rote  interaction. 
Margaret  is  leading  a  discussion  on  fractions  equivalent  to  1/2. 

MARGARET  2/4  is  equal  to  1/2.  What  else? 

Student  4/8 

MARGARET  How  did  you  get  4/8? 

Student  Multiplied  by  2. 
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MARGARET 


Multiplied  what  by  2? 


Student 


Wait,  multiplied  1/2  by  4. 


MARGARET 


Multiplied  by  4? 


Student 


4/4ths 


Both  discussions  are  funneling  students  to  a  desired  outcome  through  successive  questioning. 
On  Initial  observation  the  first  dialogue  may  seem  richer  because  of  the  task.  But  careful  examination 
of  the  two  Interaction  Illustrates  some  subtle  differences.  In  the  locker  discussion  Margaret  is 
carefully  directing  the  line  of  discussion  even  though  the  student  apparently  would  like  to  proceed 
without  her.  She  keeps  bringing  him  back  to  what  she  thinks  would  be  the  appropriate  next  step  for 
his  explanation.  In  the  later  discussion  Margaret  is  atking  the  student  through  questioning  to  explain 
how  she  arrived  at  the  answer.  She  Is  not  feeding  her  the  next  lines  of  an  algorithm. 

Using  the  framework  of  shared  authority  to  re-Interpret  the  two  examples,  Margaret  is  giving 
more  authority  or  freedom  to  think  to  the  student  in  the  second  dialogue.  Her  questions  are  less 
guided.  She  asks  the  second  student  "how  did  you  get  it?"    a  question  that  is  not  asked  in  the  first 
example. 

Funneling  Is  not  new  to  the  mathematics  classroom.  Almost  anyone  who  has  observed  teachers 
has  observed  the  practice.  Often  seen  as  a  protective  mechanism  to  assure  that  ali  the  other  students 
in  the  class  "get  it"  and  that  the  student  speaking  really  does  "have  it,"  this  practice  of  taking  care 
suggests  that  the  teacher  knows  the  "it"  at  which  they  should  arrive.  The  change  in  Margaret's 
teaching  practice  has  been  in  giving  more  authority  by  asking  more  open  questions  that  let  the  second 
student  determine  some  of  the  outcome  of  the  questioning.  She  has  not  abandoned  her  earlier 
behaviors,  but  the  essence  of  her  teaching  Is  different.  She  has  relinquished  some  of  her  intellectual 
authority  in  the  classroom. 
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Discussion 


The  discourse  in  Margaret's  classroom  over  the  first  two  years  of  the  project  is  not  markedly 
different.  A  closer  analysis  through  the  lens  of  shared  aulhority,  however,  caught  subtle  differences 
in  the  nature  of  some  of  the  exchanges.  She  was  beginning  to  relinquish  some  part  of  her  power,  but 
the  letting  go  apparently  was  not  easy,  given  the  subtle  nature  of  the  changes  1  observed.  It  is 
impossible  to  say  at  this  point  the  motivation  for  Margaret's  difficulty  in  sharing  the  authority  in  her 
classroom.  Whether  it  was  taking  care  of  her  students  or  protecting  her  own  position  of  power  in  the 
classroom,  the  struggle  is  apparent  in  the  classroom. 

Further  analysis  of  interviews  with  Margaret  and  Meld  notes  of  the  observations  should  begin  to 
enhance  my  understanding  of  the  process  of  change  Margaret  is  experiencing.  It  is  clear,  however, 
that  the  process  is  very  complex  and  not  easily  reducible  to  sets  of  predefined  behaviors. 
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AUTHORIZING  MATHEMATICAL  KNOWLEDGE  IN  A  CLASSROOM  COMMUNITY 
Jamie  Myers  &  Martin  Simon 
The  Pennsylvania  State  University 

This  paper  reports  on  one  aspect  of  a  three  year  Constructivst  Elementary  Mathematics  (CEM)  study  of 
preservice  teachers'  development  of  pedagogical  and  mathematical  knowledge  in  a  reform  oriented  math 
education  program.  The  paper  focuses  on  the  symbolic  interactions  of  classroom  participants  to  seek  an 
understanding  of  the  shared  community  beliefs  about  what  it  means  to  know  mathematics  and  the  location 
of  authority  in  this  mathematical  community.  The  students  and  teacher  co-constructed  a  classroom  practice 
which  emphasized  !)  the  invention  of  possible  problem  solutions,  2)  the  need  to  fully  explain  and  justify 
each  solution,  S)  the  generation  of  examples  and  evidence  based  upon  life  experience  to  prove  the 
workability  of  solutions,  and  4),  the  use  of  these  experiential  truths  to  construct  mathematical 
generalizations.  The  symbolic  Interactions  created  a  tension  between  an  inquiry  context,  in  which 
knowledge  construction  was  a  shared  responsibility,  and  an  evaluative  context  for  knowing,  In  which 
authority  rested  primarily  with  the  teacher. 

So,  soms  times  we  find  out  we're  right  by  torn*  authority  saying,  "yet.  you're  right  •  or  by  soma  kind  of 

conokjstve  proof.  Other  times  ft*a  by  oomptHng  ai  much  evidence  at  wo  can  ind  coming  up  w*h  our  very 

beet  model  that  wt  can  reafty  feel  secure  in.  So  I  offer  you  another  model  of  knowing,  one  which  I'm  going 

to  puth  on  more  in  this  dass.  O.K.  (Simon,  Class  5.2/S91) 

Simon,  the  teacher,  made  this  point  for  his  students  after  playing  s  hidden  object-twenty  questions 

type  game.  Several  of  the  students  were  frustrated  that  he  refused  to  show  them  the  object,  arguing  that 

they  could  ask  better  questions  next  time,  if  he  told  them  what  was  right  Other  students  said  they  would 

stop  thinking  and  just  wait  to  be, shown  the  right  answer  if  he  always  revealed  the  truth  st  the  end  of  s  task. 

And,  one  student,  Lois,  argued  that  being  right  should  hsve  nothing  to  do  with  how  deeply  you  think. 
ITS  not,  I  doesM  matter  K  you're  right.  The  whole  point  ft,  you're  corning  to  the  conclusion  ske,  how  he 
did  I  cause  at  first  I  seemed  kind  of  Ike  a  calculator,  you  know? . . .  then  as  we  thought  about  I  mora  and 
we  took  certain  steps  then  we  came  to  the  conclusion  that  we  thought  we  knew  what  ft  was.  So. . .  I's  not 
so  much  you  know  exactly  what  ft  it,  l  mean,  rs  nice  I  you're  right.  But  ft/s  the  process  leading  up  to  It.  I 
think  ft  could  be  this,  so  II  put  one  and  two  together  snd  II  get  this.  You  know?  (Lois.  Class  5, 2/5/B1) 

By  the  end  of  the  semester,  Simon  and  the  students  had  indeed  co-constructed  the  compiling  evidence 
model  of  knowing  he  promised  to  "push  on;"  however,  along  with  this  more  inquiry  context,  they  si  so  co- 
constructed  s  hierarchical  knowledge  community  in  which  the  teacher  possessed  the  knowledge,  posed  all 
the  timely  problems  snd  questions,  and  judged  students'  work  according  to  msthematicsl  knowledge 
which  he  possessed  as  s  member  of  other  mathematical  communities.  These  two  contexts-one  of  inquiry 
and  one  of  evaluation-  crested  s  community  tension.  The  vast  majority  of  the  students  entered  the 
classroom  experience  having  understood  mathematics  learning  only  within  the  context  of  evslustion: 
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Above  al,  I  thk*  mathematics  neads  to  be  clearty  explained  [by  the  teacrier)  In  a  way  thai  studerts  ire  able 

to  understand.  This  invokes  keeping  to  mtod  thai  students  do  net  hav.  any  knowtodg.,  eueh  as  you**.. 

about  what  Is  going  on.  It  also  Malt  spending  a  graal  dtal  of  time  by  the  teacher  analysing  aach 

MMduart  mistakes  and  successe*.  (Ltoda,  Focused  Writing  #1.  Wim 
Initially.  Lindas  beliefs  were  common  among  class  members,  and  influenced  the  interpretations  of 
Simon's  actions  as  he  directed  the  problem  solving  activity  of  the  students.  However,  the  community 
clearly  moved  from  Linda's  idea,  that  rrutherratic.  needs  to  be  clearly  explained  by  the  teacher,  into  an 
inquiry  context  In  which  learning  is  a  consequence  of  sharing  ideas  about  how  to  solve  specific 
mathematical  problems.  This  development  Is  evidenced  by  tbe  students'  suggestion,  for  dunging  the 

format  of  the  final  exam. 

I  donl  know.  Ike  I  can  tail  though  by  wortilng  to  tha  groups  who  has  developed  a  mora.  urn.  Ike  open  way 
ol  thtoktog,  Ska  .van  though  thay  may  nav.r  gat  tha  solution  lo  tha  problem  th.y  «W  txplm  many 
del.r.nt  avanua.  and  you  can  tax  whan  sorr-ona's  r.ally  exptortog  a  lot  and  somaone  that  says.  "no.  th- 
I.  ».■  ike.  I  think  wr*n  sorreone  says,  'no,  this  I.    than  thay  haven!  gal  a  grasp  on  what  tha  class  Is  al 
about.  (Penny,  Class  21, 4/18/91) 

Ikindol  ihir*  il  stould  be  more  Ike  our  iournale!  I  mean,  to  there  you  got  whether  or  no!  we  understood 
th.  problem  by  what  w,  said.  And  Isn't  thai  what  we're  doing?  (MoHy.Clas*  21. 4/18*1) 
I  tynvathue  with  you  having  to  evaluate  this  class  causa  I  thtok  It's  vary  dilticoa  but  one  c4  tha  thlnga  thai  I 
think  everybody  is  saying  is  that  they  have  gotten  Is  an  Idea  about  how  to  problem  solve. . .  And  thai 
pertups  our  last  could  be  somewhat  set  up  that  way. . .  this  is  what  we've  been  doing  all  along  .,  I  mean  a 
(aw  time,  we've  been  «m  home  saytog,  "O.K.,  go  ahead  and  wo*  on,  do  these  problems  at  home  and 
men  come  to  ■  but .  ,  atways  come  to  and  tak  about «  w«h  your  group,  so  that  somehow  « II  could  be 
rearranged  so  we  could  wo*  on  queflions  together  as  e  group.  (Lily,  Claee  21, 4/18/91) 
The  construction  of  » inquiry  context  supports  the  findings  of  Wilcox.  Scltram.  Uppan.  and  Unier 
(1990).  who  "observed  a  shift  in  the  locus  of  epistemdogical  authority  --  from  a  reliance  on  the  teacher  to 
their  comrrumity  of  cussmuca  and  teacher  together  using  mathematical  tools  snd  sundud,  to  decide  about 
the  reasonableness  of  processes  and  the  results  of  investigations"  (p.  25).  However,  in  the  CEM 
community,  tbe  students  supported  both  the  social  context  of  learning  together  how  to  problem  solve  in  an 
inquiry  community,  and  the  role  of  the  teacher  *  judge  the  level  of  students'  individual,  mathematics 
understandings.  The  symbolic  interaction,  within  dasuoom  events  provided  in  this  paper,  illustrate  how 
member,  negotiated  and  constructed  these  contradictory  contexts--  or  models  of  knowing-  within  their 
nuibcm*tic*J  community. 
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Tne  first  problem  of  the  semester  was  given  to  small  groups  with  the  explicit  instructions  to  "come 

tMck  and  tell  the  group  how  you  went  shout  doing  this  task.  Not  just  s  number  that  you  came  up  with" 

(Simon,  Class  2, 1/17/91).  And  groups  were  told  how  to  work  together 

WhertldonTr^snreawtoleburich^  and  checking  their 

answsltr»sfidtos«eltr^octthesarT)ssnswer.  . .  When  I  say  working  as  ■  group,  I'm  taWng  about 
cooperating  si  through  the  acttvly  snd  rJscussing  what  you  want  to  do  and  why  you'rs  doing  ft  snd  making 
sure  that  svtfy  mt mbtf  of  the  group  understands  when  going  on.  (Simon.  Class  2, 1/17/91) 

And,  when  the  small  groups  were  ready  to  report,  Simon  explained  his  use  of  wait  time  and  student 

paraphrasing  of  ideas  expressed  in  class: 

The  first  thing  la,  I  went  you  to  consider  what  woutd  happen  1 1  asked  an  intarastlng  question  and  than 
somebody  "newer*  thai  Question  imrnedMely.    Now  I  beieve  that  not  si  questions  require  the  same 
amount  of  time  to  think  So  I  would  *e  to  control  how  much  time  you  have  to  think. . .  So.  what  I  would  Hke 
you  to  do  la  when  you  wsnt  to  respond  or  you  want  to  say  something  In  class,  that  you  rslse  your  hand. 
Second  thing,  as  I  stsrted  to  Indicate  before.  I  believe  that  its  everybody*  |ob  In  here  to  understand 
everything  that  goes  on. . .  That  has  nothing  to  do  with  whather  II  was  right  or  wrong.  Wa  canl  evan 
respond  to  ft  until  we  hava  understood  I.    I  you  donl  understand  what  somebody  says  I  wouti  ftka  you 
to  aak  them  s  ouestlon.  Sometimes  rs  aa  simple  aa.  -Could  you  just  say  that  agaln.V  .Cmer  times  we 
donl  underatsnd  what  they  mem  by  *ome  things. ..  So  you  ask  some  question  that  gats  you  soms 
clarification. . .  And.  what  1  w*  do  at  times  la  I  wl  ask  you  tor  a  paraphrase,  that  is  that  Sara  said  something 
and  then  I  torn  to  Penny  and  I  say,  Termy,  wfl  you  paraphrase  that." . . .  Now  when  I  ask  for  s  paraphrase, 
I  doestft  mesn  that  the  answer  was  right  or  wrong.  It  only  means  that  I.  that  I  judge  It's  worthwhile  stopping 
to  make  sure  people  understand.  (Simon.  Class  2, 1/17/91) 

After  these  instructions,  the  class  began  their  first  mathematics  discussion.  Simon  clearly  directed 
the  conversation,  asking  for  clarificstion  and  paraphrases,  with  i  teacher- student  turn-taking  psttem. 

Simon:      Al  right.  Umm,  let  s,  let  s  hold  on  to  Lays  question  a  second.  O  K.  cause  I  have  a  feeling  that 
sht  Is  going  to  ask  ycu  how  do  you  know  rs  wrong.  OK.  So  we  are  not  done  discussing  ft  yet. 
But  let's  make  sure  that  we  understand  the  method  thai  was  Intended  and  then  we  can  figure  out 
how  to  answer  this  question.  Did.  dd  everybody  start  out  by  doing  something  about  measuring 
along  one  edge  snd  then  along  the  other  edge?  rs  that,  rs.  I  saw  s  lot  of  that  going  on.  Were  there 
any  groups  that  did  not  do  that?  O.K.  Now  after  you  measured.  Georgia  slong  thrs  edge  and 
along  that  edge,  you  dfd  what  wfjh  your  number? 

Georgia:    Then  wa  multiplied  them. 

Simon:     You  muftlpsed  them? 

Georgia:    To  get  how  many  aqusres  there  were. 

Simon:      were  there  any  groups  that  did  something  dMferent  than  to  multiply  those  two  numbers? 
Molly:       We  had  lo  multiply  end  then  add  s  Writ  section  that  was  ike  out  (here 
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Simon:      But  the  firs!  step  was  stM  muiipMno? 
Molly:  Yea. 

Simon:      O.K.  So  there  seems  to  be.  everybody  iwn»  to  have  done  that  much.  Right?  Measure 
tx^  edges  and  rnut.0y.  Why?  T7w)obleto»verWewttototable.  Why  did  you  muHp»y? 
(pause]  Bobbie? 

Bobbie:     HWi™^**^**^"***^**^™*™**-  You  Iutow.  we  tried  tog*, 
we  tried  a  both  horizontal  and  we  tried  I  vertical  Ike  the  cardboard  on  the  table  to  see  K  we  cooid 
get  it  in,  a  the  cardboard  would  «  evenly  m  the  table  and  then  aJTs  we  would  have  to  do  is  mullir>y 
two  numbers  and  come  up  with  one  answer.  BUweriadlhte.wehadapieceieftovefhereeowe 
actually  turned  the  card  up  the  opposite  oVectton.  Like  perpendicular  to  the  way  we  had  it. . . 
Simon:      O.K.  So  that  sounds  Hie  K  is  reused  to  what  you  are  sharing  Georgia.  O.K.  Let's  backtrack  a 
second.  Why  is  IL  you  said  1  was  an  easy  way  to  get  an  answer.  Is  I,  is  I  an  easy  way  to  pet  a 
correct  answer?  Now  why.  why  measure  along  an  edge  and  another  edge.  How  is  doing  that  and 
mulling  two  numbers  related  to  covering  this  whole  table  with  rectangles?  You  seemed  to  a* 
think  that  was  egood  way  to  goaboU  the  problem.  Why  do  you  think  that  was?  Deb? 

Deb:        Because,  umm,  In  previous,  previous  math  classes  you  learned  the  lormula  lor  area  is  length 
times  width.  I  guess.  So  probably  everybody  has  the  idea. 

Simon:      Al  those  evil  math  teachers  you  were  taWng  about  betore  and  now  you  are  taking  their  word 
forit?  How  do  we  know  V they  are  right? 

Moty:       Because  they  showed  us. 

Simon:      Bind  faith? 

Moty:       The  teachers.  They  showed  us  how  «  worked. 
Gimon:      Ahh,  what  did  you  think?  Jonnie? 

Jonnie:     They  showed,  umm,  it  tor  exampis  *  you  put  down  all  the  squares,  all  the  rectangles.  And 

then  you  times  tke  the  width  and  the  length  together  and  you  got  an  answer  and  then  you  added 
ai  of  them  together  and  the  answer  was  the  same.  Both  ways.  So  you  knew  that  that  method  the 
length  times  the  width  would  work  because  they  had  us  add  them  up  alter  we  times'ed  them. 

Simon:      Do  you  understand  what  she's  saying? 

Class:       Ah  num. 

Simon:      She  has  gotten  something  that  she  is  visualizing  m  her  mind.  Right?  Who  can  paraphrase 
what  she  is  saying?  Judy?  (Class  2, 1/1 719 1) 
Simon  symbolized  his  position  as  nuthcmatical  authority  by  deciding  which  statements  should 
receive  sttention,  delaying  questions  by  Lilly,  MoUy,  and  Bobbie,  and  deciding  which  statements  should 
be  paraphrased  as  in  the  case  of  Jonnic's  visualization  above.  The  students'  initial  responses  were  to 
comply  with  his  expecutions:  "We  have  to  say  why  we  did.  We  hsve  to  explain  if  (U*s,  Small  Group 
#1,  Class  3, 1/22/91).  Then,  the  inquiry  context  for  mathematical  knowing  evolved  out  of  this  ever 
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present  demand  10  explain  tnd  justify  solutions.  Simon  emphasized  the  need  to  provide  evidence  in  a 
Justification  and  encouraged1  students  to  use  all  of  their  knowledge  and  tools  including  drawing,  life 
experiences,  and  manipulative!,  to  model  why  a  solution  works  or  doesn't  work.  He  often  asked 
questions  similar  to:  "Urnm.  I  don't  want  to  know  yet,  does  it  work?  I  want  to  know  what  it  would 
meantoworkT  (Simon,  Class  6, 2/7/91).  But,  early  on,  most  of  the  students  did  not  seem  to  know  how 
to  compile  me  evidence  needed  to  prove  a  problem  solution  right  or  wrong,  interpreting  the  goal  of  math 
activity  as  corning  up  with  an  acceptable  verbalization:  Tea.  See  the  thing  is  we  know,  we  know  which 
one  is  right  But  we  Just  don't  know  how  to  say  It  So  well  be  stuck  on  this  problem  for  another  10  days 
till  we  know  how  to  say  if  (Eve,  Small  Group  #1,  beginning  of  Class  15, 3/21/91).  The  taken -as-shared 
understanding  about  how  to  problem  solve  began  later  in  Class  15: 

Simon:      There  mm  to  be  a  fundamental  problem  that  has  axttad  for  aavtral  daya . ..  You'rt  comparing 
two  alopee  right  Wa  havt  a  stop*  htra  and  wa  have  a  stop*  hart. . .  mathod  A  aayt  thrift*  one 
la  sleeker  art  memodBaays  Me  omk  steeper  la  that  O.K.? ...  Linda?  No?  So  what  do  you 
want  to  know?  (studerte  taWng  -"which  one's  righT]  And  what  wpuU  tal  you  which  one  ta  right? 

Sara:        YouVe  got  to  prove  the  other  one  wrong. 

Simon:      How  would  you  do  that? 

Sara:        Through  examples 

Simon:      Examples  of  what? 

Sara:        I  otonl  know  [taught a r]. 

Lola:        Just  draw  them,  the  examples  you  tNr*  of. 

Simon:      Draw  mam?  O.K.  So  what  would  you  be  exploring  whan  you  draw  I?  (Ctasa  15, 3/21/91) 
After  small  groups,  the  community  then  used  drawing  to  finally  share  sufficient  evidence  to  prove  that  * 
ratio  formulation  worked  for  determining  the  steepness  of  a  slope,  and  an  additive  approach  did  not 
Before  this  evert  students  would  often  go  to  the  chalkboard  to  illustrate  their  justifications  for  a  solution 
(occassionally  to  generate  and  compile  evidence),  but  the  middle  of  a  ass  1 5  seemed  to  mark  the  point 
where  students  realized  that  generating  evidence  was  an  essential  mathematical  process  for  their  inquiry 
community,  and  saying  or  drawing  things  correctly  for  the  teacher  was  not  the  central  issue.  Later  in  the 
class  the  inquiry  was  opened  up  even  further  when  Eve  and  Lilly  posed  questions  about  what  a  ratio 
answer  of  3  represents  and  how  road  signs  which  indicate  a  10%  downhill  grade  are  connected  to  the  ratio 
method  These  student  originated  questions  were  the  first  time  that  someone  other  than  the  teacher 
engaged  the  class  In  an  extended  inquiry  (the  discussion  took  the  last  38  minutes  of  the  hour  and  a  half 
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class).  The  inquiries  which  consumed  the  remaining  10  classes  included  the  use  of  many  life  related 
situations  and  objects  to  compile  evidence  and  to  examine  which  solution  seemed  to  hold  up  best  through 
all  the  analogous  workings.  They  were  also  marked  by  more  and  more  student  originated  questions  of 
each  other  as  the  community  members  sought  to  better  understand  each  other* s  explanations  and 
justifications:  (colors  in  the  following  episode  refer  to  manipulative  blocks) 

Eva:        Yea.  Ism  that  what  we  said?  Art  these  two  things  the  tarns  thing?  Thars  what  rm  asking. 

?:  Yea. 

Eva:        O  K,  so  i  the/re  Ihe  same  thing  and  K  you  add  a  strawberry  Ink)  this  one,  and  a  strawberry 

Wo  this  ona.  than  why  does  that  change  the  taata?  I  doM  understand. 
Tammy:     Because,  the  or*  on  tr*  right  has  a  smaller  concentration  ot  liquid  and  you're  going  to  add 

pura  strawberry  to  that. 
Mabel:      Say  you  hava  two  cupe  ol  watar  on  the  right  hand  side. 
Eve:        What's  watar?  White? 

Mabel:      A  cup  ct  watar  la  an  orange  and  a  white  together,  so  that's  two?  Two  layars? 
Eve:  .       Cm  lost. 

MabeJ:      I UW*  you  might  understand  tha.  Hare,  tat  me  use  tha  green  here.  Say  this  is  a  cup  ot  water 
and  this  ia  a  cup  01  water.  So  there's  two  cup*  ot  water,  this  would  ba  three  cupe  ot  water.  O.K.? 
Say  this  ia  pure  watar.  if  you  put  a  cfcop  ot  green  dye  into  this  ona  and  a  drop  ol  grean  dye  Wo  thla 
one.  th«  ia  goaig  to  look  darker  than  this  one.  Because  thare's  lass  water  for  the  green  dya  to  go 
on.  So  the  same  with  the  strawberry,  ITs  going  to  tests  more  strawberry  because  thera's  laea. 

Eve:        O.K.,  I  get  it. 

Simon:      It's  a  realy  efcsive  idea.  Alright  Hare's  a  question. . . .  (Class  25. 5/2/91) 

Simon  pressed  the  community  to  go  beyond  just  explanations  and  justifications  and  move  this 
experiential  knowing  into  mathematical  generalizations.  He  did  this  in  Class  6  when  he  questioned  the 
class  acceptance  of  Bobbie's  suggestion  that  "when  you  change  its  shape  you're  going  to  change  its  area,' 
and  in  the  last  class: 

Simon:      Ail  right,  hera's  the  Question  IVa  been  trying  to  get  to.  Can  you  ralata  the  problem  ol  tha 

cubes  four,  three  versus  three,  two.  to  any  ol  the  other  problems  waVa  worked  on  this  eemestar? 


Georgia:    So.  we're  dividing  those  two  to  find  the  overall  taste  or  percentage  or  whatever  you  want  to 
say  of  strawberry  or  blueberry  *  that,  and  with  the  slope  problem  we  were  dividing  height  over 
length  ol  Ihe  base  to  1ind  a  percentage  ol  the  base  or  the  elope.  (Class  25. 5/2/91) 
Throughout  the  semester,  the  students  saw  Simon  as  possessor  of  mathematical  knowledge.  However, 
the  data  suggests  that  the  inquiry  context  the  students  progressively  constructed  focused  primarily  upon  the 
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generation  of  evidence  to  evaluate  student  originated  solutions,  especially  those  activities  which  Involved 

the  manipulation  of  materials  and  concrete  visualizations. 

Georgia:     I  have  a  question.  Dr.  Simon,  how  come  you  always  quit  when  we're  doing  tomtthlog  fun? 

Simon:      Because  we're  ahvayfl  doing  something  kin! 

Georgia:    And  when  wi'ra  dokig  something  boring,  you  donl  qui. 

Simon:      Can  you  heto  me  wlh  some  guhMnta.  How  do  I  know  when  wt're  doing  somtthtng  Kin? 

Sara:        K  people  are  aduaffv  volunteering  to  antwer  your  questions. 

Georgia:    Yea.  I  know,  took  at  a*  the  Invowement  you  had  today. 

?  (many  people  tilWng} 

Bridget:  When  we  have  something  to  play  with. 

Simon:      First  of  aft.  are  people  agreed  that  what  you  were  just  doing  Is  fun? 

Sara:        IdoM  want  to  disagree,  but  I  want  to  say  that  tt*  was  ton  because  1/s  sort  of  new  too.  H  we're 

m  doing  this  In  four  weeks,  rt  not. 
Simon:      Theft  hefcful  Emey? 

Emfy:       But  rt  fun  to  have  ll<e  stuff  to  manipulate,  you  know  what  I  mean?  For  me.  thafe  the  fun  part, 
to  make  I  different  ways,  try  to  took  at  I  dHerent  ways  instead  of  Just  *a  always  thinking  of 
everything  in  your  head,  to  be  able  to  see  I. 

Simon:      O.K.  Judy? 

Judy:        Wei  I  agree.  It  fr«t  makes  It  easier  for  you  to  vfeuafee  dWtrtnl  ways  of  doing  things.  Instead  of 
Just  thinking  of  It.  you  can  actuaty  see  R.  In  front  of  you  and  try  It  SeeXIt  works  (Class  21. 4/1 8*1) 

The  members  of  this  mathematical  community  experienced  s  tension  between  contexts  of 

evaluation  and  contexts  of  problem  solving  inquiry.  The  teacher  described  s  personal  tension  between  an 

evaluative  role  and  promoter  of  students'  spontaneous  activity.  Together,  the  community  members 

authorized  a  shared  knowledge  about  ways  to  go  about  fully  explaining  and  justifying  solutions  to  teacher 

posed  problems.  They  simultaneously  positioned  the  authority  for  generalized  mathematical 

understandings  in  one  community  member,  the  teacher,  continually  symbolized  by  his  role  as  the  leader  of 

clasroom  talk,  and  ultimate  judge  of  each  individual's  learning  ability  and  progress.  A  greater 

understanding  of  the  symbolic  actions,  and  the  resulting  tension  between  contexts,  should  inform  future 

reform  efforts  which  hope  to  position  even  greater  authority  for  mathematical  knowing  in  the  shared 

activity  of  a  community  whose  members  are  producing,  critiquing,  and  generalizing  from  models  which 

attempt  to  represent  mathematical  relationships  in  everyday  life. 

Wilcox,  S.K.,  Schram,  P.,  Lappan,  0.,  A  Lanier,  P.  (1990).  The  Role  of  a  Learning  Community  in 
Changing  Preservice  Teachers'  Knowledge  and  Beliefs  about  Mathematics  Education.  Boston, 
MA:  Paper  presented  at  the  annual  meeting  of  the  American  Educational  Research  Association. 
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ON  TEACHERS'  CONCEPTIONS  ABOUT  THE  ROLE  OF  ANSWERS 
IN  SOLVING  MATHEMATICAL  PROBLEMS  IN  ESTONIA  AND  FINLAND 


Brkld  Pehkonen  University  of  Helsinki  (Finland) 
Lea  Lepmann,  University  of  Tartu  (Estonia) 

Summary:  The  purpose  of  this  paper  will  be  to  answer  the  following  specific 
question:  What  differences  are  there  in  teachers0  conceptions  in  Estonia  and 
Finland,  concerning  the  role  of  answers  in  solving  mathematical  problems? 
The  findings  are  based  on  the  results  of  a  questionnaire  study  explored  middle 
school  teachers'  conceptions  ttMOO  in  each  country)  of  mathematics  teaching 
in  Finland  and  Estonia.  The  main  findings  were:  The  Estonian  teachers  placed 
more  emphasis  on  the  role  of  the  answer  than  their  Finnish  colleagues.  But  the 
conceptions  found  were  not  coherent  with  those  revealed  by  Thompson.  The 
Estonians  agreed  only  with  the  statement  concerning  routine  tasks,  all  other 
agreement  percentages  were  low  for  both  countries. 

When  considering  the  theory  of  constructivism  as  a  basis  for  the  under- 
standing of  teaching  and  learning  mathematics  (e.g.  Davis  k  al  1990),  it  follows 
that  teachers'  and  pupils'  mathematical  beliefs  take  on  a  key  role  when  trying  to 
understand  their  mathematical  behaviour.  During  the  last  decade,  many  studies 
on  teachers'  beliefs  were  undertaken.  Furthermore,  Thompson  (1992),  and 
earlier  Underhill  (1988),  has  compiled  a  review  of  results  based  on  teachers' 
beliefs.  However,  there  are  only  a  few  international  comparison  studies  of 
teachers'  beliefs  (e.g.  Kifer  fc  Robitaille  1989,  Moreira  1991). 

In  this  context,  we  understand  beliefs  as  an  individual's  subjective  knowledge 
of  a  certain  object  or  concern  for  which  knowledge  there  may  not  necessarily  be 
any  tenable  basis  in  objective  considerations.  Furthermore,  we  may  explain 
conceptions  as  condous  beliefs,  Le.  we  understand  conceptions  as  a  subset  of 
beliefs.  One  may  find  a  more  detailed  discussion  of  the  concept  "belief'  e.g.  in  the 
paper  of  Pehkonen  (in  press). 

An  international  comparison  of  teachers'  beliefs 
The  findings  dealt  with  here  axe  based  on  a  comparative  study  which  was 
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carried  out  during  the  yean  1987-90  and  explored  teachers'  conceptions  of 
mathematict  teaching  In  middle  schools  in  Estonia  and  Finland.  The  purpose  of 
the  study  was  to  clarify  two  main  questions:  What  kinds  of  mathematical  con- 
ceptions do  Estonian  and  Finnish  teachers  have?  How  are  these  conceptions 
similar,  end  how  do  they  differ  from  each  other?  Since  the  international  compa- 
rison of  teachers'  beliefs  is  an  unknown  field,  undoubtedly  the  first  type  of  re- 
search to  be  conducted  should  be  a  survey.  And  the  survey  would  be  best  realized 
through  a  proper  questionnaire,  and  with  a  sufficient  number  of  test  subjects. 

In  the  questionnaire1,  there  were  54  structured  Items  about  different  situations 
in  mathematics  teaching.  The  teachers  were  asked  to  rate  their  views  within 
these  statements  on  a  5-step  scale  (1-fuHy  agree,  5* fully  disagree).  At  the 
end  of  the  questionnaire,  there  were  four  open-ended  questions  about  the  main 
difficulties  in  realizing  mathematics  Instruction. 

In  both  countries,  the  administration  of  the  questionnaire  was  done  separa- 
tely by  each  author.  We  decided  to  have  responses  from  about  one  hundred 
teachers  from  each  country  The  data  was  gathered  in  two  different  ways  (EW  ■ 
Estonia,  SF  -  Finland):  One  part  of  the  sample  consisted  of  teachers  on  in- 
service  courses  (NEW  ■  76,  NSF  -  52),  where  the  questionnaire  was  filled  in  at  the 
beginning  of  the  course.  And  the  other  group  of  teachers  were  reached  by  post 
(N1W  m  30,  NSF  =  34),  Le.  the  questionaires  were  sent  to  them.  Thus,  there  were 
altogether  106  responses  from  Estonia  and  86  responses  from  Finland.  The 
administration  in  Finland  of  the  questionnaire  was  carried  out  in  November 
1987  (the  first  phase)  and  in  December  1988  (the  second  phase),  and  in  Estonia 
both  phases  were  realized  in  September  1990. 

When  considering  the  results  of  the  questionnaire,  the  statistics  used  were 
mainly  on  the  level  of  percentage  tables.  The  structure  of  the  questionnaire  gave 
an  opportunity  to  say  something  about  the  teachers'  conceptions.  The  reliability 
of  the  results  was  estimated  with  the  test-halfing  method.  The  final  report  will 
be  published  within  a  year,  probably  in  the  research  report  series  of  the  Depart- 
ment of  Teacher  Education  at  the  University  of  Helsinki. 

'  Bernd  Zimmermann  (Hamburg)  developed  the  questionnaire  /or  the  research  project 
"Open  Tasks  in  Mathematics"  <cf.  Pehkonen  St  Zlmmermann  1990). 
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The  focus  of  this  paper 

According  to  Thompson  (1989),  the  teachers'  beliefs  she  found  about  problem- 
solving  were  condensed  into  five  basic  beliefs  in  which  the  role  of  the  answer 
was  central.  In  this  paper,  we  have  tried  to  figure  out  what  might  be  the 
conceptions  of  the  Estonian  and  Finnish  teachers  about  the  role  of  the  answer, 
and  to  compare  them  with  those  found  by  Thompson  (1969).  The  purpose  of  the 
paper  will  be  to  answer  the  following  specific  question:  What  differences  are 
there  in  teachers'  conceptions  in  Estonia  and  Finland,  concerning  the  role  of  an- 
swers in  solving  mathematical  problems? 

Some  preliminary  findings 

We  shall  look  at  the  teachers'  responses  to  certain  statements  in  the  question- 
naire which  are  connected  with  our  research  problem 

The  answer  fo  IP"**  important.  The  content  of  the  three  statements  (26, 41, 43) 
pertain  to  the  first  belief  (It  is  the  answer  that  counts  in  mathematics,  once  one 
has  an  answer,  the  problem  is  done)  in  Thompson's  (1989)  categories: 

26  «  "When  solving  problems,  pupils  should  above  all  reach  the  right 
result" 

41  =  "When  checking  the  class  work,  one  should  take  into  account, 

above  all,  the  results  of  the  tasks" 
43  -  "In  continuous  evaluation,  one  should  take  into  account  above 
all  the  solutions  of  the  presented  problems" 
In  Fig.  1,  we  have  the  percentage  distributions  of  the  responses  to  these  state- 
ments. 

26:  Both  teacher  groups  took  a  dear  stand  against  Statement  26  (Fig.  1).  In 
addition,  the  original  5-step  frequency  distributions  were  compared  with  the 
chi-square  test,  and  the  chi-square  reached  was  20.0  and  the  error  percentage 
0.05  %.  Thus,  the  difference  between  the  two  distributions  was  statistically  very 
significant.  41:  In  Statement  41,  the  teachers  did  not  take  a  dear  stand  for  or 
against  the  statement  (Fig.  1).  Here,  the  difference  between  the  distributions 
was  not  statistically  significant  (the  error  percentage  5.4  %).  43:  In  Statement 
43,  about  one  quarter  of  the  responses  were  neutral,  and  the  responses  for 
agreement  and  disagreement  were  about  fifty-fifty  (Fig.  1).  The  difference  bet- 
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ween  the  distributions  was  not  at  all  statistically  significant 
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Pig-  1  Th«  percentage  dUtribuHon*  of  the  re*poc\*«  to  ttatemtnt*  26,  41  and  43 
(EW-Ettonia,  SF-Hnland). 

Both  groups  of  teachers  were  not  ready  to  stress  the  point  that  reaching  the 
right  answer  was  most  important  for  the  pupils.  As  a  group,  they  took  a  neutral 
stand  towards  the  role  of  the  answer  in  checking  the  dasswork,  and  in  the 
evaluation  of  the  presented  problems.  In  both  cases,  the  responses  were  about 
fifty-fifty.  In  the  first  statement  (26),  the  Finns  disagreed  more  strongly  than  the 
Estonians  about  the  importance  of  the  answer,  the  difference  was  even  statisti- 
cally very  significant. 

There  Is  a  unique  procedure.  The  three  statements  (20, 31, 38)  are  connected 
with  the  fourth  belief  (Every  context  (problem  statement)  is  associated  with  a 
unique  procedure  for  "getting*  answers)  in  Thompson's  (1989)  categories. 

20  «  "Pupils  should  have  to  experience  that  one  can  reach  the  same 

result  through  different  methods" 
31  ■  "One  should  solve,  as  often  as  possible,  such  routine  tasks  where 

the  use  of  the  known  procedure  will  lead  to  a  sure  result" 
38  «=  "Pupils  should  develop  as  many  different  ways  as  possible  of 

solving  a  problem,  and  these  should  be  discussed  during  instruction" 

It  is  clear  that  Statements  20  and  38  should  be  reversed  first.  In  Fig.  2,  we  give 
the  percentage  distributions  of  the  responses  to  these  statements. 

20:  Both  groups  of  teachers  agreed  somewhat  with  Statement  20  (Fig.  2). 
Between  the  groups,  the  difference  was  not  at  all  statistically  significant.  31:  In 
Statement  31  f  there  was  no  unified  view  in  the  responses  of  the  two  countries. 
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The  Estonians  were  dearly  for  the  statement  and  the  Finns  more  against  than 
for  (Fig.  2).  The  comparison  of  the  original  5*tep  frequency  distributions  with 
the  chi-square  test  gave  the  -hl-«quare  48.6,  and  the  error  percentage  under  0.01 
%  Thus,  the  difference  between  the  distributions  was  statistically  very  signi- 
ficant 38:  Both  groups  of  teacher,  agreed  with  Statement  38,  but  the  Estonian 
teachers  reacted  more  strongly  than  their  Finnish  colleague.  (Fig-  2).  As  we 
compared  the  two  original  S*tep  frequency  distribution,  with  the  chi-^uare 
test,  we  got  the  chi-square  29.0,  and  the  error  percentage  under  0.01  %.  Thus, 
the  difference  between  the  distribution,  we.  Caustically  very  significant. 


Re  Z  The  percentage  distributions  ot  the  responses  to  .tstemcius  20, 31  and  38 
8  ^      *      (BW-E»tonJa,  Sf-Flnland). 

The  teachers  did  not  have  a  unified  view  on  the  point  of  whether  pupils  ought 
to  have  experience  using  different  methods.  But  they  all  agreed  strongly  that 
pupils  should  develop  different  ways  of  solving  problems.  The  statement  (pupil, 
should  solve  routine  tasks)  clearly  separated  the  opinions  of  the  teachers:  the 
Estonians  were  for  and  the  Finns  against,  and  the  difference  was  statistically 
very  significant. 


Discussion 

The  reliability  of  the  questionnaire  was  calculated  using  the  halting  method 
(with  all  items)  and  the  Spearman-Brown  formula.  This  gave  a  test  reliability  of 
0.77  for  Estonia  and  0.80  for  Finland.  For  both  samples  together,  the  test  relia- 
bility was  0.83.  Combined,  these  gave  an  estimate  of  the  consistency  of  results 
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(inner  reliability)  which  maybe  considered  to  be  good  enough. 

There  were  clear  differences  to  be  found  in  the  conceptions  of  the  teacher  in 
Estonia  and  Finland.  The  Estonian  teachers  placed  more  emphasis  than  their 
Finnish  colleagues  on  the  role  of  the  answer.  But  the  difference  was  not  statis- 
tically significant  in  every  statement  although  the  tendency  was  clear. 

As  an  explanation  for  the  findings,  one  may  give  e.g.  the  following:  The 
Finnish  school  system  has  undergone  many  changes  during  the  last  twenty 
years,  whereas  the  Estonian  schools  have  remained  unchanged  until  the  begin- 
ning of  the  1990s.  In  Finland,  school  system  changed  more  than  twenty  years 
ago  from  a  parallel  school  system  into  a  unified  comprehensive  school  system 
with  no  special  class  or  school  reserved  for  talented  children.  In  addition,  the 
Finnish  society  has  become  much  freer  which  has  also  had  an  influence  on  the 
school.  This  has  meant  changes  from  subject-centeredness  and  teacher- 
directedness  to  pupU<enteredness  which  in  turn  has  led  to  U.  a  liberation  in 
teaching  methods.  In  other  words,  open  teaching  methods  have  found  their  way 
into  Finnish  classrooms. 

However,  one  cannot  state  that  the  conceptions  of  the  Estonian  and  Finnish 
teachers  were  similar  to  those  found  in  the  United  States  (Thompson  1989).  If 
we  compare  the  responses  of  the  six  statements  dealt  with  here  with  the  basic 
beliefs  revealed  by  Thompson,  we  will  have  difficulties  in  Ending  similarities.  It 
is  only  in  the  statement  concerning  routine  tasks  that  the  agreement  percentage 
of  the  Estonians  Is  high  (79  %).  All  other  agreement  percentages  (agreeing  with 
the  belief  revealed  by  Thompson)  vary  from  1  %  to  54  %. 

What  can  we  deduce  from  this  ending?  First  of  all,  one  should  note  that  the 
teachers'  conceptions  discussed  here  are  based  on  the  questionnaire  data,  i.e. 
they  may  be  seen  as  "surface  beliefs"  (cf.  Kaplan  1991).  And  the  beliefs  found  by 
Thompso  n  were  collected  with  interviews  and  observations,  so  they  may  repre- 
sent "deep  beliefs".  Nevertheless,  the  difference  is  so  great  between  these  two 
belief  groups  that  something  serious  should  lie  behind  it.  Could  this  mean  that 
beliefs  are  strongly  culture-bound?  The  sUtistically-signiflcant  differences  bet- 
ween teachers'  conceptions  in  Estonia  and  Finland,  gathered  with  the  same 
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questionnaire,  give  an  indication  in  this  direction. 


educational  achievement  Oxford: .  .^thematics 

86.  [ui  Finnish]  Tcach  Mathematical  Problem  Solving:  Chan- 

NCTM  Researcti  Agenu-  Conceptions:  A  Synthesis  of  the 

Fnnffl  nr  1  ^ming  rmWPim M  (3),  43^58. 
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chajwdw  visions  m  mathematics  preskrvicx  tbacnss  hhjcatkw 


fAe  main  goal  of  the  renearch  described  is  to  investigate 
pre- service  methemetlcs  teachers  imagery  of  life  in  classrooms, 
end  particularly  of  themselves  as  mathematics  teachers,  in  en 
attempt  to  understend  how  changee  in  the  a  a  imagee  influence 
changes  in  their  practice  es  mathematics  te achate.  Consonant 
with  this  goal,  the  study  is  qualitative.  Karly  results  suggest 
that  these  'visions*  are  indeed  powerful  influancee  in  classroom 
practice,  e  It  hough  the  images  are  not  often  offered  spontan- 
eously in  Interviews:  interviewees  are  sometimes  unaware  of 
daep-eeatad  imagee  until  asked, 

■atlonale  for  Imagery  am  m  focus  of  teacher  education. 
In  many  countries,  far-reeching  changes  are  taking  place  In  mathemat- 
ics curricula  at  all  levels  aa  educators  recognize  the  need  not  only 
to  keep  pece  with  understanding  of  new  aspects  of  students'  learning 
of  mathematics,  but  also  to  enticipete  the  methemeticel  requirements 
in  e  new  century  (Hetionel  Research  Council,  1989  t  1990).  with  the 
notorious  leg  between  the  decision  to  develop  a  new  curriculum  and 
its  actual  successful  implementetion  in  classrooms  (Howson,  Keitel  end 

Kilpetrick,  1982),  it   becom  ntiel   thet   changes   be   initiated  in 

students'  beliefs  about  teeching  end  leerning  mathematics  while  they 
ere  prepering  to  become  mathematics  teachers.  It  is  recognised  thet 
how  teechers  think  about  mathematics  leerning  is  e  key  determinant  of 
how  they  teech  (Simon  end  Schifter,  1991).  Beliefs   ebout  mathematics 
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•nd  It.  l.«tnlng  .r.   oft.n   d..p-...t.d   and   uncon.clou.  (Tho-p.on, 
1992).  Tht  proc...  of  ch.ng.,  thtn,  la  p.r.onal  and  complex. 

It  la  bac.ua.  proc  of  chang.  In  t.achlnq  ptactlc.a  ar.  p.r.onal 

and  co-pl.x  that  baagaiy  !■  •  .Unlflcant  factor  In  thl.  r.g.rd.  It  ha. 
Ion,  boon  t.port.d  In  p.ychologlcal  Utat.tuta  that  taaagary  1-p.rt.  an 
-aff.ctlv.  colours  to  ...oiy  (B.rtl.tt,  1932,  fctl.tl,  1976).  -Vivid 
-antal  taagaa,  bac.ua.  th.y  provld.  p.ychologlcally  -or.  affactlv. 
aubatltuf.  than  do  pur.ly  v.rb.l  .ncodlng,  for  th.  corr..pondlng 
«xt.rn.l  0bJ.ct.  .nd  .v.nt.,  h.v.  .  gr..t.r  t.nd.ncy  to  .ng.g.  th. 
aff.ctlv.  .nd  .otlv.tlonal  .y.t...-,  wrot.  Sh.p.rd  (1979,  p.  157). 

It  1.  not  aurprlalng,  th.n,  to  find  taag.ry  In  v.rlou.  gut...  -argil* 
ln  r.port.  of  rna.arch  on  t.ach.r  Chang..  Tobln  (1992)  and  J.kubow.kl 

.ml  Shaw  U991),  ld.ntlfl.d  tht..  co.pon.nt.  In  proc  of  Chang.,  In 

th.  -tudy  in  which  th...  thro.  r....rch«r.  w.r.  .ng.g.d  In  Florida. 
Th...  ..P.ct.  of  t.ach.r.'  thinking  w.r.  p.rturb.tlon  which  r..ult.d 
in   r.fl.ctlon   on   th.lr    pr.ctlc,   .   vl.lon    of   wh.t   th.lr  d...roo. 
pr.ctlc.  -lght   b.,  .nd   co-lt-ant   to   th.   ch.n,..   tapUdt   In  thl. 
vl.lon.  H..d.  .nd  Brn.t  (1990)  .t  .  dlff.r.nt  unlv.r.lty,  aUo  In  rlorl- 
d.,  wrot.  .bout  "Plctur..  of  Uf.  In  d...roo..,  .nd  th.   ...rch  for 
-t.phor.  to   fr...  th.-",  in  th.lr  d..crlptlon  of   .   .tudy  In  which 
plctur..  .nd  l«.g..,  and  th.  -t.phor.  which  acco-panl.d  th.-,  ««. 
,n  lnt.,r.l   p.rt   of   .   pr.-.«rvlc.   f.ch.r   .duc.tlon   cour...   In  . 
co-p.r.bl.    .tudy   during    .uch    .    cour..    In    England,   C.ld.rh.ad  .nd 
Rob.on    (1991)   wrot.    th.t   -Stud.nt.    w.r.    found    to    hold  particular 
ta.g..  of  f.chlng,  -o.tly  d.rlv.d  fro-  th.lr  .xp.rl.nc.  In  .cbool. 

pupil.,  which  w.r.  .o-.tl...  highly  lnflu.ntl.l  In  th.lt  lnt.rpr.t.- 
tlon  of  th.  cour..  and  of  d...roo-  pr.ctlc-  (p.  1).  All  ch...  .tudl.. 


211 


533 


euggeet  thet  student  teachers'  Imagery  of  classroom  practice  Is  a 
component  of  their  reflection  on  teaching  and  leerning  Mathematics, 
and  that  this  imagery  may  be  a  more  powerful  Influence  on  their 
actions  In  tha  classroom  than  the  memory  of  theories  which  they  have 
learned  about  in  their  education  courses,  but  which  they  have  not  yet 
reflected  upon  in  the  personal  way  which  develops  Imagery  (Presmeg, 
19S5;  Vernon,  1970;  Rokeach,  I960;  Thompson,  1984). 

Changing  visions 

The  ongoing  research  study  which  is  the  focus  of  this  paper  started 
in  August,  1992,  in  the  course,  "Teaching  Secondary  flchool  Mathemat- 
ics*, which  is  usually  the  first  mathematics  education  couree  taken  by 
proepectlve  high  echool  teachers  at  The  Florida  State  University. 
Since  students1  Imagery  of  their  future  practice  as  teachers  was  a 
focus,  the  30  students  In  the  class  completed  the  writer's  teet  for 
visuel  preferences  in  mathematics,  which  places  students  on  a  contin- 
uum according  to  their  need  for  imagery  when  they  solve  methematical 
problems.  Fifteen  students  of  various  preferences  wsrs  chosen.  Ini- 
tially the  net  was  cast  wide  beceuse  It  was  intended  that  the  study 
would  bs  longitudinal,  end  It  wss  recognixed  that  for  various  reasons 
not  all  of  these  students  could  be  followed  through  to  their  experi- 
ence as  beginning  teechers  two  or  three  years  later.  It  turned  out 
that  eight  of  the  fifteen  students  were  also  in  the  writer's  class, 
"Elements  of  Geometry*,  in  Spring,  1593. 

The  twofold  aim  of  the  study  wss  to  investigate  the  students'  imagery 
of  mathematics  classrooms  thsy  hsd  experienced  or  hoped  to  experi- 
ence (past,  present  and  future),  and  to  learn  whether  their  reflec- 
tions on  their  own  teaching  and  learning  in  the  course  were  related  in 
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any  way  to  these  chenging  images.  Reflectiveness  was  encouraged 
throughout  the  court..  Students  were  required  to  keep  a  journal 
documenting  their  thought*  as  they  moved  through  thi  course.  About 
once  a  month  thess  journals  wsrs  read  and  responded  to.  Frequent 
•■all  group  discussions  followed  by  class  discussions  of  varloua 
aspects  of  teaching,  Isarning  and  high  school  schematics  also  gavt 
opportunitlss  for  perturbations  and  reflections  on  classroom  practice 
in  the  coucss  of  social  interaction.  (Sec  eppendix  for  course  outline.) 
Data  collected  were  of  three  kinds,  as  follows. 

(1)  Every  four  weeks,  the  class  was  required  to  write  on  the  topic, 
"How  I  A£A  myself  as  a  teacher".  Students  typically  wrote  approximate- 
ly a  page  of  verbal  description  of  their  visions  of  themselves  as 
teachers,  how  they  would  arrange  their  classrooms,  the  kind  of  sche- 
matics they  would  like  to  teach,  even  In  some  cases  how  they  saw 
their  studente  reacting  and  relating  to  them  as  teachere.  These 
descriptions  were  collected  and  kept. 

(2)  In  tape-recorded  interviews  which  ranged  from  10  to  55  minutes  in 
length,  the  selected  students  were  asked  to  relate  "the  story"  of 
their  learning  of  .athematics  up  to  that  point,  including  also  their 
reaeons  for  choosing  to  become  mathematice  teechers.  The  narrative 
■ode  encouregee  reflection  on  past  experiences  and  the  feelings 
associated  with  them  (iruner,  1990).  The  students  were  given  several 
weeks*  notice  of  theee  interviews,  to  enable  them  to  see  their  mathe- 
matical histories  In  retrospect  and  reflect  on  which  elemente  they 
wanted  to  include  in  their  stories.  Most  students  spoils  freely  end 
their  etorles  gave  evidence  of  reflection  on  whet  was  important  to 
include.  Storlee  typically  included  anecdotes  about  teachers  (or 
parents)  who  had  been  influential  in  their  learning  of  mathematics,  in 
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positive  and  negative  Instance!.  The  images  associated  with  these 
experiences  were  often  vivid  and  carried  emotional  associations  which 
tima  had  not  erased. 

O)  An  Important  component  of  the  course  Is  a  micro-teaching  segment, 
in  a  "field  experience"  of  one  hour  per  week.  After  observing  lessons 
of  two  exparlancad  taechers  with  contrasting  constructlvist  and  tradi- 
tional styles  (and  reflecting  in  ttieir  journals  about  these),  the 
students  interview  a  middle  school  or  high  school  laarner  of  mathemat- 
ics, transcribe  the  tape,  and  try  to  "enter  into"  the  mathematical 
thinking  of  their  interviewee.  They  write  a  report  on  this  clinical 
interview.  After  this,  each  student  in  the  class  is  video-recorded  as 
thay  teach  a  fifteen  or  twenty  minute  lesson  on  a  mathematical  topic 
of  their  choice,  to  half  tha  class.  The  segment  is  then  replayed  and 
discussed  by  students  and  Instructor  in  a  constructive,  nonjudgemen- 
tal  etmoaphere.  Tha  videotaped  lessons  of  tha  selected  students  ara 
available  for  analysis. 

These  three  aources  of  data  will  ba  supplemented  by  further  reports 
on  "How  I  see  myself  as  a  teacher",  further  Interviews,  videotapes  of 
some  of  tha  atudents  during  their  internship  in  schools,  and,  finally, 
videotapes  and  Interviews  during  their  initial  year  as  mathematics 
teachers.  The  study  is  still  in  Its  early  stages,  but  slready  there 
ara  indications  that  students'  Images  of  themselvea  as  teechers 
evolve  and  change  as  they  reflect  on  their  broadening  experiences  of 
teaching  and  learning,  informed  slso  by  the  theories  they  ere  exposed 
to  in  their  education  coursaa.  Whether  their  actual  classroom  prac- 
ticea  will  be  conaonant  with  these  evolving  visions,  or  whether  they 
will  revert  to  earlier  school-based  images,  remains  to  be  seen. 
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In  this  qualitative  study  I  Investigated  six  beginning  elementary  teacher*'  beliefs  about 
mathematics  and  mathematics  pedagogy  and  explored  the  relationship*  between  their  mathematics 
beliefs  and  practices1.  A  key  question  that  was  addressed  U  'What  are  the  primary  factor*  fwl 
Influence  belief*,  practices,  and  the  consistency  between  beliefs  and  practices?"  Data  were  collected, 
primarily  through  interviews,  observations,  a  concept-mapping  activity,  and  a  questionnaire.  In 
addition,  a  model  of  the  mathematics  beliefs  and  practice  relationships  was  developed  prior  to  the 
investigation  and  was  revised  based  on  results  of  the  study.  Findings  show  that  prior  school 
experiences  and  teacher  education  programs  were  the  key  Influences  on  beliefs,  and  mathematics 
beliefs  and  students'  abilities  were  the  primary  Influences  on  teaching  practices.  Also,  time 
constraints  and  tack  of  resources  account  for  the  majority  of  inconsistencies  between  beliefs  and 


In  this  investigation  I  explored  six  beginning  elementary  teacher*'  belief*  about  ma  thematic* 
and  mathematics  pedagogy  and  I  observed  their  mathematics  teaching  practice*  in  an  effort  to  better 
understand  the  relationships  between  besef*  and  practices.  Studies  have  shown  (e.g..  Thompson. 
1964)  that  there  are  times  when  one's  mathematics  teaching  practice  Is  consistent  with  one's 
mathematics  beliefs,  and  there  are  time*  when  It  is  not  Upon  determining  the  levels  of  consistency 
between  beliefs  and  practice,  it  is  also  important  to  address  the  question.  "What  *r*  the  primary 
factor*  that  influence  teachers'  mathematics  belief*,  teacher*'  mathematics  teaching  practice*,  and 
the  levels  of  consistency  between  mathematics  belief*  and  practices?" 

There  Is  a  need  to  study  teachers'  mathematics  belief  systems.  Researchers  in  mathematics 
education  suggest  that  the  beliefs  a  teacher  ha*  about  what  mathematics  is  and  what  it  mean*  to  know, 
do  and  teach  mathematics  can  be  driving  force*  in  that  teacher's  instruction  of  mathematical  ideas 
(Cooney.  1965:  IQoosterman  &  Stage.  1969;  Lester.  OarofaJo.  &  KroU.  1969).  Some  mathematics 
educators  have  conducted  studies  and  have  begun  theorizing  about  the  rofc  that  belief*  play  in 
understanding  mathematics  education.  Clark  and  Peterson's  ( 1966)  review  of  literature  on  teachers' 
thought  processes,  for  example,  notes  the  importance  of  understanding  teachers'  implicit  theories  and 
beliefs  about  education.  Thompson  ( 1964)  and  Peterson.  Fennema.  Carpenter,  and  Loef 1 1960)  assert 
that  teachers'  beliefs  can  have  profound,  but  possibly  subtle,  effects  on  their  mathematics  teaching. 

1  This  paper  it  based  on  my  dissertation  ttudy  done  at  Indians  University  under  the  direction  of  Dr. 
Peter  Kloosterman. 
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Accordingly,  research  has  also  Indicated  that  the  study  of  teacher  preparation  should  tnchide  not  only 
an  examination  of  content  krwwiedge.  but  also  of  thinking  processes,  attitude*,  and  bebefs  heM  by 
preservtce  and  elementary  teachers  (Peterson  et  al.,  1969). 

The  existing  Interpretive  investigation*  of  teachera'  mathematics  beliefs  that  have  been 
cou pled  srtth  observations  of  actual  practice  have  primarily  focused  on  teachers  at  the  Junior  high 
(Jones.  I8?0:  Thompson.  1964)  and  high  school  levels  (Kesler.  1935:  Shaw.  1969).  and  on  preservtce 
student  teachers  (Owens.  1967).  One  subgroup  of  teachers  that  has  been  virtually  overlooked  in 
Interpretive  mathematics  beliefs  studies  Is  the  elementary  teacher,  in  particular  the  beginning 
elementary  teacher. 

Beginning  elementary  teachers*  mathematics  bebefS  are  Important  to  explore  for  four  reasons: 
(I)  a*  previously  mentioned,  elementary  teachers  have  not  been  the  primary  focus  of  many 
Interpretive  studies  that  explore  the  bebefa  of  ■■thsaasHna  teachers;  (2)  elementary  teachera  play  s 
vital  role  in  developing  students*  Initial  understanding  of  and  beliefs  about  mathematics:  (31 
beginning  teachera  are  Just  starting  to  build  their  teaching  practice,  thus  tracking  the  development  of 
their  style  of  teaching  can  reveal  a  lot  about  their  beliefs;  and  (4)  a  beginning  teacher's  beliefs  about 
mathematics  and  teaching  mathematics  are  likely  to  be  challenged  during  the  first  few  years  of 
teaching. 

Six  beginning  elementary  teachers  participated  In  this  study  and  provided  some  answers  to  the 
questions  of  (I)  what  be  bets  do  beginning  elementary  teachers  have  about  mathematics  and 
mathematics  pedagogy  and  what  do  these  teachers  Identify  as  the  key  influences  on  their  beliefs.  (2) 
what  are  these  six  beginning  elementary  teachers  mathematics  teaching  practices  like,  and  what  do 
they  name  as  the  primary  influences  on  their  practices,  and  (3)  how  are  these  six  teachers' 
mathematics  beliefs  related  to  their  practices,  and  how  do  they  account  for  the  Inconsistencies 
between  bebefs  and  practice? 

In  order  to  help  clarify  the  questions  at  hand  and  to  attempt  to  put  the  pieces  of  the  beliefs- 
practice  puttie  together.  I  created  a  concept  map  (see  Novak  &  Gowln.  1 964.  for  a  discussion  of  concept 
maps)  to  help  analyse  the  relationship  between  one's  mathematics  beliefs  and  teaching  practice.  This 
concept  map  led  to  the  development  of  sn  Initial  model  of  the  relationships  between  mathematics 
bebefs  and  practices  (see  Raymond.  1 1 9931  for  s  detailed  description  of  the  Initial  model).  My  model  of 
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the  relationship,  between  mathematics  belief,  and  practice,  helped  me  to  determine  the  procedure, 
that  1  followed  in  thU  investigation. 

MB1B0OOUOOT 

The  atudy  was  conducted  via  a  naturalistic  Inquiry  approach.  The  particlpanta  In  the  study 
were  six  beginning  elementary  teachers  who  were  all  graduate  of  Indiana  University  and  who  had 
been  placed  in  teaching  positions  within  a  60-mile  radius  of  Bloomlngton.  Indiana.  Of  the  six 
teachers,  five  were  female*  and  one  was  a  male.  The  procedures  foe  data  collection  included  seven 
individual  Interviews,  five  classroom  observations,  an  analysis  of  the  participants'  lesson  planning 
•ty  lea,  a  take. home  beliefs  questionnaire,  and  an  activity  involving  the  pieces  of  my  model  of  the 
relationships  between  beliefs  and  practice. 

The  analysis  of  the  data  took  place  throughout  the  data  collection  phase  and  beyond  and 
includes  feedback  from  two  study  de  briefer*  and  comments  from  the  respondents.  Each  teacher's 
beliefs  about  mathematics  and  mathematics  pedagogy  were  categorised  as  traditional,  primarily 
traditional  on  ei*n  mix  of  trad  I  Mono  I  and  nontmditionaU  primarily  rwntradlttonal  or 
nontradltlonal.  Determination  of  each  teacher's  beliefc  categorization  was  based  on  descriptions  of 
traditional  and  no  n  traditional  perspectives  on  mathematics  and  ma  the  mattes  teaching  and  learning 
as  described  In  recent  literature  (NCTM.  1989.  1991:  National  Research  Council  INRC).  19891. 

Similarly,  each  teacher's  practice  was  categorised  on  the  same  "tiacUtic^/noo traditional 
scale  "  by  measuring  the  extent  to  which  her  practice,  regarding  the  classroom  environment,  types  of 
mathematical  tasks,  the  kinds  of  discourse,  and  the  means  of  evaluation,  matches  the 
"non traditional"  type  of  practice  described  In  the  Prqft**ional  Teaching  Standard*  (NCTM.  199 IK 
Categorizations  of  beliefs  and  practices  were  compared  and  discussed  In  light  of  the  primary 
influence*  on  beliefs  and  practices,  and  the  reasons  for  Inconsistencies  were  Identified  by  the 
teachers.  The  final  stage  of  the  analysis  consisted  of  the  development  of  a  revised  model  of  the 
relationships  between  mathematics  beliefs  and  practices  based  on  the  findings  from  the  study. 
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HfflHHGM  FROM  THE  STUDY 

The  findings  of  the  study  provide  Insight  into  elements  that  play  key  roles  in  the  relationships 
between  beginning  elementary  teachers'  mathematics  bebefs  and  practices.  They  center  sxourtd  the 
identification  of  factor*  that  Influence  elementary  teachers'  mathematics  beliefs,  factors  that 
influence  elementary  teachers'  mathematics  teaching  practice,  and  factors  thst  cause  inconsistencies 
between  betted  and  practices.  The  findings  provide  Implications  for  the  rote  that  teacher  education 
programs  may  play  in  the  relationships. 

First  the  sbi  teachers  In  the  study  named  past  school  experiences,  prior  teachers,  their  own 
teaching  practice,  and  their  teacher  education  program  as  the  primary  influences  on  their 
mathematics  betters.  Several  'weaker*  influences  mentioned  were  the  classroom  situation  and 
personal  family  experiences.  These  same  teachers  Identified  thetr  mathematics  belief*  and  the 
abUrttea  of  their  atudenta  as  the  main  sources  of  Influence  on  thetr  teaching  practices.  They  also 
indicated  that  the  particular  mathematics  topic  st  hand,  the  school  environment,  prior  teachers,  and 
the  mathematics  curriculum  played  a  role  in  determining  their  practices. 

Some  results  of  this  study  support  key  findings  from  other  studies  (Brown.  1985:  Jones.  1990; 
Thompson.  1984).  Specifically,  there  Is  a  strong  relationship  between  a  teacher  s  mathematics  beliefs 
and  teaching  practices,  and  a  teacher's  mathematics  teaching  practice  Is  not  always  consistent  with 
her  mathematics  bebefs.  This  Investigation  also  showed  that  there  la  a  reciprocal  influential 
relationship  between  betteft  and  practice.  However,  the  teachers  in  this  study  indicated  that  their 
bebefs  influenced  their  practice  more  than  their  practices  influenced  their  beliefs.  In  addition,  the 
teachers  displayed  a  wide  range  of  consistency  between  beliefs  and  practice,  wtlh  two  teachers  showing 
s  high  level  of  consistency,  two  showing  s  moderate  level,  and  two  showing  only  s  modest  level  of 
consistency.  A  number  of  explanations  for  the  Inconsistencies  that  occurred  were  offered  by  the 
teachers,  including  time  constraints,  scarcity  of  resources,  classroom  management  problems,  and 
state  standardized  testing  requirements. 

In  addition,  the  teachers  in  this  study  felt  thst  it  was  more  the  case  thst  inconsistencies 
occurred  when  influences  (other  than  bebefs)  on  practice  conflicted  with  beliefs,  dominating  beliefs  at 
a  particular  moment,  resulting  in  teaching  practice  that  was  not  in  agreement  with  beliefs.  This  result 
supports  Brown  and  Borko  s  (1992)  contention  thst  while  beginning  teachers  are  being  socialized  into 
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the  teaching  profession,  it  u  often  the  case  that  institutional  isctors.  *uch  aa  time  limitation*  and 
standardized  t eating  preaaurea.  create  conflict*  between  bebeii  held  by  teacher*  about  the  ideal  kind* 
of  practice  they  would  like  to  implement  and  their  actual  practice.  Conflicting  constraint*  cauae 
teacher*  to  make  teaching  choice*  that  do  not  neceaaaruy  match  their  current  pedagogical  belief*. 

The  model  of  the  relationship*  between  mathematica  belieii  and  practice  that  reaulted  from 
finding*  in  the  study  l*  shown  In  Figure  1.  The  model  represent*  my  vision  of  the  relationship*  that 
waa  Influenced  by  my  conversation*  with,  and  observation*  of.  the  teacher*. 


Teacher's  Uf«r 
Outside  of 
School 


Students'  Livss 
Outside  of 
School  


■■^^  Indicates  "strongly  Influences" 

Indicates  "moderately  Influences" 

 Indicates  "slightly  Influences" 

Figure  2.  A  Revised  Model  of  Relationships  Between  Mathematics  Beliefs  and  Practice. 


A*  the  above  model  indicates,  the  results  of  the  Inveattgation  showed  that  these  beginning 
elementary  teacher*  did  not  attribute  much  weight  to  their  teacher  education  program*  in  term*  of 
their  influence  on  their  mathematica  teaching  practice.  However,  they  thought  that  their  teacher 
education  experience  had  a  moderate  level  of  influence  on  their  beliefs.  The  teacher*  Invotved  in  the 
study  thought  that  teacher  education  program*  could  do  a  better  }ofa  of  addressing  the  issue  of  the 
relationship  between  beliefs  and  practice,  perhaps  by  offering  a  forum  for  helping  preaervtoe  teacher* 
develop  their  own  philosophy  of  mathematics  education  before  stepping  into  the  classroom.  These 
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teacher*  bettered  that  *  stronger  mdm  of  self  awareness  about  their  mathematics  beliefs.  In 
conjunction  with  a  deepening  of  their  mathematics  content  and  pedagogical  knowledge,  would  help  to 
make  their  teaching  practice  stronger,  more  focused,  and.  perhaps,  more  consistent  with  their 
matliemattcs  beliefs. 


DsTU  CATIOWB  FOR  MATHXMATKX  TEACHER  EDOCATIOH 

The  findings  of  this  study  hoW  a  variety  of  implications  for  teacher  education.  The  first  and 
foremost  Implication  Is  that  mathematics  beliefs  need  to  be  expttcttiy  addressed  In  teacher  education 
programs.  Specifically,  pre  service  teachers  should  be  challenged  to  discover  their  own  beliefs  about 
mathematics,  perhaps  by  writing  their  own  mathematics  diary.  They  ought  to  be  asked  to  recount 
their  own  school  experiences  with  mathematics  as  students  and  to  assess  their  abilities  to  do 
mathematics  and  their  confidence  In  teaching  mathematics. 

Along  with  exploring  their  personal  relationships  with  mathematics,  pre  service  teachers 
should  be  asked  to  describe  for  themselves  what  they  bebeve  mathematics  La  sU  sbout.  and  they 
should  debate  the  Issues  of  what  they  consider  are  the  best  ways  to  learn  and  teach  mathematics.  This 
should  be  done  within  a  context  of  exploring  various  mathematics  learning  and  teaching  styles, 
allowing  students  to  make  their  own  connections  between  what  methods  of  teaching  mathematics  »*e 
available  and  what  styles  they  believe  best  match  their  own  philosophies  of  ma  them  sties  pedagogy. 

I  believe  that  we  need  to  be  as  realistic  as  possible  with  future  teachers  when  preparing  them  for 
thetr  profession.  Why  not  talk  with  them  about  the  socialisation  process  that  they  will  face,  and  share 
with  them  the  types  of  conflicts  and  choices  they  are  Inevitably  going  to  see  during  their  beginning 
years  of  teaching?  If  they  are  made  sware  of  the  fact  that  their  Ideal  beliefs  about  teaching  may  not 
conform  to  the  realities  of  teaching,  perhaps  they  win  be  better  able  to  cope  with  the  conflict  if  and 
when  It  arises.  After  all.  It  should  be  our  goal  to  not  only  help  preservlce  teachers  develop  an 
awareness  of  their  beliefs  about  Laathematic*  teaching,  but  to  prepare  them  for  the  Inevitable 
challenges  to  their  beliefs.  This  will  allow  them  to  confront  challenges  without  upsetting  the  balance 
between  beliefs  and  actual  practice.  Institutional  constraints  are  not  Ukery  to  disappear  In  the  near 
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THE  EVOLUTION  OF  PRESERVICE  SECONDARY  MATHEMATICS 
TEACHERS'  BELIEFS* 
Rtrrv  E.  Shealv.  Bridget  Arvold.  Tingyao  Zheng,  and  Thomas  J.  Cooney 
University  of  Georgia 

Three  preservke  secondary  mathematics  teachers  wen  followed  through  their  teacher  education  courses  and  student 
uaching.  The  study  is  based  on  interview,  written  survey,  and  observation  data.  Changes  and  resistance  to  change  in  beliefs 
about  mathematics  and  mathematics  leaching  and  learning  are  described  and  placed  in  the  context  of  theoretical 
perspectives  on  belief  change.  One  teacher  exhibited  permeable  beliefs  (Kelly,  1955)  and  experienced  significant  change  in 
such  peripheral  beliefs  (Green.  1971)  as  those  about  the  use  of  technology.  Another  teacher  who  held  impermeable,  dualistic 
beliefs,  became  very  uncomfortable  with  his  beliefs  due  to  interaction  with  peers  and  mathematics  education  instructors,  and 
then  reconfirmed  his  original  views  through  work  with  a  cooperating  teacher.  The  third  teacher  assimilated  new  information 
and  experiences,  strengthening  his  belief  system  even  when  confronted  with  resistance  from  a  cooperating  teacher. 


Research  on  mathematics  teachers*  beliefs  indicates  that  beliefs  are  resistant  to  change  and 
reinforced  through  extensive  experience  (Thompson.  1992).  Teacher  education  programs  seem  to  have 
little  impact  on  teachers  as  they  fall  back  to  practices  consistent  with  their  school  experience.  This 
resistance  to  change  makes  sense  from  the  epistemological  perspective  of  constructivism  (von 
Olasersfeld.  1987).  People  develop  an  understanding  of  their  world  through  a  process  of  assimilation 
and  accommodation;  their  beliefs  are  a  product  of  experiences  and  reflection.  As  teachers'  conceptions 
remain  viable  in  the  context  of  experience  (e.g.,  years  of  sitting  in  classrooms),  beliefs  become  more 
strongly  held  and  central  elements  (Green.  1971)  of  the  person's  perception  of  reality. 

The  resistance  to  change  in  beliefs  may  be  characterized  by  Kelly's  ( 1955)  idea  of  permeability  of 
constructs  and  Green's  (1971)  idea  of  evidentially  and  non-evidcntially-held  beliefs.  Rokeach  (1968) 
emphasized  the  idea  that  for  a  person  to  modify  his  or  her  beliefs,  the  new  position  must  be  close  to  the 
original.  Typically  beliefs  do  not  change  radically;  they  evolve  through  extensive,  extended  experience 
(cf.  von  Glasersfeld.  1987).  Thus,  it  would  seem  that  teacher  educators  need  to  provide  contexts  so  that 

*This  research  is  part  or  the  NSF- funded  teacher  preparation  project.  Integrating  Mathematics  Pedagogy  aid  Content  in  Pre- 
service  Teacher  Education.  TPE-9050016.  directed  by  Thomas  J.  Cooney.  Any  opinions  or  conclusions  expressed  arc  those 
of  the  authors  and  do  not  represent  an  official  position  of  NSF. 


Introduction 


teacher,  .dap,  to  newe*P*rience^^ 

teaching  and  learning  mathematics  while  lowing  gradual  growth. 

Our  research  focuses  on  the  process  by  which  preset  secondary  teacher.'  beliefs  are  changed, 
affirms  and  adapted.  To  study  Ibis  evo.udonary  pr.es,.  we  focused  on  the  foUowing  queens: 
.  Wna.  are  theic  key  conceprions  of  m.memauc.  and  learning  and  teaching  mathemaucs? 

.  Which  aspects  of  associated  belief  systems  are  firmly  esublished  and  which  are  more  permeable7 

Methodology 

four-year  undergraduate  mathematics  education  program  were  surveyed.  The  teachers  were  pan  of  a 
...hematics  education  course  tha,  emphasi*d  m.themauc,  as  a  subject  to  be  explored  and  created.  In 

hypothetical  student  response.  »  open-ended  questic*,  and  gave  multiple  strategies  for  ungating 
mathematical  situations. 

and  mathematics  teaching  and  learning.  Using  project-developed  guides,  we  interviewed  these  five 
teachers  to  seek  elaboration  of  the  reasoning  behind  their  survey  responses.  Tne  participants  contple^ 
similar  survey,  a,  the  end  of  the  fall  quaner  to  document  recent  challenges  to  or  changes  in  thetr  behefs. 
me  participant,  were  then  interred  early  in  the  winter  method,  cour*.  after  a  two-week  field 

Supplemental  included  fall  quaner  field  notes  and  written  alignments,  field  note,  from 

their  belief  systems  were  selected  for  this  paper. 

Case  Studies 

firm;  p™parinff  Vrimto  fnr  Mfe 

Gregg  say.  that  the  teaching  profession  i.  no,  .omething  he  chose,  but  U  a  "calling,  somethtng  ve 

go, to  do"  a^*«l---b.^«.l«^^^^to^"te^"~,' 

a  ™,W,cs  teacher.  "Preparing  somebody  to  live"  is  fundamental  for  Gregg".  W«*  ™,idea 
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shapes  his  view  of  the  student,  what  he  wants  to  teach,  how  he  teaches,  how  he  views  himself  as  teacher, 
and  hia  view  of  mathematics.  "Preparation  for  life"  would  be  at  the  core  of  any  quasi-logical  or 
psychological  structure  (Green.  197 1 )  for  Gregg's  beliefs.  That  is.  his  other  beliefs  seera  to  be  derived 
from  these  strongly-held  core  beliefs. 

Gregg  holds  three  levels  of  priorities  for  what  it  means  to  prepare  people  for  life.  His  primary 
emphasis  is  on  such  character  qualities  as  honesty,  integrity,  and  working  hard.  He  says  that.  "I  would 
much  rather  you  fail  something  and  be  honest  about  it  than  have  to  cheat  to  get  by  because  1  can  always 
help  you.  you  know,  your  math  skills."  Gregg's  second  level  of  emphasis  includes  thinking,  reasoning, 
problem  solving,  and  being  able  to  adjust  to  situations.  "Hopefully,  they'll  learn  part  of  that  through  my 
class  and  me  giving  them  different  situations  they  have  to  adjust  to.  reason  to.  and  the  problem  solving 
...  and  1  think  that's  going  to  help  them  in  life."  The  third  level  reflects  Gregg's  view  of  mathematics. 
An  important  part  of  preparing  people  for  life  is  to  give  them  the  skills  that  they  need.  In  this  way. 
mathematics  is  a  "stepping  stone"  or  a  "tool"  people  need  for  further  schooling  and  life. 

Early  on.  Gregg  was  adamantly  opposed  to  using  technology  in  the  classroom,  a  view  that  he 
attributes  to  the  college  professor  he  calls  his  mentor.  He  said  it  would  "hurt  [the  students']  reasoning 
skills."  For  him.  using  calculators  was  "just  punching  the  numbers  in  and  reading  it  off  the  calculator." 
But  now  he  says  that  in  looking  for  a  job.  "if  I  get  more  than  one  offer,  the  amount  of  money  is  not  the 
point  It  will  really  come  down  to  the  school  that  has  the  Mac  Lab."  Gregg's  view  of  activities  that  use 
technology  changed  significantly,  coming  more  in  line  with  his  emphasis  on  the  development  of 
thinking  and  reasoning  skills  that  he  values  strongly.  This  shift  came  about  as  a  result  of  participating  in 
open-ended  activities  with  calculators  and  computers  and  interaction  with  instructors  and  peers  who 
highly  valued  technology. 

Two  shifts  in  Gregg's  thinking  reflect  an  increase  in  the  evidential  basis  (Green.  1971)  for  his 
previously  held  views.  The  first  shift  relates  to  his  view  of  activities.  In  his  fall  classes.  Gregg  saw 
activities  as  a  way  to  make  class  "interesting."  In  the  winter  course,  he  viewed  activities  as  ways  to  help 
students  "see"  concepts,  "look  at  concepts  in  different  ways."  and  see  mathematics  as  related  to  life.  He 
believes  that  activities  are  important  contexts  for  these  ideas.  This  understanding  of  the  multiple 
purposes  of  activities  also  coincides  with  a  stronger  view  of  the  importance  of  mathematics.  Now. 
contrary  to  his  initial  understanding,  he  says  that  he  is  called  to  be  a  mathematics  teacher 
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Ov«^OreW .end, <oh.vo views wiU.^ongeviden^argumenu.  KeU/,  (1955)  concept  of 
pe^eabUi.visareasonablew.y.och^.erizehi.Wief,  Gregg hu flexibility in his belief, U». 
allow,  him  to  incorporate  new  concept  No  fundamental  change,  occurred,  bu.  peripheral  tdeu 
cbanged  significantly.  Experience,  that  seemed  .0  have  had  the  gre«e«  effect,  were  in™  wirh 
fleully,  graduate  .indent,,  and  peer,,  open*nded  pcoblem-solving,  and  hi,  Odd  expenence.. 

Todd,  in**,!  in  maAemauc,  wu  punctuated  by  hi,  ««die,  U.  engineering.  He  wu  amazed  to  .ee 
^hool  mathematics  N  ciose.y  reUted  to  the  real  world.  TO.  linking  of  m.themauc,  «,  0«  re«.  world 
awakened  him  "just  .ike  .  light  bulb"  and  wu  so contrary  to  wh*  be  had  experienced  in  hi.  high  school 
********  Uuthe  became  determined  to  change  the  ««uauon  for  oU^er  .tudent,  Hi,  concern 
over  the  put  year  ha.  been  to  find  way.  of  making  this  change  happen. 

Todd',  belief,  about  teaching  and  learning  are  founded  in  hi,  extensive  tutoring  experience.  He 
consistently  uses  the  word  coack  when  talking  about  ntathemauc  teaching.  He  devalues  a  lecture  style 
of  teaching:  "1  believe  a  teacher  must  inspire,  motivate,  and  use  all  of  a  student',  sense,  to  teach,  no. 
jus,  their  hearing.'  Initially  he  saw  activities  as  means  of  motivation  and  later  began  to  iook  a,  acuvme, 
from  the  lean*r',pe«pecuve..a  way  of^ 

.eamingmathemaucs:  "I  just  wan.  to  be  able  to  bring  that  creativity  back  to  the  math  cluuoom,." 

Todd  .eems  insecure*  hi,  teaching.  In  discussir, ,  his  teacher  education  experience  he  wants  more 
experience  with  activity^  learning,  oblation,  of  exemplary  teachers,  and  help  with  clattroom 
management  He  considers  hi,  pas.  experience  with  mathemauc,  teacher,  u  centrally  negative.  "I 
don't  mink  i.was  bad  experience  wim  mathernatic,  t^^ly.  1  mink  i.  wu  bad  experience  wim 
mathematic,  teacher,  that  gave  me  my  outlook."  In  hi,  mind  mi,  rituauon  wu  exacerbated  by  hu 
student  teaching  experience.  One  of  hi,  cooperating  tether,  resUted  Todd',  desire  to  deviate  from  a 
regiment  approach  to  teaching.  Todd  believe,  Uu,  «cher'.  in,i,tence  on  regimentation  dented  the 
students  the  opportunities  "to  discover  and  explore." 

Todd  hu  a  commitment  to  teach  his  mamemauc,  and  to  practice  Hi,  vi.ion,  although  he  worries 
about  hi.  ability  to  do  <0  given  his  novice  Nation.  The  «cber  educauon  experience  «rengmened  hi. 
vision  bu.  did  no,  give  himaplan.  His  concision  is:  Tm  jus,  a,  me  beginning  of  mat  continuum  of 
teaching.  1  ,h.nk  ma.  I've  come  a  long  way  bu.  I've  Soil  go.  a  long  way  to  go.  if  mat  makes  sense." 
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Hgnrr;  OrymnlTjilg  for  Instruction 

As  Henry  changed  his  focus  from  becoming  a  public  idations  director  for  a  sports  team  to  becoming 
a  teacher  of  secondary  mathematics,  he  kept  similar  goals  in  mind.  Henry  believes  both  are  exemplified 
by  the  efficient  "telling"  of  the  story  in  a  way  which  will  excite  the  audience.  On  the  first  survey.  Henry 
described  a  mathematics  teacher  as  a  "newscaster  and  a  coach  because  the  teacher  has  to  be  able  to  tell 
the  story;  yet  he/she  has  to  develop  motivation." 

When  describing  his  notion  of  ideal  teaching,  Henry  always  mentions  his  former  algebra  teacher.  He 
believes  that  her  attitude,  orderly  classroom,  and  efficient  methods  of  teaching  by  lecturing,  giving 
examples,  and  having  students  practice  lists  of  problems,  instill  confidence  and  promote  learning.  When 
asked  if  all  her  students  benefited  as  much  as  he  did,  he  explained: 

There  were  a  lot  of  [students)  who  didn't  like  her . . .  because  they  felt  she  was  sometimes  too 

abrasive  If  all  the  students  would  have  followed  the  pattern  that  it  was  designed  for  and  . . .  kept 

a  positive  attitude  toward  math  then  they  would  have  done  better. 

Henry's  view  of  teaching  mathematics  did  not  include  reaching  all  students  and  was  very  limited 
until  experiencing  a  variety  of  teaching  methods  this  past  year.  As  the  year  progressed  Henry  spoke 
more  about  the  teacher  as  motivator  and  less  about  inadequacies  of  students.  Henry  sees  "new" 
strategies  as  ways  to  make  the  class  less  boring  but  also  class  time  less  efficient  His  confidence  in  his 
beliefs  waned  about  midyear.  He  became  concerned  that  he  was  not  as  prepared  for  teaching  as  his 
classmates  because  he  had  never  experienced  these  "new"  classroom  situations.  He  became  upset 
during  a  interactive  video  activity  because  he  disagreed  with  many  of  his  fellow  students'  and  especially 
with  the  video  creator's  preferred  solutions  to  behavior  management  problems.  Henry  favored 
immediate  disciplinary  action  and  not  wasting  time  on  a  teacher- student  discussion  of  the  nature  of  the 
problem.  Henry  believed  "the  solutions  were  too  passive. ...  If  you  based  your  teaching  around  that 
philosophy  you  would  get  run  over  like  a  truck  by  your  students."  His  psychological  commitment  to 
t*Js  position  became  obvious  as  he  argued  that  control  was  necessary  to  run  an  efficient  class. 

His  confidence  was  rekindled  after  a  short  field  experience  in  a  methods  course.  For  two  weeks,  he 
and  his  classmates  taught  small  groups  of  very  uncooperative  students  in  a  local  high  school.  Henry 
reflected  on  the  previous  behavior  management  episode  as  related  to  the  field  experience. 
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,My  fcUow  audems]  did*',  agree  wift  one  fting  I  -id  and  when  we  go.  done  wift  ft.,  uni,  over 

man,gemenL . . ."  And  I  was  able  .0  jus.  kick  Uck  and  [say]  "I  told  you  so." 
Following  *n  wee*  of  s.uden,  aching  aioogside  .  ^her  -who*  philosophies  of  zoning  are 
very  similar  «>  mine."  Henry  expeeued  confidence  in  hi,  "filing"  rneftod,  and  hi,  occasions!  ^ 

0.  bases  of  a  basebaU  diamond  are  righ,  ang.es.  «uden.s  "explored"  fte  re.aUonsh.ps  by 
uking  mess—  of  an  ac.ua!  baseball  diamond.  He  based  his  idea  of  success  on  high  scores  and 

Henry  BaeO  his  former  algebra  .eacher  and  his  s.uden.  .caching  experience  as  fte  grces.  influences 

experiences  He  believe,  .he  courses  in  fte  maftemauc,  educauon  deparunen.  gave  him  ,deas  for 
m*nt  classes  in.eres.ing  bu.      ftey  "under-emphasized"  fte  mos.  imponan.  aspec.  of  aching: 
"Organization  is  the  key  to  teaching  " 

Discussion 

Henry  began  wUh  view,  ft.,  fte  use  of  — gy  would  be  more  damaging  *.  helpful  *  «*~ 

impac.  on  fte  psychologic...  Thus,  by  win*,  quaner.  boft  were  questing  .heir  belief,  In  ft.  spnng. 
Gregg  was  suongly  commit  .o  using  fcchnology  in  .he  classroom,  while  Henry  had  re.umed.or-, 
hard-line  opposi.ion  sunce.  Gregg  and  Hem/,  prior  belief,  concerning  maftemauc,  and  .eachmg 
maftemaUc,  and  how  ftey  held  ftem  were  ve,y  different  During  Gregg'.  .eacher  eduction  cou.es  he 

viewof^nologycameinUnewifthisemphasJsonreasoningskilU.  This  shift  seem,  consilient  with 
Rokeach.  (1968)  claim  iha.people  va!ue  ideas  ft,,arecongruen<wift  .heir  own  bel*f, 

Also  Gregg's  and  Todd's  beliefs  seem  «,  he  more  permeaMe  (Kelly,  1955),  M  is,  open  «>  fte 
inCorporanonofnewideas.ftanU.oseofHenry.  Henry  was  very  resisun.  .o  new  ideas  in  Cass  and  . 
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interviews.  When  confronted  with  mathematics  problems  he  had  never  seen  before  and  various  open- 
ended  activities,  he  sometimes  refused  to  do  or  discuss  the  activities.  He  also  incorporated  terminology 
redefintnf  concepts  to  fit  his  own  views.  For  example,  he  praises  his  cooperating  teacher  for 
emphasizing  student  involvement,  which  to  him  means  having  the  students  do  independent  skill  practice, 
Todd  differed  from  Gregg  in  that  Todd  had  earlier  undergone  a  fundamental  shift  in  his  view  of 
mathematics  teaching.  Thus,  he  displayed  less  confidence  and  sought  details  of  how  to  put  his  vision 
into  practice.  Gregg,  hot.  ever,  held  very  strong  beliefs  about  mathematics  teaching,  so  is  in  some  sense 
fine  tuning  his  peripheral  beliefs. 

This  study  has  several  implications  for  teacher  education.  To  Jmpact  on  a  teacher's  beliefs  one  needs 
some  understanding  of  the  teacher's  prior  beliefs- including  not  only  descriptions,  but  also  the  origins 
and  the  way  the  beliefs  are  held.  Teacher  educators  need  to  provide  active  contexts  for  teachers  to 
experience  learning  mathematics  in  ways  contrary  to  their  past  experience.  Beliefs  about  mathematics 
seem  to  stay  constant  unless  the  teacher  is  actively  involved  in  learning  or  doing  mathematics.  Finally, 
we  need  to  admit  and  think  seriously  about  the  implications  of  one  controversial  idea,  as  uncomfortable 
as  it  may  seem.  Changing  beliefs  is  a  significant  part  of  our  work  as  teacher  educators. 
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EMPHASIZING  CONCEPTUAL  ASPECTS  OF  FRACTIONS: 
ONE  MIDDLE  SCHOOL  TEACHER'S  STRUGGLE  TO  CHANGE 

MELVTN  H  (SKIP)  WILSON.  University  Of  Michigan 
MICHAEL  PAUL  GOLDENBERG,  University  Of  Michigan 


Obstacles  to  reform  in  mathematics  teaching  are  explored  by  focusing  on  the  difficulties  a 
veteran  sixth-grade  teacher  faced  in  attempting  to  revise  his  practice  using  new  materials 
that  stress  multiple  representations  of  fraction  concepts.  Data  collection  methods  included 
16  formal  interviews,  26  classroom  observations,  collection  of  written  artifacts,  and  regular 
informal  interviews  of  I  students.  The  teacher  changed  his  instructional  emphasis  from 
rules  to  concepts  but  continued  to  be  very  directive  in  his  instruction.  The  teacher  s 
struggle  is  examined  in  light  of  theories  that  may  account  for  factors  inherent  in  the^ 
complexity  of  the  mathematical  subject  and  its  applications,  as  well  as  in  the  teacher  s 
intellectual  assumptions  about  mathematical  and  pedagogical  authority. 

Driving  American  mathematics  education  reform  movements  is  a  growing  consensus  that 
school  mathematics  should  be  portrayed  as  a  useful,  humanistic,  and  vibrant  sub)ect  to  be 
understood  and  explored.  This  view  contrasts  with  the  widely-held  image  of  mathematics  as  an 
immutable  set  of  absolute  rules  and  procedures  to  be  mastered.  Research  related  to  teachers' 
conceptions  of  mathematics  and  mathematics  teaching  (Thompson,  1992)  reveals  that  many 
teachers  do  not  think  of  mathematics  education  in  ways  that  will  enable  them  to  implement 
teaching  practices  to  support  popular  reform  efforts.  But  this  strand  of  research  has  focused 
primarily  on  teachers  who  are  not  neccesarily  motivated  to  teach  in  ways  consistent  with 
current  recommendations.  Little  information  exists  about  how  teachers  deal  with  the 
complexity  of  change  as  they  attempt  to  meet  recommendations  for  reform.  Policy  makers  and 
teacher  educators  need  a  better  understanding  of  how  psychological  factors  such  as  teachers' 
conceptions  of  mathematics  and  mathematics  teaching  might  influence  change.  Other  factors 
in  this  process  include  the  influence  of  curriculum  materials  intended  to  promote  change, 
standardized  tests  and  other  forms  of  assessment,  and  administrative  and  school  support. 
Studies  of  teachers  striving  to  make  changes  in  this  context  can  provide  such  information.  This 
paper  reports  the  experiences  of  Mr.  Burt,  a  veteran  sixth  grade  mathematics  teacher  who  was 
faced  with  these  and  other  factors  as  he  attempted  to  improve  his  teaching. 

One  issue  central  to  the  mathematics  education  reform  movement  is  the  role  of  authority 
in  teaching  and  learning.  Expecting  students  to  understand  and  explore  mathematical  ideas 
requires  them  to  accept  much  of  the  responsibility  for  determining,  for  example,  appropriate 
procedures  and  methods  to  solve  problems.  This  contrasts  with  the  teacher-centered  (and  often 
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dominated)  dialogue  that  takes  place  In  many  mathematics  classrooms.  Perry's  scheme  (Perry, 
1970;  Copes,  1962)  emphasizes  this  issue  of  authority.  A  dualistic  conception  of  knowledge  (by 
dualistic  we  mean  a  belief  that  all  knowledge  is  either  absolutely  right  or  wrong)  assumes  that 
there  is  a  single  authority,  be  it  a  teacher  or  textbook,  thus  relegating  instruction  to  an  exercise 
in  transmission  from  the  authority.  Furthermore,  Perry's  categories  of  dualism,  mulrJplism, 
relativism  and  commitment  provide  a  useful  tool  for  viewing  the  extent  of  teachers'  openness 
to  varied  viewpoints  on  mathematical  concepts  and  applications. 

Because  this  study  took  place  while  Mr.  Burt  taught  a  unit  on  fractions,  we  also  considered 
research  related  to  students'  and  teachers'  conceptions  of  rational  number  (Ohlsson,  1968,  Behr, 
Harei,  Post,  k  Lesh,  1992;  Post,  Harel,  Behr,  &  Lesh,  1991).  When  viewed  together  with  Perry's 
scheme,  these  theories  of  rational  number  suggest  some  of  the  key  difficulties  teachers  face 
when  approaching  complicated  mathematical  strands.  Particularly  useful  is  Ohlsson 's  theory 
of  quotient  terms;  his  work  emphasizes  that  the  terminology  employed  to  describe  fractions  lies 
in  a  complex  semantic  Held  which  he  labels  quotient  terms.  Ohlsson  suggests  that  trouble 
associated  with  learning  fraction  concepts  may  have  more  to  do  with  confusion  caused  by 
overlapping  notation  and  terminology  applied  to  distinct  mathematical  ideas  and  applications 
than  with  inherent  difficulties  of  either  individual  procedures  or  concepts.  When  a  teacher  with 
fundamentally  dualistic  thinking  about  mathematics  and  mathematics  teaching  is  faced  with 
using  more  relativistic  approaches  to  teaching  concepts  with  inherent  ambiguity,  the  results  can 
be  stressful  for  instructor  and  students  alike. 

DESIGN 

Methodology 

An  ethnographic  case  study  design  (Stake,  1978)  was  used  to  document  the  experiences  of 
Mr.  Burt.  Data  were  collected  between  September  1992  and  May  1993  using  interviews, 
observations,  students'  and  teacher's  written  work,  and  teacher's  written  plans.  Two  one- hour 
interviews,  conducted  during  the  first  month  of  the  school  year  (September  1992),  investigated 
Mr.  Burt's  initial  views  about  mathematics,  teaching,  and  his  specific  understanding  of 
fractions.  One  of  Burt's  mathematics  classes  was  observed  for  a  total  of  26  days,  including  20 
consecutive  days  during  a  five-week  period  while  he  taught  a  unit  on  fractions  (November- 
December).  Approximately  half  (12)  of  these  observations  were  followed  by  half-hour 
stimulated  recall  interviews  in  which  Burt  commented  on  classroom  events  of  that  or  the 
previous  day.  Burt's  written  notes  and  plans  during  this  5- week  period  were  also  collected. 
Three  students,  chosen  to  be  representative  of  the  class's  race,  gender,  and  achievement 
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diversity,  were  identified  as  Urge*  students  and  observed  and  interviewed  periodically  during 
class.  Two  one-hour  interviews  at  the  end  of  the  observation  period  assessed  Burf  s  reflections 
on  his  experiences.  Observations  of  bi-weekly  meetings  of  the  sixth  grade  mathematics 
teachers  constituted  another  data  source.  Teacher  interview  data  were  audio  recorded  and 
transcribed  for  ongoing  analysis.  Classroom  observations  were  also  audio  recorded.  Detailed 
fieldnotes  were  made  of  observations  (classroom  and  teacher  meetings)  and  student  interviews. 
Photocopies  were  made  of  written  artifacts. 

Participant  and  Research  Site 

Mr.  Burt  holds  K-8  certification  with  specializations  In  both  science  and  mathematics  and 
has  concentrated  on  mathematics  teaching  for  several  years.  He  has  taught  nearly  every 
elementary  grade,  but  has  spent  the  past  12  years  teaching  sixth  grade.  He  teaches  mathematics 
each  day  during  three  45-minute  periods  (he  teaches  language  arts  during  two  others).  Hie 
class  in  which  this  study  took  place  met  daily  from  10:00  a.m.  to  10:45  a.m.  Trie  class,  luce  the 
school  as  a  whole,  is  very  diverse  in  terms  of  achievement  race,  and  socio-economic  standing. 
For  example  the  class's  (and  school's)  racial  makeup  is  approximately  two-thirds  white  and 
one-third  African-American.  There  were  31  students  enrolled  in  this  class. 

Unlike  many  20-year  veterans,  Mr  Burt  has  a  sincere  desire  to  improve  his  teaching. 
Although  he  understood  that  the  researchers  would  not  be  at  all  directive,  he  was  very  open  to 
having  his  teaching  studied,  since  he  believed  that  the  opportunity  to  interact  with  interested 
professionals  would  help  him  become  a  more  effective  teacher.  Mr.  Burt  finds  teaching  to  be 
challenging  yet  rewarding.  During  interviews  he  frequently  compared  teaching  to  his 
experience  in  the  military,  on  one  occasion  daiming  that  being  company  commander  was  an 
easier  fob  than  that  of  "dealing  with  35  individual  sixth  graders  and  all  of  their  attendant 
pressures  from  outside/' 

Competing  with  his  feeling  of  responsibility  toward  his  students  are  external  factors, 
many  of  which  he  views  negatively.  He  reported  receiving  insufficient  administrative  support 
with  student  discipline,  undue  pressure  to  emphasize  performance  on  state  proficiency  tests 
(which  he  believes  "drive"  the  district),  and  unnecessary  classroom  interruptions  from  outside 
personnel  and  through  the  classroom's  public  address  system.  However,  Mr.  Burt  dted  as  his 
biggest  obstades  the  extremely  diverse  student  population  and  the  lack  of  parental 
involvement.  He  frequently  referred  to  students  with  severe  disabilities,  and  students  who 
"need  lots  of  guidance  and  loving"  because  they  lack  a  supportive  home  environment.  While 
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discussing  parental  involvement,  he  stated,  "If  I  could  get  40  contact  minutes  a  day  between 
parent  and  child,  we'd  have  the  highest  achieving  kids  probably  In  the  world.  But  if  you 
checked  with  kids . . .  [the  actual  figure]  is  around  2  to  3  minutes  a  day,  maybe." 


In  the  context  of  this  multitude  of  competing  factors,  Mr.  Burt  experienced  success  in 
helping  his  students  understand  important  concepts  related  to  fractions.  He  attributed  this 
success  to  (1)  his  use  of  curriculum  materials  that  supported  understanding  and  (2)  the  fact  that 
he  devoted  more  time  to  this  topic  than  he  had  in  the  past.  The  curriculum  materials  consisted 
of  a  20- lesson  workbook,  in  pre-publication  form,  posing  exercises  and  problems  that 
emphasize  fraction  concepts,  applications,  and  procedures.  The  materials  (Towsley,  Payne,  & 
Payne,  1992)  place  heavy  emphasis  on  pictorial  and  physical  representations  of  fractions,  as 
well  as  on  connections  among  these  representations,  numerical  and  verbal  representations,  and 
traditional  algorithms  for  operations.  Mr.  Burt  took  about  three  months  to  teach  the  20  lessons 
(some  of  this  time  was  spent  reviewing  topics  covered  before  the  fractions  unit). 

The  following  episode  from  an  early  fractions  lesson  (Mr.  Burt  taught  this  lesson  on 
November  10, 1992)  Is  In  many  ways  representative  of  his  overall  approach.  Mr.  Burt  began 
this  particular  lesson  by  modeling  (with  student  Input)  on  the  overhead  projector  the  solution 
to  the  first  exercise  in  the  lesson.  He  then  asked  students  to  complete  the  next  few  exercises: 

Do  [exercises]  2  and  3  by  drawing  lines  to  show  equal  parts.  Put  your  pencil  down  and 
look  up  when  you're  done.  Don't  work  ahead.  (25  second  pause).  Please  do  4, 5,  an  6 
and  put  your  pencil  down.  Do  not  work  ahead  (40  second  pause  while  he  circulated 
among  students). 

Mr.  Burt  then  modeled  solutions  to  the  assigned  exercises.  For  example,  on  the  overhead 
he  completed  the  exercise  shown  on  the  left  of  Figure  1  by  drawing  a  vertical  altitude  to  the 
middle  (isosceles)  triangle.  One  of  the  students  asked  if  she  could  show  a  different  way  to  do 
the  problem.  Mr.  Burt  invited  the  student  to  the  front  of  the  class  and  she  sketched  a  solution 
like  the  one  shown  in  the  right  part  of  Figure  1. 


MR.  BURT'S  EXPERIENCE  TEACHING  THE  FRACTIONS  UNIT 


The  Problem: 
Driiw  llneatofhovv  fourths: 


Rosalind's  Solution: 


Figure  7.  Fraction  problem  and  one  student's  solution 
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Upon  seeing  the  student's  solution,  Mr.  Burt  responded,  "I  don't  know  if  that  would  be 
rightornot.  I'd  have  to  really  look  at  it.  I  can't  tell,  I'd  have  to  measure  it."  He  then  measured 
the  lengths  of  the  two  segments  along  the  base  of  the  triangle  she  had  divided,  and  announced, 
"Nope,  that  won't  work  because  this  is  longer  this  way  that  it  is  this  way.  But  that  was  a  good 
idea,  you  were  thinking.  Thank  you  Rosalind." 

One  thing  illustrated  by  this  episode  is  that  Mr.  Burt  was  extremely  directive  in  his 
instruction.  Rarely  in  his  teaching  did  he  attempt  to  involve  students  In  deciding  the 
appropriateness  of  strategies  or  solutions;  hewas  the  sole  arbiter  of  correctness.  However,  we 
point  out  that  throughout  the  fractions  unit,  Mr.  Burt's  instruction  though  not  student-centered, 
was  conceptually  oriented.  Obviously,  one  episode  cannot  adequately  illustrate  how  Mr.  Burt 
consciously  emphasized  connections  among  various  common  representations  of  fraction,, 
though  he  did.  During  lessons  on  operations  (i.e.,  addition,  subtraction,  multiplication, 
division)  he  did  not  Introduce  procedures  until  students  spent  several  days  on  «*vmes 
designed  to  help  them  understand  concepts  underlying  the  procedures.  For  example,  before 
introducing  an  algori"  a  to  add  and  subtract  fractions,  he  taught  a  lesson  on  estimating  sums 
and  differences.  In  the  case  of  comparing  and  ordering  fractions,  he  never  introduced  a 
procedure  (e.g.,  cross  multiplying),  but  based  his  instruction  entirely  on  connections  to  pictonal 
and  physical  models.  This  accent  on  concepts  contrast,  with  his  instructional  emphasis  both 
before  and  after  the  fractions  unit  when  attention  was  placed  primarily  on  correct  procedures. 
Although  he  has  recognized  tor  some  time  that  an  essential  aspect  of  fractions  involves  bemg 
able  to  "visualize  them,"  he  said  he  has  in  past  years  emphasized  rules  for  operating  with 
fractions  because  his  textbooks  have  not  supported  a  more  conceptual  emphasis. 

Mr.  Burt  claimed  that  his  current  students  understood  fraction  concepts  more  clearly  than 
in  past  years.  Both  during  and  after  the  fractions  unit  his  students  were  for  the  most  part 
successful  in  making  important  connections  among  common  representations  of  fractions,  and 
in  basing  their  understanding  on  conceptual  and  visual  representations  of  fractional  Ideas.  For 
example,  during  Interviews  two  months  after  completing  the  fractions  unit,  all  three  of  the 
target  students,  without  being  prompted,  constructed  pictorial  diagrams  to  explain  how  to 
order  1/2, 1/3,  and  5/8. 

DISCUSSION 

Before  teaching  the  fractions  unit,  Mr.  Burf  s  dualistic  orientation  toward  mathematics  was 
evidenced  by  his  continual  focus  on  the  "correctness"  of  certain  mathematical  ideas.  For 
example,  he  focused  almost  exclusively  on  the  idea  of  fractions  as  division  problems.  His 
presentation  style  throughout  the  unit,  as  weU  as  in  other  mathematics  lessons,  reflect  a 
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narrow  view  of  mathematics  and  mathematics  teaching.  The  episode  presented  earlier  in  this 
paper  illustrates  this  dualism.  However,  his  own  understanding  of  fractions  was  flexible 
enough  to  allow  him  to  shift  from  an  emphasis  on  procedures  to  an  emphasis  on  concepts. 
Despite  his  focus  on  a  single  conception,  he  was  aware  of  multiple  conceptions  of  fractional 
ideas.  Even  before  the  fractions  unit  he  spoke  of  fractions  both  as  parts  of  units  or  wholes  (a 
partitive  interpretation)  and  as  division  problems  involving  whole  numbers  (a  quotitive 
interpretation).  He  also  understood  the  importance  of  representing  fractional  ideas  in  multiple 
ways:  as  "pictures/  using  "niLnerical  representation/1  with  "word  problems/  and  with 
"concrete  materials."  Finally,  he  was  sensitive  to  the  idea  that  students  learn  better  if  they  apply 
fractional  concepts  to  their  everyday  lives. 

However,  despite  an  increased  emphasis  on  concepts,  during  the  fractions  unit  Mr.  Burt 
continued  to  communicate  a  very  dualistic  view  of  mathematics.  The  teacher-not  the  students- 
determined  the  correctness  of  the  mathematics.  Rather  than  emphasizing  "correct"  procedures, 
he  esny  hasized  "correct"  concepts.  One  could  certainly  argue  that  this  new  set  of  givens 
(concepts)  is  more  desirable  man  the  old  (procedures).  Focusing  on  concepts  helps  students 
gain  a  knowledge  base  that,  to  a  greater  degree,  allows  them  to  do  their  own  thinking.  But  Mr. 
Burf  s  approach  generally  portrayed  mathematics  as  a  rigid  subject  to  be  mastered  and 
correctly  applied,  rather  than  as  a  way  of  thinking  or  as  a  subject  to  be  explored. 

Circumstances,  such  as  a  large  class  with  student*!  having  diverse  needs  and  interests,  no 
doubt  contributed  to  Mr.  Burf  s  decision  to  make  the  classroom  primarily  a  teacher-directed 
one.  But  Mr.  Burt's  dualistic  view  of  teaching  in  general  and  of  mathematics  and  mathematics 
teaching  in  particular  was  the  primary  factor  prevenHng  him  from  shifting  away  from  an 
environment  dominated  by  teacher-Judged  "correct"  ways  of  operating,  toward  a  more 
student-centered  environment  in  which  exploration  and  more  relativistic  notions  of  right  and 
wrong  (e.g.,  it  is  right  because  it  works  and  makes  sense)  were  valued  and  emphasized.  Mr. 
Burt  claimed  that  his  lack  of  experience  in  teaching  and  learning  mathematics  from  a 
perspective  emphasizing  understanding  made  the  experience  extremely  stressful.  In  describing 
his  experience,  he  communicated  that  he  had  never  felt  more  discomfort  during  al!  of  his  20 
years  of  teaching.  It  is  also  interesting  to  note  that  he  felt  like  he  was  making  tremendous 
changes  in  his  teaching  practice,  although  the  changes  seemed  less  substantial  to  outside 
observers.  We  suspect  that  repeated  encounters  with  less  dualistic  approaches  to  complex 
mathematical  topics  may  move  Mr.  Burt  further  along  Perry's  continuum  toward  a  more 
relativistic  view  of  mathematics  and  mathematics  teaching.  Because  he  is  fundamentally 
committed  to  improving  his  practice,  the  discomfort  Mr.  Burt  experienced  teaching  this  unit  is 
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less  likely  to  drive  him  away  from  reform  than  might  be  the  case  with  a  novice  teacher  or  one 
who  is  merely  flirting  with  instructional  fads.  The  dissonance  between  his  basic  dualism  and 
his  willingness  to  change  suggests  both  the  motivation  and  means  for  fui  ther  growth. 

Tnese  results  suggest  a  need  for  patience  and  sensitivity  toward  teachers  as  they  develop 
and  strive  to  change.  They  also  suggest  that  there  is  more  to  curriculum  reform  than  simply 
providing  teachers  with  appropriate  curriculum  materials,  as  important  as  this  is.  Teachers 
must  also  be  supported  in  other  ways  if  they  are  to  implement  significant  changes  in  the  way 
they  teach.  For  example,  before  teachers  can  teach  in  ways  compatible  with  national 
curriculum  reform  efforts,  it  might  be  necessary  for  them  to  first  experience  mathematical 
learning  in  ways  that  are  consistent  with  these  reform  efforts.  Moreover,  teachers  need 
feedback  that  will  both  affirm  their  progress  and  give  them  guidance  as  they  work  towards 
continuing  to  improve  and  refine  their  practice.  If  we  expect  the  positive  effects  of  reform  to 
have  permanence,  we  must  be  aware  of  potential  obstacles  in  the  interplay  between  new 
curriculum  and  pedagogy,  and  teachers'  intellectual  growth  or  resistance  thereto. 
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teshaptng  leaders'  Pensions  of  Instruction  and  Assessment^ 


TitU    

Krtteratics  Tiiruqh_the _Lte  of  j^cfmeree  ^^ggL^  

Protnur      Wrlan  jndt,  Ph.D.        Hancy  Katlms,  Ph.D.   — r- 

In.iituUon  ,EtoHcnal  T^L^^iS  .  .  *  

Edxational  reform  in  the  1990' s  is  calling  for  change  in  classroom  instructicnal 
t practices  art  chance  in  testing  art  assess***,  tn  order  for  true  etotional  change 

to  occur,  instruction  art  assessment  sust  be  linked. 

To  adcttss  this  need,  the  Education  Testing  Service  (ETS)  is  developing  performance 
assess**  materials  for  middle  school  mathematics,  known  as  the  PACKETS  program.  Based 
on  research  by  Richard  Lesh  art  others,  the  PACKETS  activities  are  desired  to  elicit 
the  construction  of  ms^  The  program  strongly  reflects  the  NCIM  Standards, 

and  facilitates  the  delivery  or  interdisciplinary  instruction,  cooperative  learning 
tflctaicues,  art  the  application  of  mathanitical  thinking  to  real-life  situations. 
M  experirait  aimed  at  examining  teachers'  perceptions  about  linking  instruction  and 
assessnwt  was  due  with  fifteen  experienced  teachers  fron  middle  school  grades  5-8. 
Each  participant  received  a  PACKETS  activity.  *ich  included  a  newspaper  article,  a 
problem  related  to  the  article,  art  support  materials.  The  teachers  were  asked  to  act 
as  students  art  to  solve  the  problem  working  in  small  gm*  of  three.  Ninety  minutes 
was  allocated  for  the  solution.  They  were  ejected  to  cteurent  the  solution  process  art 
to  present  their  solution  before  the  others,  defending  their  approach,  prcceAre,  art 
results.  The  problem,  like  the  problems  in  all  the  PAOCTS  activities,  was  carefully 
chosen  to  be  "real-life,"  art  to  encourage  interdisciplinary  art  hic/er-order  thinking. 
After  the  presentations,  the  teachers       returned  to  their  role  as  teachers  art 
asked  to  assess  art  evaluate  the  work  of  their  peers.  Because  this  exercise  was  not 
a  typical  classroan  scenario,  issues  were  raised  such  as  hew  to  evaluate  performance, 
,v*at  is  fairness,  and  accuracy,  art  depth  art  breadth  of  krwlecge.  OA  of  a  heated 
discussion  care  new  criteria  for  assessing  mathemstical  performance  vhich  were  in 
contrast  to  earlier  perceptions  the  teachers  had  held.  This  led  to  a  new  perspective 
<»  mathawtics  instruction  in  general  art  problem-solving  in  particular. 
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THE  FAST  FOURIER  TRANSFORM: 
HOW  DOES  THE  CONTEXT  INFLUENCE  THE  LEARNING  OF  THIS  CONCEPT? 


M.  en  C.  Eugenio  Dfaz  Barrlga  Arceo 
Departamento  dc  Matematlca  Educatlva.  C1NVESTAV-IPN. 
Mexico  City, Mexico. 

This  article  reports  an  educational  study  performed  with  students  of 
the  Superior  School  of  Physics  and  Mathematics  of  the  National  Poly- 
technic Institute,  referring  to  the  concept  of  the  fast  Fourier 
transform.  We  determined  some  characteristics  encountered  In  the 
discussions  between  students  and  the  teacher,  generated  by  the  pre- 
sented material.  Resulting  from  this  short  course  and  consultations 
with  professional  personnel  In  the  subject  of  Geophysics,  as  well  as 
from  a  bibliographic  review  In  this  matter  a  teaching  proposal  was 
obtained  within  a  very  special  context,  directed  to  one  specific 
problem:  the  obtalnment  of  geological  sections.  Students  starting 
the  study  of  Geophysics:  Do  they  learn  this  mathematical  concept  wi- 
thin this  context  or  out  of  It? 
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Bamett,  415-565-3051 

The  Implicationi  oT  Cognitive  Flexibility  Theory  for 
Designing  and  Sequencing  Case*  o?  Mathematics  Teaching 

Oral  presentation  for  PME-NA  Meeting,  1993 
By  Came  Barnett 
Far  West  Laboratory  for  Educational  Research  and  Development 


Abstract 

Work  by  cognitive  psychologist  Rand  Spiro  and  his  colleagues  (1987. 1988. 
1989  1992  1993)  establishes  the  theoretical  underpinnings  for  developing  a  case- 
based  curriculum.  This  theory  proposes  a  way  to  promote  flexibility  of  concept 
use  in  "ill-structured  domains".  Such  domains  are  characterized  by  situations 
where  rales  and  principles  have  limited  application  because  what  applies  in  one 
situation,  may  be  contradicted  or  confounded  in  another.  Drawing  from  themes  in 
other  prevailing  psychological  theories  such  as  situated  cognition,  constructivism 
and  cognitive  complexity.  Spiro.  Coulson.  Feltovich  and  Anderson  assert  that 
abstract  knowledge  is  highly  intertwined  with  that  of  cue-centered 
They  argue  that  the  best  way  to  achieve  cognitive  flexibility  is  by  a  method  of 
case-based  presentations  which  treat*  a  content  domain  as  a  landscape  that  is 
explored  by  'criss-crossing'  it  in  many  directions". 

This  session  will  explore  the  implications  of  Cognitive  Flexibility  theory 
for  a  case-based  curriculum  in  the  ill-stractu.".:  domain  r.f  rational  number 
teaching.  The  set  of  cases  described  in  this  sc*:  >n  -vere  developed  at  Far  West 
Laboratory  «mI  are  being  used  for  the  professional  development  of  preserv.ce  and 
inservice  teachers.  I  will  discuss  how  these  cases  di  t«  on  d»  propositions  offered 
by  Cognitive  Flexibility  Theory  ix  their  design  and  sequence  and  will  also 
describe  some  of  the  findings  of  studies  conducted  over  the  past  six  years  We 
have  found,  for  example,  that  case*  can  be  successful  in  helping  teachers  develop  a 
richly  connected  framework  of  pedagogical  content  knowledge  related  to  teachmg 
rational  number*.  We  will  describe  how  teacher*  draw  from  issues  discussed  in 
prior  discussions  to  frame  and  solve  problem,  that  arise  in  new  cases  and  in  their 
own  experience.  These  result*  will  be  reported  along  with  insight*  and  questions 
that  have  been  raised  through  these  investigations  for  audience  discussion. 
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Title  "Confronting  the  Psychological  Aspacts  of  Chang*  In  Two 

 W^qaUaaaJL  J>J*SS*X*!!  

Prsttnt t r   Sandra  CjtHlg  lathall  and  Margaret  A.  Lamb 


Institution   Holt  Hlah  School 


FHOP03AL 


Mathematics  educators  nationally  hare  called  for  major  curricular  reform.  This 
reform  movement  requires  carnages  in  the  way  teachers  and  students  think  about 
what  it  means  to  team  and  do  mathematics  and  their  relative  rotes.  The 
psychological  changes  Inherent  in  this  reform  are  not  easily  defined  nor  easily 
negotiated  (Cohen,  1968).  Teacher  educators  must  be  responsible  for  helping 
prospective  teachers  lo  thank  sbovt  the  ways  these  changes  affect  students' 
propensity  to  engage  in  the  learning  of  sasthrmitirs  McDtarmld  (1992)  in  a  itudy 
of  preservfcc  teachers'  beliefs  about  individual  students'  capacities  to  learn 
mathematics  (band  that  many  believe  that  one  needs  to  have  a  "mathematical  mind" 
to  be  good  in  mathematics,  for  example.  Fulls rj  (1991)  in  his  writings  about 
cducationaJ  reform  indicates  that  real  change  involves  changes  in  conceptions  and 
beliefs.  Clearly,  in  order  for  reform  mi  natives  focused  on  changing  the  teaching  and 
learning  of  mathematics  to  be  successful,  they  must  include  an  examination  of  both 
teachers'  own  beliefs  about  students'  capabilities  for  learning  mathematics  and  the 
psychological  effects  that  art  manifested  with  the**  kinds  of  changes  in  their 
practice. 

A  high  school  mathematics  teacher  and  a  special  education  teacher  team  taught  a 
General  Mathematics  class  m  a  Professional  Development  School  and  a  Master's 
level  mathematics  methods  course  at  Michigan  State  University.  The  teachers 
implemented  an  Innovative  curriculum  emphasizing  the  development  of 
mathematical  questions  and  different  ways  of  working  together  in  the  setting.  In 
examining  the  data  from  these  two  settings,  the  teachers  were  struck  by  the 
similarities  in  both  populations*  reactions  to  these  innovations.  Both  classes 
responded  with  various  forms  of  resistance  to  this  noe traditional  content  Each 
expressed  anxiety,  frustration  and  fear  as  they  attempted  to  learn  new  ways  of 
mathematical  thinking.  In  both  settings  the  chronJcity  and  Intensity  of  the  student 
resistance  increased  the  practitioners'  uncertainty  about  the  validity  and  viability  of 
implementing  the  types  of  changes,  thereby  risking  their  commitment  to  alter  their 
practice. 

Thus,  the  resistant  student  responses  experienced  to  both  a  secondary  and  a 
university  setting  have  Implkaobm  for  teacher  educaf .  rs,  as  they  strive  to  develop  a 
deeper  understanding  of  the  psychological  aspects  of  changing  conceptions  of 
teaching  and  learning  mathematics.  Further,  these  findings  need  to  be  considered  in 
the  devefopmettw  of  curriculum  and  practkam  experiences  in  the  redesign  of  teacher 
education  progianx. 

The  purpose  of  this  session  b  twofold:  1)  to  discuss  these  psychological  aspects  of 
students'  resistance  to  engige  In  new  ways  of  learning  mathematics,  2)  to  explore 
(he  corresponding  psychotogkal  disposition  towards  mathematics  and  mathematics 
learners  that  both  preservice  and  veteran  teachers  must  embrace  in  order  to  change 
their  practice  and  surmount  this  resistance,  and  3)  to  Investigate  ways  In  which  these 
issues  can  he  addressed  in  teacher  education  programs. 
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Title        A  Mo<ul  £or  Achitvin*  Eq^ty  ln  Mathe»atica  Teaching  and 

Learning     

Printer       Medina  S.  Bemk  and  Frank  A.  Holama  

Institution    San  Dlago  State  Univaraity  ,  

This  short  oral  presentation  wUl  discuss  several  aspects  of  t  modd  wc  have  developed 
whose  goals  tic  aimed  at  achieving  equity  in  matbeautici  teaching  and  learning,  focused  on 
students  from  diveoe  ethnic  group*.  This  model  is  multifacetcd,  requiring  the  collaboration 
and  Interaction  of  persons  from  many  groups,  including  teachers,  parcnti,  students, 
university  professors,  college  students,  and  district  administrators.  This  model  strives 
toward  improving  students'  mathematics  understanding,  achievement,  and  attitudes  by 
focusing  on  enhancing  teachers'  knowledge  of  mathematics  and  of  mathematics  teaching, 
The  following  section  described  the  components  of  the  model  in  more  detail 
Collaboration  ipd  interaction  of  nenons  from  mMV  grpUPai 


Many  different  groups  of  people  are  critically  important  to  achieving  canity  in 
mathematics.  These  groups  include  teachers,  parents,  atudentt,  university  professors, 
college  students,  and  district  administrators.  The  contribution!  and  responsibilities  of  each 
group  will  be  discussed. 

f  nhanrfng  tB"*"V  malhemarir*  teaching: 

Some  factors  that  we  have  found  to  be  effective  in  changing  teachers'  approach  to  teaching 
mathematics  include  creating  a  sustained  period  of  interaction  between  teachers  and 
mathematics  educators,  with  workshops  and  discussion  groups  year-round  rather  than  >ist 
for  a  few  weeks  In  the  summer;  as  well  as  providing  opportunities  to  "try  out"  new 
techniques  in  a  less  structured  setting,  In  our  case,  In  before-  or  after-school  mathematics 
enrichment  sessions  with  children.  We  will  describe  in  greater  detail  the  benefits  of  this 
integration  of  content  knowledge  enrichment  and  ejqperimentatJoa  with  alternate  teaching 
methods. 

Improving  s|ud»ntrf  mathematics  underhand  imr  achievement,  ana  tttlttdCS 


We  believe  that  several  factors  contribute  to  Improving  students*  mathematics 
understanding,  achievement,  and  attitudes.  These  Include  the  following:  (a)  "beyond  the 
bell"  activities,  which  are  before-  or  after-school  mathematics  enrichment  sessions,  which 
increase  the  amount  of  time  students  devote  to  mathematics  each  week;  (b)  enrichment  rather 
than  remediation,  aimed  at  helping  students  become  Interested  in  mathematics,  confident  in 
their  ability  to  succeed  in  mathematics,  and  viewing  mathematics  as  more  than  Just 
computation;  (c)  focus  on  developing  conceptual  uwkistandlng  with  student!  constructing 
knowledge  rather  than  on  drill  and  practice  aimed  at  memorizing  procedures;  and  (d)  starting 
at  an  early  age-  in  our  case,  In  second  grade,  providing  a  solid  foundation  and  feeling  of 
success. 

Our  presentation  will  discuss  the  components  of  our  model  in  more  detail. 
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Developing  children's  mathematical  thinking 


fkftfgt  footer  and  Perdse  Bond 
Institute  for  Learning  In  Mi  thematic*  and  Language 
Griffith  University,  Brisbane,  Australia 


Mathematical  skills  needed  In  today's  technological  society  have  vastly 
changed.  It  U  no  longer  enough  to  be  proficient  at  pencil  and  paper 
computations,  once  so  highly  valued  and  essential.  Today,  employers  require 
employees  to  apply,  Interpret  and  solve  mathematics  In  a  variety  of  situations 
involving  computers,  calculators  and  measuring  instruments  as  well  as  pencil 
and  paper.  Indeed,  a  capacity  to  solve  novel  problems  is  seen  to  be  integral  to 
all  facets  of  modern  society. 

Although  mathematical  problem  solving  has  been  emphasised  since  Polya's 
work  In  the  1940s,  it  U  only  in  the  last  Ave  years  that  a  multitude  of  programs 
concerned  with  the  integration  and  teaching  of  problem  solving  have  evolved. 
The  area  of  assessment  has  not  attracted  the  same  amount  of  attention  and 
analysis  and  educators  are  only  now  beginning  to  come  to  terms  with  the  need 
to  assess  problem  solving.  This  has  brought  about  a  cot  responding  concern  for 
students  experiencing  difficulties.  As  a  result,  there  is  a  need  for  a  means  to 
diagnosis  difficulties  in  problem  solving  and  to  assist  particular  individuals  to 
develop  more  appropriate  processes.  The  research  robe  reported  at  this  session 
focussed  on  assessment  and  remediation  of  mathematical  problem  solving. 

The  assessment  component  involved  the  construction  of  a  diagnostic 
instrument  designed  to  provide  a  profile  of  a  student's  problem  solving  ability 
highlighting  both  strengths  and  weaknesses.  The  data  showed  that  these 
ranged  from  an  understanding  of  the  underlying  computation  or  numeration 
skills,  through  an  ability  to  read  or  comprehend  problem  statements,  to  a 
capacity  to  implement  appropriate  problem  solving  plans  or  strategies . 

The  remediation  component  involved  the  development  of  appropriate 
teaching  methods  through  the  construction  of  a  teaching  program.  Weaknesses 
or  omissions  discovered  through  analysis  of  the  diagnostic  results  were 
incorporated  into  a  weekly  teaching  program  which  utilised  a  cooperative 
approach  to  encourage  a  shared  approach  to  solving  problems  and  emphasised 
discussion  and  reflection.  An  additional  feature  w»s  the  construction  of 
problems  by  the  participants.  Each  session  wes  video-taped  for  subsequent 
analysis. 
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CONTEXTUAUZED  TESTING  AND  EARLY  MATH  COMPETENCY 

University  of  California,  Santa  Barbara 
The  pu^dlr*  study  was  to  exarn^ 

intomtaia*at^  TworiC#rt 

empriaseelnt>estudyoftt>c^ 

rnafcema&aj thought.  The  study  asks  wr^  cr^en  wis 

tasted  In  their  own  dialect  of  Enghsh  and  thrc^  moft  situated  tas^ 

everydayiife.  Tha subjects for tn study were four dassroonu  of  Native  Haw^ 

Wndergarten(N«107).  Many  of  tha  cWdrenwera  torn  low  ifKoma  tamSias  a«i 

Craola  English  (HCE).  The  children  wars  given  too  distinct  tacts  ovarthrM  Wrvtt^  Both 
tests  sampted  ska*  thai  are  typical  covacad  In  kirKtergarten  Induling  counting,  wnparisons,  nwnay.  simple 
computation  and  vocabulary.  Tha  Paper  test  was  a  papar  and  pane*  exam  basad  upon  ths  school  curried 
Or^s4K^c4trastastwasgivanNc«,  cocalnttanoM  Engltahand  cocalnrKEIncountart)ak^c^. 
Tha  Puppet  tast  was  designed  to  tast  ch**  en  ki  a  mora  situated  mannar  using  puppets  to  act  out  *o  svaryday 
scena/loa-apaiiyandbu^         ThaPapaf  tast  and  Pifpattattwaraat^ 
overall  lavalolinalhamajM  A 
wrnpeAwofl^  Tha  c^an  tocW  strongac  in 

counting  skills  on  U  Papar  tast  bacausa  the  task  of  cwnttog  reef  »^ 

orderiy  arrangement  of  tast  materiale  in  Ihs  course  of  acting  out  scanarios.  Howavar .  tha  children  locked 
stronger  on  Items  tasting  om*om  corraspcodarca  w  ^ 
appropriate  action.  Marry  of  lha  chittan,  partkxj^ 

HCE  version  of  toe  test  An  item  analysis  revealed  that  tha  di*ere«»  wu  ekie  to  specfc 

differ  between  HCE  and  etandard  Englieh  rather  than  more  general  differencee  in  syriax  or  prwxjroaaon. 

Although  the  various  test  methods  did  not  ravaaJ  different  luaifi  of  competency  In  the  children,  they 

o*rn«*ratedthat*m 

not  normalry  obvious  In  the  school  context 
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THE  FAILURE  OF  ONE  FIFTH  GRADE  STUDENT  TO  USE  IMAGERY 
IN  MATHEMATICAL  UNDERSTANDING 
Dm  L.  Irowi  aid  Grayson  H.  Wheatley 
Fkrlda  Suit  UuWertlty 

Over  the  last  thirty  years  there  has  been  considerable  interest  in  (he  relationship  between  spatial  ability  and 
mathetnatica  achievement.  Became  the  search  for  a  relationship  between  these  measures  was  psychometric,  the  results  were 
equicovaL  However,  using  qualitative  methods  a  link  has  been  established  between  mathematical  meaning  and  the  use  of 
imagery.  In  particular.  Brown  and  WheaUey  (1989. 1990)  provided  evidence  that  fifth  grade  students  use  imagery  in  the 
construction  of  rnarhemarical  meaning.  In  these  investigations  it  Is  important  lo  recognize  that  we  consider  mathematics  to 
be  the  activity  of  constructing  patterns  and  relationship!  rather  than  the  memorization  of  procedures.  Further;  our  idea  of 
imagery  Includes  *ot  only  concrete  imagery  (pictures  in  me  mind)  but  abstract  and  dynamic  mental  activity. 

The  purpose  of  the  current  investigation,  of  whirH  only  a  small  part  is  reported  here,  was  to  extend  our 
underatandingof  how  students  use  imagery  in  their  maaVmatical  activity.  Students'  imagery  and  mathematical  understanding 
was  probed  using  qualitative  data  from  a  variety  of  sources.  The  results  lo  be  presented  here,  however,  will  be  confined  to  i 
detailed  analysts  oC  one  student.  Jean.  We  chose  lo  focus  oa  Jean  in  this  paper  because  her  poor  imagery  seemed  10  limit  the 
meaning  the  could  give  lo  ntathematics  tasks. 

Prior  n  the  beginning  of  the  school  year  in  which  these  data  were  cotlecied  Jean  had  mended  a  local  elementary 
school  where  computational  procedures  were  emphasized  in  the  mathematics  curriculum.  On  a  standardised  achievement  test 
given  during  the  year  of  the  experiment  Jean  performed  well,  particularly  on  the  computation  and  problem  solving 
subsections.  However,  her  score  on  a  test  of  mental  rotations  (WS AT)  was  relatively  low. 

During  clinical  interviews  using  spatial  tasks  which  required  students  (0  construct  and  represent  a  mental  image. 
Jean's  imagery  was  found  to  lack  vividness  and  resolution,  but  was  stilt  better  than  most  students  who  had  been  fctervfcwed 
previously  who  scored  very  low.  She  also  had  difficulty  performing  mental  transformations.  Of  particular  Interest  here, 
however,  was  her  weaknesses  in  her  relational  Bftderstanding  of  mathematics.  For  example,  she  was  unable  to  interpret 
diagrams  or  use  them  to  help  her  in  the  solution  process.  This  is  what  Bishop  has  referred  to  as  the  ability  lo  interpret 
figural  m formation  (TFT).  When  confronted  with  a  mathematical  problem  her  approach  was  often  to  perform  some  arithmetic 
operation  on  the  numbers  m  the  problem  statement.  These  calculations  were  performed  mechanically  and  without  any 
attempt  to  make  sense  of  the  problem.  Her  understanding  of  geometry  was  also  extremely  weak.  She  could  recognise 
geometric  figures,  but  had  little  knowledgeof  any  properties  of  the  figures.  She  also  had  little  understanding  of  geometric 
transformations.  Only  in  one  case,  that  of  fractional  quantities.  t*d  Jean  seem  lo  have  a  visual  image  that  helped  her  solve 
problems.  She  could  visualize  fractional  quantities  such  as  1/37  or  13/10  and  sort  them  into  the  categories:  "about  0." 
"about  1/2"  or  "about  I 

Vie  feel  the  analysis  of  these  data  to  be  instrumental  in  helping  us  understand  (he  role  imagery  plays  In  mathematical 
understanding.  In  particular,  her  lack  of  underatandingof  information  in  diagrams (TF1)  severely  limited  her  ability  10  make 
sense  of  many  mathematical  tasks.  These  results  also  suggest  an  Interesting,  leaching  experiment  for  future  research.  Since 
Bishop  has  suggested  that  this  ability  lo  interpret  figural  information  is  one  type  of  spatial  ability  (hat  can  be  taught  il 
should  be  postible  to  structure  experiences  that  would  allow  Jean  and  students  like  her  to  makt  sense  of  figural  information 
and  increase  their  ability  to  give  additional  meaning  to  her  mathematical  experiences. 
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Intentional  and  attentional  models  of  number 
Stephen  Campbell 
Simon  Fraser  University 


The  focus  of  this  presentation  is  to  compare  and  contrast  some  central 
aspects  of  Husserl's  theory  of  intentionality  regarding  the  phenomenological 
origins  of  number  with  von  Glaserfeld's  attentional  model  for  the  conceptual 
construction  of  units  and  number. 

Husserl's  theory  of  intentionality  was  initially  inspired  through  his 
attempts  to  elucidate  the  cognitive  accomplishment  of  arithmetic  and  of  pure 
analytical  mathematics  in  general'.  As  a  student  and  assistant  to  Weierstrass, 
Husserl  perceived  the  need  to  clarify  the  concept  of  whole  number  as  a 
crucial  step  in  establishing  a  rigorous  foundation  for  analysis.  Further 
influenced  by  Brentano's  notions  of  intentionality  and  his  descriptive 
approach  to  psychology,  Husserl  embarked  upon  a  renewed  Cartesian  quest 
to  ground  objective  knowledge  upon  essential  and  ideal  forms  accessible 
through  phenomenological  analyses  of  conscious  experience. 

Although  differing  from  Husserl  in  ontological  commitment,  von 
Glaserfeld  has  acknowledged  Husserl's  'enormous  merit  in  advancing  the 
investigation  of  the  concepts  at  the  very  root  of  arithmetic  and  mathematics' 
and  having  been  "one  of  the  first  to  realize  the  role  of  what  we  now  call 
"reflective  abstraction*".  For  von  Glaserfeld,  Piaget's  distinction  between 
empirical  and  reflective  abstraction,  combined  with  Ceccato's  interpretation 
of  conceptual  structure  as  'patterns  of  attention',  forms  the  basis  for  his 
attentional  model  (Steffe  et  al.,  1983). 

Whereas  von  Glaserfeld's  model  is  elegant,  relatively  simple  and  cWar, 
Husserl's  intentional  analysis  is  subtle,  complex  and  difficult  to  unravel. 
Recently,  Husserl's  work  in  the  philosophy  of  mathematics  has  been  rendered 
more  accessible  by  Miller  (1982).  Drawing  upon  Miller's  study,  this 
presentation  constitutes  an  attempt  to  encapsulate  central  aspects  of  Husserl's 
analysis  of  number  with  extended  von  Glaserfeld  notation  in  order  to 
accentuate  similarities  and  differences  in  these  two  approaches. 

Miller,  J.  Philip  (1982).  Numbers  in  presence  and  absence:  A  study  of  Husserl's 
philosophy  of  mathematics.  The  Hague:  Martinus  Nijhoff. 

Steffe,  L.  P.,  von  Glaserfeld,  E.,  Richards,  J.,  ic  Cobb,  P.  (1983).  Children's 
counting  types:  Philosophy,  theory,  and  application.  New  York:  Praeger. 
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STAFF  DEVELOPMENT  IN  AN  URBAN  CENTER:  CHANGING  PRACTICES  BEFORE  BELIEFS 
BY  PROVIDING  STRUCTURE  AND  EXPERIENCE 


Most  staff  development  program!  fail  to  reach  their  potential;  teachers  return  to  their  classrooms 
following  training  with  new  ideas  and  evident  excitement,  but  do  not  implement  what  they  have  learned. 
We  have  found  that  providing  the  structure  and  experience  necessary  to  change  the  way  teachers 
actually  teach  produces  significant  improvements  in  classroom  instruction  and  leads  to  fundamental 
changes  .<  teachers'  belief  systems.  This  presentation  reports  the  results  of  a  program  that  directly 
models  new  leaching  methods  in  the  classroom,  providing  a  context  in  which  teachers  must  teach 
differently  and  reflect  on  what  they  are  doing. 

Many  factors  are  involved  in  teacher  change:  teachers'  beliefs,  knowledge  of  content, 
understanding  of  pedagogy,  in-class  performance,  ability  to  translate  knowledge  into  appropriate 
practice,  and  perception  of  support  systems.  The  Claasroom  Centered  Teacher  Development 
Mathematics  (CCTDM)  Project1  developed  a  three-part  model  for  teacher  staff  development  that 
combines  and  integrates  these  variables:  1)  instruction  in  mathematics  content  and  pedagogy;  2) 
mechanisms  that  contribute  to  the  implementation  of  content  and  pedagogical  changes  in  the  classroom 
(such  as  TMdeling  of  lessons,  guiding  the  planning  and  constructing  of  lessons,  and  providing 
opportunities  for  teachers  to  reflect  on  the  educational  experience);  and  3)  establishment  of  support 
systems  among  project  staff  and  teachers  to  encourage  shared  (and  supported)  risk-taking. 

In  this  model,  changes  in  individuals'  beliefs  —  about  mathematics,  about  themselves  as  learners 
of  mathematics,  about  themselves  as  teachers  of  mathematics,  and  about  students  as  learners  of 
mathematics  —  followed  classroom  practice  and  observation,  reversing  the  traditional  mode)  of 
instructional  change  following  changes  In  beliefs.  Ao  teachers  witnessed  cognitive  and  attitudinal 
changes  in  students'  learning  outcomes,  their  own  beliefs  changed  Changed  beliefs  reinforced  and 
supported  further  risk-taking  and  further  changes  in  the  teaching  of  mathematics.. 


1  Funding  tot  the  CCTDM  Project  wu  provided  by  the  Dwi|M  D.  Eisenhower  M*  thermites  md  Science  Education  Act 
Eight  tethers  of  grides  four.  Ave.  and  six  from  Chelsea.  Maasachuwns  participated  in  ihe  project. 
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TiUt       Unguardod  —  taphora  in  oducatlonal  thaorlnlngt  

 Hntnphorlcally  nodolllnt  tha  aoclal-paraonal  into  rfaca  

Praaaatar      Pavtd  J»  Clarka  - 

Institution  .  Kathaatttlca  Taachlna  wi  Lnaralng  Contra  

Institution     ^trtiu  Catholic  UuiToraUy  (VictorUJ 

Oakloigh»  VictorU  316*,  Australia 

Our  thoorialng  In  oducatlonal  contoita,  and  in  particular  in  rolation 
to  tho  orjcMa  of  laaraing,  lauoura  undar  tha  burdon  of  mo  inharitauco 
of  metaphor  i  which  nay  bo  both  inappropriata  and  inhibit  inf  with 
rnapact  to  our  cootlnuod  thoorialng  about  cognition.    In  particular, 
tha  not*phora  oft  rafinctiou,  nogotiatlon,  and  abstraction  ahould  bo 
nukjoctad  to  iauadiot.  acrutiay.    Thoan  no  taphora  na*a  hw  unployad 
•a  illicit  nodala  of  aapacta  of  tha  procaaa  of  coning  to  knou  in 
aocially-locatod  aituatlona  auch  as  clanaroono.    Tho  unguardnd  uao  of 
•ach  of  thoso  aatapaora  has  anablnd  thaorlata  to  g loaa  war  tha  mod 
to  apocify  any  nocbaninu  wharoby  aa  intaraction  in  tha  aocial  dounin 
ia  tranalatad  into  a  corraaponding  porturbntioo  in  tha  cognitivo 
donain.    Tho  uao  of  much  pfaruaa  aa  "tha  roflactivo  abatraction  of 
•sparianca"  or  "tha  negotiation  of  nooning"  conpound  tha  uncartainty 
and  confuio  aocial  and  cognitive  pbnooaona.    It  la  tha  purpoaa  of 
thia  papor  to  auggaat  how  thoao  and  othar  uotaphoro  night  bo 
incorporatod  with  logitinacy  into  a  coharont  nodal  of  tha  procoaa  of 
coning  to  know. 
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Title   Implications  of  Varala'a  Th*  Embodied  Mind  for  mathematlca 

•ducatton 
Presenter  A.  J.  (Sandy)  Dawaon 
Institution  Simon  Fraaer  Unlvaralty 

The  position  !  wish  to  advance  in  this  presentation  is  based  on  these  points: 

•  The  world  does  not  come  to  us  prepackaged  upon  birth,  nor  are  we  parachuted 
Into  an  already  completed  world  which  we  then  have  to  develop  representa-  . 
ttons  of  in  order  to  make  sense  of  that  world. 

•  There  Is  no  one  right  way,  no  one  right  algorithm,  and  no  non-buggy  algorithms. 
Buggy  algorithms,  however,  are  not  defective  and  in  need  of  a  fix. 

•  Evolution  Is  not  9bout  the  survival  of  the  fittest.  Evolution  is  about  satisficing: 
...the  second  step.. .Is  to  analyze  the  evolutionary  process  as  satisficing  (taking  a 
sub-optimal  solution  that  Is  satisfactory)  rather  than  optimizing:  here  selection 
operates  as  a  broad  survival  filter  that  admits  any  structure  that  has  sufficient 
integrity  to  persist.  (Varela  et  at,  p.  196) 

•  The  Important  thing  about  Interactions  with  students  Is  the  richness  of  their 
enswers.  Teaching  Is  not  paramount.  Ascertaining  the  meanings  students 
have  Is  paramount,  not  to  see  if  theirs  match  ours  or  a  computer  screens,  but  to 
understand  how  they  are  making  their  world,  it  should  be  assumed  that 
students;  will  have  many  ways  of  doing  things,  many  ways  of  interpreting  things, 
and  many  ways  of  seeing  what  Is  on  a  computer  screen. 

•  How  is  knowledge  created?  We  try  things  out  to  see  how  they  work,  to  see  if 
they  fit,  to  see  if  they  match.  If  they  work,  then  the  new  integrates  what  had  been 
there  before,  the  ofd,  and  subordinates  the  old  to  the  new.  It  is  not  a  question  of 
accommodation  or  assimilation! 

•  Knowledge  creation  does  not  take  place  In  a  vacuum,  and  Is  not  an  Individual- 
istic preoccupation:  it's  not  done  by  a  cognizing  agent  operating  alone: 

..  cognition  Is  no  longer  seen  as  problem  solving  on  the  basis  of  representa- 
tions: Instead,  cognition  in  Its  most  encompassing  sense  consists  in  the  enact- 
ment or  bringing  forth  of  e  world  by  a  viable  history  of  structural  coupling. 
(Varela  et  ai,  p.  205) 

'  The  future  descends-lt  Is  not  given,  it  Is  not  preordained,  but  the  Interaction  of 
the  cognizing  agent  and  the  environment  exercises  options  which  are  viable. 

Reference 

Francisco  J.  Varela,  Evan  Thompson  &  Eleanor  Rosch  (1991).  The  embodied 
mind:  Cognitive  science  and  human  experience.  Cambridge,  MA;  The  MIT  Press. 
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EFFECTS  OF  TEACHING  PROCESSES 
IN  ELEMENTARY  SCHOOL  MATHEMATICS 
Tnhn  H.  Dunlin  Antoinette  E.  Perron, 

Villanova  University  Villanova  University 

Villanova,  U.S.A.  Villanova,  U.S.A. 

Louise  MacKay 
Australian  Catholic  University 
Oakleigb.Australia 


Two  studies  of  teaching  problem  solving  processes  were 
concluded,  one  with  a  fourth  grade  class  in  Australia  and  the  other 
with  a  fifth  grade  class  in  the  United  States.    Students  in  each  class 
were  randomly  assigned  to  two  groups.    One  group  received 
instructions  on  problem  solving  processes  while  the  other  served  as  a 
control.    Teachers  analyzed  the  subject  matter  to  identify 
mathematical  skills.    Problem  solving  processes  of  composition, 
conjunction  and  inverse,  as  well  as  skills,  were  taught  to  the  student, 
in  the  problem  solving  processes  groups.    Only  the  content  skills 
were  taught  to  the  control  groups.    Pretest,  and  posttests  on  content 
and  transfer  material  were  administered.    The  students  in  the 
processes  group  did  as  well  on  the  subject  matter  knowledge  as  the 
control  group.    However,  on  task  involving  processes  both  with 
content  and  transfer  material,  the  processes  groups  performed 
significantly  better.    In  one  study  only  students  in  the  process  group 
were  able  to  solve  a  transfer  problem. 
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Pruenttr  Laurl.  n.  Edward. 


Inatitutien    _   P»Himt.  of  California  at  Santa  Cr,,, 

This  report  will  deaeribe  work  with  Co*a  Rican  students  in  them  of  computer- 
based  mathematical  explorations,  preseniinf  information  abow  the  use  of  a  computer 
microworid  for  exploring  poritive  and  negative  numben.  An  overview  of  a  nationid 
project  in  technology  and  education  in  Cow  Wc*  vviU  also  be  presented  tthe  project  is  a 
joint  effort  of  the  Cow  Rican  Ministry  c*r\*lk!  Education  and    Omar  Dento 
Foundation,  a  non-profit  group). 

The  -mathematical  explorations  in  Logo"  study  was  carried  out  as  one  part  of  the 
foundation',  Compute*  in  Elementary  Education  Project  This  project,  ongoing  tince 
1 988,  has  placed  compute  laboratories  (20  IBM  PS/2  computers  plus  printer)  into  more 
than  160  school,,  primarily  in  rural  and  marginal  urban  settints.  In  1992.  a  new  goal  was 
setthatofettendingtheuaeofU^mtomete^nf^h^of^^^  This 
report  provides  details  of  a  computer  environment  for  mathematical  exploration  created  by 
the  author  and I  tested  in  a  Costa  Rican  elementary  school. 

The  objectiveof  the  work  wai  to  design  and  program  Logo-based  learning ' 
tttvironrnentsfaeiementaryigestudentt 

enhance  therr  understanding  of  marhem*ks.  The  environment  described  in  this  report™, 
concerned  with  additkm  and  ubtraction  of  positive  and  negative  numbers.  The 
microworid  conaistod  of  dywmicdly.llnkad  viatal  and  symbolic  representation,  of  positive 
^W«"«mb<n,w,A  the  central  vi»lr^^ 

number  lire;  was  originally  delayed  with  only  the  origin  labeled,  and  extending  to  the 
nght  The  student,  were  given  a  set  of  command,  to  tnake  a  "rabbn-(al»  delayed)  jump 
along  the  number  line.  In  doing  so,  number  sentence,  or  equation,  showing  addition,  and 
subtraction,  were  tiro  generated  and  displayed  above  the  number  line.  If.setofentriesby 
a  student  resulted  in  the  rabbit  jumping  to  the  left  of  the  origin,  the  number  line  was 
extended  (in  a  different  color)  to  include  the  negative  numben.  The  student,  were  thus 
able  to  use  the  visual  and  symbolic  feedback  from  (he  number  line  toconstructan 
•wfcntanding  of  the  addition  and  subtraction  of  positive  rod  negative  numbers. 

This  microworid  was  tested  with  a  whole  class  of  6th  grade  ttudntr  02  students, 
approximately  12  years  old),  and  observational  data  was  collected.  Although  this  was  a 
very  small  *«le  pilot  of  the  microworid,  there  were  interesting  results  concern*  the 
students'  attempt,  to  make  sen*  of  negative  number,  in  thi,  context  The  informal  results 
will  be  presented. «  well ,  diseuMion  of  plan,  for  further  testing  and  research  with  the 
microworid. 
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Gender  and  Ethnic  Differences 
in  the  Diverse  Environment  of  an  Urban  College  Mathematics  Classroom 

Shirley  B.  Gray 
Dept.  of  Mathematics  and  Computer  Science 
California  State  University,  Los  Angeics,  CA  90032 

The  subjects  involved  233  students  (52  males,  181  females;  21  African- Americans,  55  Whites, 
1 10  Latinos,  42  Asians  and  5  Others)  enrolled  in  mathematics  courses  required  for  non-majon.  Within 
this  subject  pool  of  varied  ethnic  and  social  backgrounds,  there  were  92  undergraduates,  plus  74  junior 
college  transfers,  and  67  graduate  students,  with  ages  ranging  from  19  to  53  years.  Fifty-five  students 
were  willing  to  indicate  they  were  undocumented  residents,  irnmigrants,  or  entered  the  United  Stales  on 
avisa.  In  particular.  40%  are  residents  of  the  inner  city,  with  11%  living  in  South  Central  Us  Angeles. 

Among  a  dozen  indicators,  e.g.,  achievement,  attitude,  etc.,  the  technique  for  measuring  median 
household  income  is  of  special  interest  to  researchers.  In  preliminary  characterizations  of  data  collected 
over  a  two  year  period  (1990-1992),  the  students  scored  sigmficanUy  lower  on  ELM  math  achievement 
than  other  CSU  students  [M  »  427,  1(96) «  -2.3,  .0238*  £  D  <  .05],  significanUy  lower  SAT  math 
scores  than  the  national  average  IM  =  387,1(96)  =  -10.9,  1.63e  l^8  <  .051  and  had  significanUy 
lower  incomes  than  the  median  household  income,  or  $34,965.  for  Us  Angeles  County  [M  -  $32,700, 
t(232) « -2.55,  .0122£P<.05). 

But  with  regards  to  gender,  this  drta  set  yielded  no  significant  difference s  at  the  p  <  .05  level. 
Moreover,  investigations  of  ethnic  and  immigrant  differences  yielded  mathematics  self-concept  means, 
in  ranked  order,  as  Asians,  Latinos.  Whites  A  African- Americans  (M  =  22.7. 22.5. 21.8. 21.2).  but  the 
narrow  differences  were  non-si gnif.cant.   But  variance  within  these  groups,  as  measured  by 
regression,  found  age.  achievement  and  self-efficacy,  or  expectancy,  as  significant  indicators  of 
mathematics  self-concept. 

Burton,  L.  (Ed.).  (1990).  Gender  and  Mathematics:  An  International  Perspective.  New  York:  Cassell. 
Benson,  J.  (1989).  Structural  components  of  statistical  test  anxiety  in  adults:  An  exploratory  model. 

Journal  of  Experimental  Education,  57. 247-261. 
Hart.  L.  (1992).  Twv  generations  of  feminist  thinking.  [Review  of  Gender  and  Mathematics).  Journal 

for  Research  in  Mathematics  Education.  23, 79-83. 
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ISSUES  IN  THE  DESIGN  OF  CURRICULUM-EMBEDDED 
PERFORMANCE  ASSESSMENTS  IN  MATHEMATICS 

Tom  L  Heller 

Educational  Testing  Service 

In  October  1991,  tfr?  California  legislature  committed  the  state  to  developing  a  new 
assessment  system  which  will  make  assessment  "an  integral  part  of  the  instructional  process, 
pursuant  to  which  all  pupils  have  the  maximum  opportunity  to  demonstrate  what  they  know; 
to  think,  problem  solve,  and  apply  their  knowledge  in  testing  situations;  and  to  be  assisted  and 
motivated  through  the  assessment  process  to  reach  higher  levels  of  learning"  (S.B.  662, 1991, 
Sec  2).  One  component  of  the  new  system,  curriculum-embedded  tssessment,  would  consist  of 
instructional  performance  assessments  selected  by  teachers  from  sets  of  state-approved  tasks, 
to  be  given  to  students  at  times  most  appropriate  to  the  instructional  flow  In  their  classroom. 
We  ate  engaged  in  a  collaborative  effort  with  the  California  Learning  Assessment  System  to 
develop  and  formatively  evaluate  curriculum-embedded  assessments  at  three  grade  levels. 

In  this  report  we  present  an  analysis  of  several  design  possibilities  that  emerged  as 
teams  of  teachers  worked  over  the  past  year  to  define  what  It  means  for  state  assessments  to  be 
instructional  and  to  be  embedded  in  curricula.  Major  design  options  correspond  in  part  to 
different  levels  of  state  versus  teacher  specification  of  instructional  and  assessment  activities. 
Deliberations  over  these  options  suggest:  (1)  An  assessment  framework  is  critical  for 
identifying  adequate  samples  of  student  performances.  (2)  Even  if  teachers  and  students  are 
provided  with  choices  within  and  among  menus  of  tasks,  the  assessments  are  not  likely  to  be 
viewed  as  "embedded"  unless  they  can  be  customized  to  fit  into  particular  classroom  contexts. 
(3)  Many  teachers  strenuously  oppose  de  facto  state  control  of  extended  Instructional  activities. 
The  state  may  prescribe  tasks  that  require  days  or  weeks  to  complete  (e.g.,  relating  certain 
aspects  of  two  long,  complex  texts)  but  should  not  attempt  to  control  day-to-day  instructional 
processes.  (4)  In  order  to  support  ne«'  and  inexperienced  teachers,  however,  the  state  should 
provide  tasks  that  can  be  used  without  modification  by  teachers  who  are  not  able,  or  don't 
want,  to  customize  them.  These  considerations  argue  for  development  of  well-specified  tasks, 
accompanied  by  guidelines  within  which  they  may  be  customized. 
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FEMINIST  PEDAGOGY  AS  A  TOOL  FOR  PROMOTING  THE  STUDY  OF 
MATHEMATICS  BY  FEMALES 
Judith  E.  Jacobs 
California  Stale  Polytechnic  University,  Pomona  CA  91768 

Women  often  are  blamed  for  their  "inability"  to  perform  as  well  as  men  in 
mathematical  and  scientific  fields.  It  is  my  belief  that  the  problem  is  not  with  women's 
ability  to  do  mathematics.  The  problem  lies  with  their  unwillingness  to  study 
mathematics  as  it  is  currently  taught  and  currently  constituted.  This  presentation  will 
present  a  conceptual  framework  for  encouraging  women  to  believe  that  mathematics  is 
something  they  want  to  study. 

Mathematicians  and  mathematics  educators  have  much  to  learn  from  women 
studies  programs  and  the  feminist  pedagogy  developed  in  those  programs.  We  also 
need  to  examine  what  it  means  to  know  mathematics.  For  too  long  the  traditionally 
valued  deductive  approach  to  mathematics  has  been  emphasized  to  the  exclusion,  or 
devaluing,  of  knowing  mathematics  inductively  and  through  intuition. 

Aspects  of  feminist  pedagogy  can  be  used  to  make  women  more  willing  to  study 
mathematics,  and  therefore  learn  mathematics.  In  addition,  a  different  view  of 
mathematics,  how  one  does  it  and  what  it  means  to  know  mathematics,  that 
complements  the  discussion  of  how  women  come  to  know  things  as  presented  in 
Women's  Ways  of  Knowing  will  be  presented. 

Belenky,  M.  F.,  Clinchy,  B.  M.,  Goldberger,  N.  R.,  &  Tarule,  J.  M.  (1986).  Women's 
Ways  of  Knowing:  The  Development  of  Self,  Voice,  and  Mind  .  NY:  Basic  Books. 
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TO  gABHFUL  SWTS  QT  AJtfBITWS  U  AEIIHKKCIC 
Coostanc.  bail  »-d  lay*  Clark 
Tbt  UilT«r»nr  of  iUk«l  liraia«h-a 

♦     *m»  .UU.  that  ohildrat  ooMtnwt  locioo-aatht-atioal 
PUfat'.  theory,  ooaatructiTiaa,  ™* 

,lltrittal  tut.  U.W*.  — ^  caild«a  to  U«nt  U-tr  M  procdur...  «- 

^  .t  «*.  M  -  m  -  »-»  -  -  ^2  -  " 

folio-  U  «»do.  1-4.  r.^otiT.1,.  4/4.  2/3.  1/5.  «"  >/>■ 

ft.  ^™  or  callow  »  l-d-  2-1  *o  *d  .«  M  »~  Uu*t 

-  in  Uto^o-    «-  -«  -  ^ 

^tt«  P-.l-  to.  o...  oolc.    T*,         —  *•  -  - 

w.r  J  p^u.  ^  -  — *  -  —  —  -  ~  ^^'^  ~ 

not.,  on  *-t  tach  child  aaid. 

.  ^  13  x  U  (pra.autad  onljr  to  third 

7  ♦  52  *  lfl6  aai  fourth  *ra<Ur») 

It        foond  .t  .»rr  ^  W  toot  c*ild~o  *o  Ud  oovor  MM  Uu*t  .l«o- 
rtttM  pIoducd  ^  oor^ot  a--™  -  «-*  *Utr  —  MM.r.  MfUotM  ^ 
Mb.r  _     la  hooM  .mm.  for  M-*..  45*  of  tt.  m*U««.  CUM  ^  *. 
oo^t  —  to  o-p.^*  to  *  U  «.  IUO**.  CU-.         «,  --J 

^  b,  U,.  l^i-  CU„  MM.  29.  ».  30.  »  *»•  «.  »■  9061  958>  9661 
,000.  .«  9308.    (To.  .MMM  of  29  MM  *mm-  *  -1  «-  «*-  "  — 

ft***.*] .  T.U1.  U  ».  900.  mm  ^  *  —  7  to  t».  1  of  1*  Md  0^- 
L,lfMtt-  mm  «-  rollo^n.  -o*  —  «—  »  - 

cu..  «flMWd  »tt.r  ^  — «  ».  »5"       245'  246>  2551  "*  617' 

t..M  Md         «-r  -U  -PPort  to.  ooo.lu.io.  tUt  .l^rit^. 

UP  t..ir  o«      of  mmm     — ^  ~lu-  ^ 

»  r  »-b.r  mom  [i-u,  c.  (u  pr...).  Mat  nhlldrwi  R9B<hm 

obildrw'*  d.v.lop»ot  of  nu»*»r  mom 

t[|  „1nT,nt  M  ^    »•  Tor,.  TMCh.™  CollH*  P«M.). 


Institution  WItottt  n,  pi*  ""Tin  Mm 


about  and  developing  better  menu  ofassejsment  Af.  ^>re 

o^lSeqdSnsi5SeS$,ne,rt-  ^  *  PV?°*  ^  to  WP  «        •£  wme 

materials, m  intended.  I  circulated  w^J^^^^^toT^ 

ShbS?*  foos  on  mote  closely.  The  teachers  selected  students  ttey  felt 
coulddo  better  tiian  tftev  were  showing  on  classroom  assessmentsTstadents whoU 
P*desw««  in  the  middle  range,  BtoD.  I  selected  a  wtawmon Cn^  to 
more  prscuoU  reasons  Tltey  were  the  thirteen  students  whore  wort  I  came  to 
know  best  as  I  circulated  and  worktd  with  groups. 

In  addition  to  the  classroom  work.  I  held  35-50  minute  interviews  with  six  of  me 
students,  in  late  May.  In  the  interviews  we  "walked  dmmghthe took" £J  Diu*d 
to  examine  problems  they  chose  that  they  did  not  fuU^Xju™!  P 

?^^.^e  ^P'"  of     *«k  we  did  together,  four  categories  or  levels  of 
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Title     Balatlonshloa  BlOttCB  Air«t>gv  for  Teaching  Hathenatlce.  Prior 
gtudent  History,  and  Expectation*  for  Hathmtict  Teaching  S.ty]>e  Among 
Prospective  Elementary  School  Teachere 

Presenter       .  C«VrUIlt  Uvlflt.  fh«D«  

Institution       C-W.  Poet  Camgua.  Loot  Ialaod  Ublverelty  


Elaaentery  echool  teacher*  ere  expected  to  teech  ell  content 
ere**.    U  cent  emph*»i*  h*»  b*en  placed  oo  the  wey  in  which 
macheaatlce  i*  taught,  la  addition  to  th*  mathematical  content  lteelf 
(NCTM,  1969).    Several  fectora  may  Influence  a  teecher  e  presentation 
atyle,  perticulerly  with  raapect  to  mathematlca,  Including  anxiety 
about  teechlng  mathemetlc*  end  the  wey  in  which  the  teecher  w**  teught 
mathematlca  a*  an  elementery  or  eecondery  echool  etudeat.    Th*  preaent 

•  tudy  examinee  the  reletlonehip  between  anxiety  for  mathemetlc*  and 
mathemetlc*  teechlng  etyle  and  prior  etudent-experience  end  teaching 
etyle  In  pre-eervice  elementery  school  t**cher*. 

Pro*p*ctlv«  .lementery  echool  teachere  enrolled  In  e 
concerned  with  current  method,  and  materiel,  of  teechlng  mathemetlc 
completed  queetionnairaa  designed  to  meaaure  their  anxiety  about 
teechlng  mathematics,  their  prior  experience  a*  •  atudent,  and  their 
anticipated  etyle  of  teechlng.    Anxiety  about  teechlng  mathematlca 
waa  aeeaured  by  an  adaptation  of  the  Stete-Trelt  Peraonallty 
inventory  CSTPI)  (Spielb.rger,  1979).    The  STPI  include,  two  eet.  of 
queetlooe.  one  meeaurlng  etete  anxiety,  which  c*n  v*ry  with  time,  and 
the  other  me**uring  trelt  *mxi*ty,  which  1*  hypoth**i«*d  to  ramei. 
reletively  .t.ble  over  time.    The  heeding  of  the  trelt  eulicy 
meeeure  waa  modified  to  raed  "How  do  you  f**l  about  teechlng 
mathematical"  to  focue  reaponaee.    Mo  other  changee  were  made  in 
either  the  queetion*  or  edminletretion  of  thi*  Instrument.    loth  th* 

•  t.t*  and  tr.it  aeaauxs*  were  adminiatered  to  all  participanta.  A 
background  .nrrey  vaa  developed  to  aaeaaa  the  way  In  which  th* 
proapectiTe  taechera  had  been  tenght  mathematlca  in  elementery  end 
eecondery  echool,  and  th*  way  in  which  thsy  pl*nn*d  to  teeca 
mathematics  In  their  claaerooma.    All  of  the  aeaeuree  were 
•dmlaUtered  twice:    first  during  the  initiel  meeting  of  the  co urea  and 
then  following  completion  of  the  finel  examination  at  the  end  of  the 
course. 

A  reletlonehip  waa  found  between  prior  etudent  experience  and 
anticipated  teechlng  etyle.    Anticipeted  teeching  etyle  changed  a*  a 
raeult  of  participating  in  o  m*th.m*tica  method*  courae  th*  focue  of 
which  vaa  th*  us*  of  manipulative  materiel*  and  th*  reduction  or 
anxiety.    Implicetione  for.  mathematlca  teecher  educetion  will  ba 
dlecu***d. 
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FROM  ROLLER  COASTERS  TO  LIGHTENING  BOLTS: 
STUDENTS  FINDING  FUNCTIONS  IN  THE  WORLD  AROUND  THEM 

Susan  Magldson 
University  of  California  at  Berkeley 

Mathematics  teachers  have  long  struggled  to  respond  to  etude nts'  frequent  refrains  of 
■When  are  wt  going  to  use  thlsr  and  •What  does  this  have  to  do  with  my  Iter  Recant 
mathematics  e<*jcatk>n  reform  In  the  United  States  (e.g.  NCTM  Curriculum  and  Evaluation 
Standards  for  School  Mathematics,  1089;  Mathamattea  Framework  for  California  Public 
Scnoole,  1992)  has  emphasized  the  critical  rote  of  real  world  situations  In  mathematics 
Instruction,  with  the  ImpScft  assumption  that  the  responsibility  for  conceiving  these  contexts 
rests  with  teachers  or  curriculum  designers.  But  what  would  happen  H  we  turned  the  task  of 
connecting  mathematics  and  the  real  world  back  to  the  students? 

I  addressed  this  question  In  two  Foundations  of  Algebra  classes,  a  class  designed  to 
help  students  develop  a  conceptual  base  that  would  help  them  to  make  more  sense  of  their 
Algebra  I  classes.  My  goal  had  been  to  teach  the  conceptual  foundations  of  algebra  In  a 
meaningful  way  —  to  encourage  and  support  students  as  they  searched  tor  patterns  and 
connections,  resolved  inconsistencies,  made  generalizations,  and  otherwise  worked  to 
make  sense  of  the  mathamattea  —  but  I  had  not  worked  to  situate  the  mathematics  In  real 
world  contexts.  Since  I  was  having  difficulty  myself  coming  up  with  Interesting  real-world 
examples  of  Knear  functions,  I  turned  the  task  over  to  the  students.  Using  the  abstract 
definitions  of  functions  with  which  we  had  been  working,  I  gave  the  students  the  task  of 
coming  up  with  real  world  examples  and  expressing  them  using  the  four  representations  we 
had  been  studying  (words,  tables,  graphs,  equations).  The  students  produced  a  weaKh  of 
examples,  far  broader  than  I  could  have  come  up  with  myself  and  more  relevant  to  their  fives. 

I  wJH  present  the  results  of  my  analysis  of  students'  examples  (n-200)  in  terms  of 
context  and  mathematical  characteristics  and  discuss  Implications  for  teachers,  curriculum 
designers,  and  mathematica  cognition  researchers.  Preliminary  results  show  that  students' 
examples  were  overwhelmingly  first  quadrant,  linear,  multiplicative  (y-mx)  relationships. 
Examples  were  fairly  evenly  divided  between  examples  of  continuous  functions  (e.g.  ths 
distance  you  are  from  a  Ughtenlng  bolt  la  a  function  of  the  elepsed  time  between  when  you 
hear  the  thunder  and  when  you  see  the  ightenlng)  and  discrete  functions  (e.g.  the  number  of 
persons  who  can  ride  a  roller  coaster  at  any  given  time  is  a  function  of  the  number  of  cars, 
assuming  a  constant  number  of  persons  per  car).  Tho  wide  range  of  contexts  provides 
Insights  Into  the  connectlono  students  make  between  mathematics  and  their  experiences  in 
the  world. 
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Violation  of  Complementarity  &  Piaget's  Conservation  of  Liquid  Quantity  Experiment 

EfcOiLWcaaclsttifl  Kiing  Chum  Young 

The  importance  of  understanding  investigator  bws  and  their  effects  on  research 
findings  is  demonstrated  with  Piaget's  conservation  of  liquid  quantiy  experiment 

Failure  of  the  investigator  to  incorporate  Bohrs*  complementarity  principle,  the 
acknowledgement  of  two  equally  valid  distinct  points  of  view,  which  cannot  be 
apprehended  simultaneously,  but  only  sequentially,  it  is  hypothesized,  is  the  source  of 
confusion  and  ambiguity  in  conservation  of  liquid  quantity  research. 

Violation  of  complementarity,  the  acknowledgement  of  one  point  of  view  and  the 
denial  of  another  equally  valid  point  of  view,  as  expressed  in  logical  compensation  and 
also  in  empirical  compensation,  signals  a  defect  in  the  construction  of  Piaget's 
conservation  of  liquid  quantity  experiment.  To  uncover  this  defect,  attention  is 
focused  on  the  distinction  between  a  transformation  of  the  liquid  and  the  effect  of 
this  transformation. 

The  transformation  in  Piaget's  exrxriment  is  demonstrited  to  be  a  geometric 
transformation  of  position  and  not  a  transformation  of  shape.  The  change  in  container 
shape  creates  the  illusion  of  a  transformation  in  shape  and  its'  effect  of  a  change  in 
water  level  A  conservation  of  liquid  quantity  experiment,  which  demonstrates  the 
complementarity  principle,  is  presented 
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EXPLAINING  EXPLAINING:  EXPLANATIONS  AND  COGNITIVE  CONSTRUCTIONS 

Jean  Mitchell 
Washington  State  University  at  Vancouver 

This  paper  presents  observations  from  some  students'  explaining  behavior,  and  offers  a 
conceptualization  of  "explanation"  within  a  constructivist  framework. 

The  students  (7th  graders  doing  story  problems,  singly  or  In  pairs)  were  Induced  to 
explain  only  by  a  question  from  a  second  person.  Explaining  why  they  did  something  was  not 
easy  for  them,  even  when  It  seemed  clear  from  their  actions  that  they  had  explicit  reasons  for 
their  actions.  Often,  the  closest  they  could  get  to  explaining  what  they  had  done  was  to  lej| 
what  they  had  done,  a  phenomenon  noted  by  other  researchers  such  as  Schoenfeid  (1985). 
However,  the  students  did  at  times  undertake  to  explain.  Sometimes  the  act  of  trying  to 
articulate  reasons  would  help  them  detect  errors.  Often,  however,  it  did  not,  and  In  these 
cases  the  students'  language  process  seemed  to  reflect  the  error  in  their  model  in  an 
Interesting  way:  when  they  got  to  the  point  of  the  error,  they  would  pause,  then  "jump"  the  gap 
in  their  model  and  go  on  as  if  the  connection  had  been  made.  In  at  least  one  case,  a 
conceptual  explanation  jumped  a  gap,  while  a  subsequent  procedural  explanation  revealed  the 
error  to  the  student. 

This  evidence,  while  thin,  suggests  that  many  cognitive  connections  may  be  Implicit, 
allowing  for  the  construction  of  loosely  coupled  structures.  Explanations  may  be  a  process  of 
tracing  connections.  Any  gaps  In  the  cognitive  structure  are  either  revealed  by  the  trace  or 
"jumped,"  thereby  leaving  the  connection  Implicit  and  preserving  the  defective  structure. 

Cognitive  constructions,  being  dynamic,  have  both  procedural  connections,  which  unfold 
In  time  and  have  action  descriptions,  and  structural  connections  within  the  model  This  offers 
two  types  of  connections  to  trace:  procedural  and  structural,  it  may  be  difficult  for  younger 
students  to  distinguish  the  two,  resulting  in  their  tracing  actions  when  asked  for  an  explanation. 

REFERENCE:  Schoenfeid,  A.  H.  (1985).  Mathematical  Problem  Solving.  Orlando,  Florida: 
Academic  Prejs. 


THI«:  Using  feftocttv.  P^cuc  to  Un**und  ChUdc*.  TWMdng in 
pmtMm.  Deborah  Mujcell.  .nd  Evelyn  Gibbet 

On  renecnv.  P—  p-vid.  ««.  ^  «.  ^^^^ 

thinking?  Wh.,rol,do-.^rcnerPUyln»ppo^U.^^-^ 
™^  6  t„ .    .     .,k_mM_i  n,„  jtvelop?  We  an  .ddreMing  the**  two 

«und«^  how  children",  m.the^ll*^^P  p^nution. 
question,  in  .  two-yexr  reseerch  «udy  with  !i  elemenuxy  «~ber,   Dunng  P*~ 
w.  1  .hare  the  reflect  C  on.  te«h«  »  -  ««a  how  he,  ^^tul 

cKanged  .bou,  wh..  the  chiidren  were  ...ming; ».  «««cher.  wtH  de*nbe  h* 

L  J^tioo,  ol  the  chUd.cn-.  -ta-M  -     ~  °' "  ^ 

J Z£»  to  .*  que,*.™  of  thenue.ve,  .nd  of  othe^  to  d-Heng.  their  pm-l  p-** 
Ih«r  le.rn.ng,  B"**1  ^mining  reflecUw  practice,  we  .re 

,o  con**,  .hen-Hve.  to  t-ching  (Schoa  1»2).  In  — g  of 
u..nr  native  method,  wlvA I.  the de*cnpboo .nd  re«orytng or  tne  -urr  ^^^^ 
IJ^Z^  experience  (CUndWn  .nd  ConneUy.  In  «.  p,P«>«  t««her  d^mbe, 

rnntldcrable  developmental  variation  among  the  stuicntt.  we  n« 

how  her  pedagogy  evcive.  in  re^-  to  her  a~~nen.  of  wh.,  ^  ^* »  * 
.eache,',  refiecnon,  *rv.  «  .  too.  to  underhand  more  clearty  how  reftecUv.  pracbce 
adjudicate,  te.ching  .nd  le.rnlng  In  classroom,. 
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TITLE:  Exploring    Concrete    Approaches  to 

Algebra 

PRESENTERS:      Bill  Parker  and  John  Dalida 
INSTITUTION:      Kansas  State  University 

Our  nation's  goals  and  priorities  for  schools  have  changed 
from  increased  attendance  at  the  turn  of  century,  to  equality  of 
educational  opportunity  in  the  1950s  and  1960s,  to  academic 
achievement  for  all  students  in  the  1990s  (Graham,  1993). 
With  this  emphasis  on  outcomes  and  success  for  all  students  in 
the  1990s,  many  people  are  rethinking  the  traditional  algebra 
course  which  many  consider  the  gatekeeper  to  success  beyond 
high  school.  As  a  result,  several  commercial  publishers  have 
introduced  a  variety  of  packages  to  introduce  or  to  teach 
algebraic  concepts  and  procedures.  We  will  report  on  initial 
investigations  of  preservice*  elementary  teachers  learning 
algebra  using  concrete  materials.  This  investigation  focuses  on 
the  value  of  these  materials  in  overcoming  the  discontinuities 
between  arithmetic  and  algebra » 
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Tha  Mlamatch  Between  Innnvatiana 
And  StnaWat'a  WlUagneat  Tn  Changt:  A  Cnae  Study 
Varna  Maria  Fanna  dm  Santo) 
UNveraidadt  f^rd  do  loo  da  Janeiro 
The  purpoec  of  this  cant  atudy  wai  to  examine  one  teacher  candidate^  reluctance  to  change  her  conccptiooa 
and  bdirfi  abort  nynhematici      iM  — *  i»  the  aettina  of  the  — Ihmna lica  deteromn  and  to  queeQon 

teacher  educW  miempti  to  iaaplcmcnt  changer  in  mnth-erir*  teacher  education.  Root  January  10  May 
1991 ,  a  data  of  tw«»iy-aix  leather  candklatce  wm  cWed  for  Wlee.  week.        ^  a  week  fc*  two  h«« 
ench  day) « the  context*  a  newly  dengnri 

£tudeoU  were  obatrvad  while  exploring ,  doing,  and  talking  about  group  problem-aolving  nctivttice.  The  main 
empbaaca  of  this  count  ware  the  ate  of  problem  adving.  eooperaim 

conununicaboe.  At  a  natural  comcquenoe  of  nVtac  cmphaata,  there  wai  a  need  to  align  ajaemment  with 
instruction  and  to  evduat*  duonnia'  growth  in  a  vanety  of  w«yi  (e  g  .  written  iifltcticms,  ind,  vidunl  end  group 
tot,,  group  problem  adving).  The  main  atudy  examined  (he  infltatnee  of  Ihia  ccw  on  eigla  an^' 
knowledge,  beliefa.  and  amtacogmtivcawrreneM  about  uuubonattca.  aaaaroom  obtenratiooi,  four  interviews 
wilh  each  tffree^atuderiu  from  to 
artfactt  which  were  exacrioed  in  me  aaain  atudy. 

Thu  caae  atudy  addmaee  Ihc  dUemmm  experienced  by  one  •rodent  (from  ibe  eight  itudeou  interviewed) 
««oUad  in  thii  ccum  aa  an  anaopt  to  ianc^^ 

abowmaUien^cainilniciioa  Frotn  Auguat  to  Dacacaber  1991 . 1  gained  more  insight*  from  thii  student 

through  leaaictu  of  nMnnber  checking  The  cjoaer  ccotact 

with  this  trucks*  auggceled  that  the  waa  iduclant  to  accept  the  cnaUmgo 

courae.  SU  did  not  enjoy  (a)  to  experience  the  dte^^ 

berapprcecJamtonaatfamaahm 

rtOact  about  htr  inalhemaocn  |e«ng  p^ 

owakarra-g.  Tan  clmarc^  end  inkmtw  * 

w«  analyind  and  intwoieatd  by  inang  ad 

endnotes  from  tutoring  tetaiona  and  member  cheefcag  ntaaicna.  The  andysee  indicated  that  the  uordueaaod 
challenge!  of  me  courae  almott  did  not  affect  her  behtfs  about 

the  maihematica  knowledge  authority  in  me  data,  (b)  itudcnt  m  a  paativc  participant  on  the  learning  procem. 
and  (c)  nature  tfnintheaneiict  learning  and  teaching  m  weU  m  maesament  The  group  work  waa  the  only 
pcniUveaecectcf  thecoumuuawm  ackmowUdged    this  student  Being  a  student  who  w«  comfortable  wilh 
leJnM^rBathanaticainanw 

acquiring  tijsinanentd  underatandiag)  and  who  waa  not  williag  to  team  mathanabca  ia  a  aacaningf ul  way,  ahe 
did  oot  alter  her  belief  systems  about  auihcaaabca  and  nethoaatict  ir»*<ructfon.  did  not  broaden  her  aaathemaoa 

undersong  and  did  not  r-r  Wr  mrfacognrivc  **mt*u  of  bersdf  ai  a  kena  This  cant  study  cdU  the 

attention  of  educaton  engaged  ia  dieting  nunhaanuc.  teacher  education  programi  btcauae  it  suggetted  that  one 
acmeater  of  innovation!  waa  imuflVacnt  to  alter  belie* i  and  to  develop  metaoognitive  awareneaa  of  itudenu  at 
varying  level •  of  (a)  awareneaa  of  tbemadvet  at  teeners,  (b)  motivation,  and  (c)  willingness  to  engage  in 
innovationa  m  well  aa  to  learn  aaauVmatia  ia  a  aicnmagful  way 
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Cognitive  exploration  on  concepts  of  Calculus  in  two  variables. 
Concept  of  function,  notion  of  movement,  and  graphic 
representation. 


Depmrtarnantc  J*  Matemttica  Educativa,  CINVESTAV  -  IPN.  Mexico 


This  study  report*  partial  route  of  an  kiveetigatlon  on  the  conttructkxi  ol  metfrnneticaJ  knowledge  in  tht 
classroom,  Le.,Celculus  in  two  variables. 

Dua  to  tha  objectives  of  tha  Investigation,  wa  had  to  join  form  and  content  In  one  knowledge.  Form, 
becauee  efferent  approximator*  related  to  tha  teaching  practice*  of  advanced  mathematics  appeared 
And  content,  because  thete  forme  led  to  new  argument*,  more  related  to  Ha  uae  than  to  tha  attributes  of 
the  mathematical  object. 

Thus,  I  was  important  to  identify  the  construction  patterns  and  try*  moat  significant  representations  In  their 
cognitive  process ee  through  the  environment  developed  In  the  classroom  In  this  case  wa  considered  the 
knowledge  In  the  Mowing  islet  torn,  teacher-etudent  atudant-atudent,  and  student-teacher. 

The  event  took  place  wth  thirty  students,  whcea  ages  fluctuated  between  19  and  23.  It  consisted  in 
transmitting  tha  typical  themes  of  e  course  in  various  variables,  orientating  them  toward  movement 
arguments,  Wa  covered  the  rrtathemattceJ  contents,  observing  the  rJecoures  generated  by  the  student 
facing  apecile  situations,  based  on  simple  models  of  continuous  variation. 

One  of  tha  moat  akjnWcant  mathematical  activtiee  waa  tha  profect-problem,  as  a  medkjm  where  we 
consider  as  catalysts  tha  meanings  that  each  student  attributes  to  the  knowledge  taught  and  aa  oMectic 
tools. 

Regarding  tha  mathematical  content  of  this  course,  wa  could  say  that  the  orgarihdng  axle  was  tha 
exploration  of  functions  as  forma  that  describe  the  slanted  behavior  of  the  graphs.  Wa  found  here  e 
relevant  aspect  on  the  cognitive  structure:  the  conception  of  object  function  and  Its  attributions  of 
movement  considered  by  the  student,  they  fotied  them  to  ks  graphical  and  analytical  representations  and 
derived  In  ■  gun  tent*  that  showed  notions  of  slanted  behavior,  where  the  students  found  meaning  to  the 
concepts  of  err*,  dlferenttal  and  Integral. .  Wa  named  this  fact,  due  to  Its  Importance  In  the  hveetjgttlon, 
Model  of  Behavior  F(x,y)  -  P(x,y)  4  "sneer  sxprseakxr,  where  "sneer  expreeefon"  «  Ax  +  By,  finding  a 
geometric  meaning  of  'Translation"  from  the  origins!  surface  P(x.y)  -  z.  -  F(x,y)  •>  f(x)  +  g(y)  was 
skjnlteant  for  the  elaboration  of  their  Calculus  arguments,  where  e  need  of  separating  the  variables  x  and 
y  to  analyze  any  function  In  two  variables  F(x,y)  •  2  prevails  This  stuarJon  appears  to  us  aa  an  Important 
aspect  of  comprehension  transference  In  the  student,  where  tha  conception  of  function  (one  variable)  is 
transported  to  an  Idea  of  separating  the  variables  to  conceive  a  functional  relation  of  two  variables, 
configurated  by  the  expression  F(x,y)  -  f (x)  +  g/y).  We  found  thru  Interrelated  elements  that  could  orient 
an  explanation  on  tha  construction  of  this  knowledge:  slanted  behavior,  representations,  and  transference. 


„  Francisco  Cofdero  O. 
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PLANS  FOR  KINDERGARTEN  GEOMETRY  LESSONS:  ERRORS  BY  PRESERVICE  TEACHERS? 

Cilfirgj    BQVlQ  RQlDfa 

University  of  Delaware 
An  analysis  of   lesson  plans  prepared  by  preservice  elementary 
teachers  for  a  unit  on  geometry  for  kindergarten  students  identified 
serious  content  and  pedagogical  errora. 

The  NCTM  Standards  recommend  that  K-4  mathematics  content  be 
expanded  to  include  non-arithmetic  topics  such  as  geometry;  however, 
research  indicates  that  preservice  teachers  lack  adequate  knowledge  to 
teach  elementary  school  mathematics  for  understanding.  Ball  4  Feiman- 
Nemser  (1988)  found  that  published  teachers'  guides  scaffolded  beginning 
teachers'  knowledge  by  helping  them  underetand  more  about  a  topic  and 
how  it  is  learned. 

Preservice  teachers  enrolled  in  a  math  methods  course  were  provided 
the  teachere'  edition  of  a  kindergarten  geometry  chapter  for  uee  in 
planning  lessons  for  a  3-day  unit  on  either  plane  or  solid  shapes. 

Analysis  of  the  lesson  plans  of  8  students  revealed  that  half  the 
students  did  not  clearly  differentiate  between  2  and  3-dimeneional 
figures.  Content  errors  included  mistakee  in  dimensionality  and 
incorrect  vocabulary  and  properties.  Pedagogical  errors  consisted  of 
choosing  inappropriate  activitiee  and  materials  for  the  type  of  unit 
prepared. 

These  results  indicate  that  even  at  the  kindergarten  lavel  the 
lesson  plans  of  preservice  teechere  frequently  have  both  content  and 
pedagogical  errors. 

References 

Ball,  D.  L. ,  &  Feiman-Nemser,  3.  (198B).  Using  textbooks  and  teachere' 
guides:  A  dilemma  for  beginning  teachers  and  teacher  educetore. 

furriculuif  Tnquirv.  ifl,  401-423. 
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BEYOND  ACT1VTTES  PROJECT: 
A  P««WONAL  DCVamWT  MOCEL  TOR  WADES  44 
ttMBMLBflM 
CaNtomla  State  LWversky,  Chico 


The  purpose  of  the  Beyond  ActMtfoe  Project  was  to  deefgn,  Irnptoment,  and  evaluate  a 
protssslonol  development  modal  In  mathemoiftcs.  Eighteen  w*chor*euthors  wtra  selected  on 
the  baala  of  t»k  potential  for  providing  ttadarahlp  in  elementary  matf»matlce  In  a  time  of 
change.  They  wara  reaponefcto  for  oevetootog  and  teaching  rhematte  curriculum  unite  of 
matrucHon  to  heterogeneous  cfaaaaa  In  aummar  Young  Mathematicians  Programs  tor 
students  in  gradaa  4*.  in  a  4- week  reetdentfaJ  institute  tailing,  the  teachers  workad 
cofletoorattvety  in  teeme  of  thrta  or  four-planning  and  writing  In  ma  aftamoona  and 
evenings,  and  teaching  tna  newty  developed  malarial  In  toe  mornings. 

The  mathomeJfcsJ  ihomee  of  the  three  units  ere  whole  numbar  olvfalon,  dactmalt,  and 
thraa  dimensioned  geometry.  Eacti  of  tw  teacber-euthored  unes  represents  an  attampt  to 
aupport  taaenam  who  ara  laaming  to  use  a  conotructfviat  paradigm  In  tha  tt aching  of 
maiiomailca.  m  tha  unaa  ona  finds  amphaaaa  on  stateglos  for  wftofedaes  prooaaUng  and 
dtocueeion  after  cooperative  groupa  hava  coenpfatad  a  probiem-sorving  task.  No  attampt  to 
mada  to  teach  algorlthma;  multiple  atudam-ganaratad  eoktfton  etrategiee  ara  prafarrad. 
Cafcuietors  ara  available  to  students  throughout.  Each  unit  has  a  contextual  theme  and  le 
rich  wan  ooonecoom  to  other  mathamatfcal  toplea  and  other  content  areas. 

After  additional  pHotfng  and  refinement,  the  teacher-authors  prepared  the  three 
thematic  units  of  instruction  tor  dissemination.  A  one-weak  seminar  prepared  12 
addmonai  teacher-leaders  to  help  in  me  worn  of  leading  two-day  dtaseminstlon  workshops 
In  their  local  regions,  for  each  of  the  three  unaa,  12  workshops,  led  by  two  project 
teachers,  were  conducted  at  sites  throughout  CaWomia.  The  workshops  enrolled  more  than 
2W0  additional  teachers,  providing  each  with  a  unft  to  be  used  to  replace  a  chunk  of 
traditional  textbook  instruction. 

Another  one-week  seminar  enrolled  40  additional  workshop  leaders  who  wM,  In 
addition  to  tha  original  project  teachers,  be  tvaHaWe  to  do  workshops  after  the  funding 
period  of  the  grant.  The  project  was  funded  by  Elsenhower  moneys  from  the  U.  S. 
Department  of  Education  and  the  Caafornia  Postssoondary  Cuiwiieatuii. 
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How  Fourth  Graders  Construct  Area  Models  for  Fractions 


Andee  Rubin,  Cornelia  Tierney 
TERC,  Cambridge,  MA  . 


To  most  students,  the  mathematical  term  "area"  evokes  the  automatic 
response  "length  times  width."  Many  students  who  can  rattle  off  this 
formula  do  not  know  that  it  applies  only  to  certain  geometric  figures,  can't 
identify  the  width  and  length  of  a  rectangle,  and  don't  have  a  solid  intuitive 
sense  of  area.  What  is  missing  in  particular  is  a  qualitative  visual  sense  of 
area.  Because  we  believe  an  understanding  of  area  is  a  basis  for  important 
mathematical  concepts  such  as  fractions  and  multiplication,  the  elementary 
mathematics  curriculum  we  are  developing  at  TERC  includes  a  significant 
amount  of  work  on  qualitative  manipulations  of  area,  connected  with 
activities  that  conceptualize  fractions  as  ratios  of  areas. 

An  area  model  for  fractions  makes  certain  important  concepts  about  fractions 
particularly  accessible.  The  idea  of  the  "whole"  is  one  such  concept.  In 
creating  or  understanding  a  fraction,  a  student  must  first  understand  what  the 
"unit"  or  "whole"  is.  By  working  with  different  sizes  and  shapes  of  wholes, 
students  develop  a  concept  of  whole  that  is  not  attached  to  a  single 
geometrical  figure. 

Using  an  area  model  for  fractions  emphasizes  three  other  central  concepts: 
-Fractional  parts  of  a  whole  are  equal  parts.  Students  create  thek  fiwjl 

fractional  divisions  of  area  representations,  providing  them  the  opportunity 

to  focus  on  the  equality  of  the  fractional  parts. 

•Equal  parts  of  shapes  are  not  necessarily  congruent  Students 

encounter  and  create  situations  where  the  two  halves  or  four  quarters  of  a 

square  do  not  look  the  same,  but  are  equal  in  area. 

-Two  fractions  (relative  to  the  same  unit  whole)  can  always  be 

compared,  even  if  they  have  different  numerators  and  denominators. 

The  session  will  consist  of  a  brief  description  of  the  fourth  grade  curriculum 
unit  that  uses  this  area  model,  but  will  focus  on  the  presentation  of  students* 
work,  in  particular  their  use  of  drawings  to  investigate  equalities  and 
inequalities  among  fractions. 
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Till*      -vd  /fou^f^v  f4        (UrCYy       g  T  

Jd._«+k<  ^ « 4i  c c,    ; ^  firg>c  fi\<  

Prtitnttr  k  P~  'K-y  

Institution    ( J  vi  7  J  g  v-4  .         o^-    JC/f  Tw,  ,7  5  —    CU  i>  «y  ft  q 

As  a  theory  of  learning,  radical  constructivism  received  increasing  levels  of 
attention  during  the  1980s.  As  opposed  to  earlier  tabula  rosa  theories  of 
learning,  it  offers  a  vision  of  the  learner  as  an  active  agent,  confronting 
problems  and  resolving  them  through  goal-directed  actions.  More  recently, 
constructivism  has  come  under  question  as  over-emphasizing  the 
individual  and  ignoring  the  sodal/culrural  setting.  Partly  as  a  result  of  these 
concerns,  there  has  been  an  increase  in  interest  in  what  might  be  called 
sodal  construct! vist  theories,  including  sodo/historic  approaches  based  in 
Vvgotsky,  social  mteractionism,  and  situated  learning. 

This  paper  argues  that  in  many  cases,  the  social  constructivists  are  focusing 
their  question  from  a  different  perspective  than  radical  constructivists. 
Whereas  radical  constructivists  have  taken  an  individual  perspective,  how 
Is  it  that  an  individual  can  organize  and  make  sense  of  her/his  experiential 
world,  sodal  constructivists  have  often  taken  a  more  soda!  perspective, 
how  do  individuals  function  in  their  social/historical  setting.  When  we 
keep  these  two  perspectives  and  the  associated  questions  separate,  the 
criticisms  of  radical  constructivism  seem  less  valid.  Radical  constructivism 
does  take  social  aspects  into  account  when  modeling  the  individual's 
construction  of  her/his  world.  In  addition,  some  might  argue  that  it  also 
does  account  for  the  world  of  sodal  interactions.  I  suggest  however,  that 
this  latter  daim,  might  be  analogous  to  attempting  to  explain  the  motion  of 
the  planets  by  using  molecular  theory  -  while  potentially  possible,  it  may 
not  be  the  most  appropriate.  Thus  the  paper  argues  that  radical 
constructivism  does  need  a  complementary  sodal  theory  and  that  both  the 
individual  and  sodal  perspectives  need  to  be  a  part  of  a  research  program. 

Advocates  of  the  notion  of  practice  (lave  and  Wenger,  etc.)  have  challenged 
the  cognitive  view  that  knowledge  can  be  encapsulated  and  transferred  to 
another,  arguing  instead  that  knowledge  grows  out  of  goal-directed  actions 
within  a  community  of  practice.  Communitarians  (Maclntyre)  offer  a 
complementary  view  of  practice  that  argues  that  virtues  and  ethical 
considerations  also  grow  out  of  participation  in  practice,  and  like  knowing 
in  practice,  are  not  subject  to  •rational1  analysis.  In  the  paper  I  contend  that 
combining  these  visions  of  practice  offers  the  complementary  sodal 
perspective  that  radical  constructivism  needs  without  undermining  its  basic 
emphasis  on  the  individual  sense  maker.  Practice  offers  both  a  sodal 
perspective  for  understanding  knowledge  construction  and  an  ethical  basis 
for  knowing.  Radical  constructivism  offers  a  theory  of  the  individual 
learner  and  a  means  to  protect  the  individuality  and  diversity  among 
Individuals.  Putting  them  together,  I  argue  for  a  consrructlvist  theory  of 
mathematics  In  practice.  As  a  spedfic  instance  related  to  education,  I 
develop  a  vision  of  what  a  practice  of  learning  might  look  tike  (as  opposed 
to  practices  of  schools)  and  of  mathematics  in  the  practice  of  learning. 
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THE  NOTION  OF  VARIATION  IN  PHYSICAL  CONTEXTS. 
Uipiial  Sc"«  ^«q"tnca 
Dnpartmrnnnto  dn  Matnmntten  Educattva.  CINVESTAV-IPN.  M«Jco. 

In  th.  didactic  —  CataJut,  at  coiaga  lav—  fc  um  In  a  ay— am— Ic—  totrn  ternia  auch  **J"^'n*!!j| 
la^T-Uwr  m  g«>m-rio  and  an-ytic-  rtu^  «.  W«.  h  appllcatic^  Th«*oni  P«»a-a  «uch  « 
drtarar-ala,  a^ jrigaomare   "T*  •M.MlMI.WIcn|lMMklliiatllallir 
ukaad«afaniWatamenr'or"conjid«in9ad#aranaalcl...  ™nmwmy"'~~'~  ,  ta 

-  mining,  ol  thaa.  lam-,  to  b.  tranamK*  to  th.  -odart.  la  mdapandant  ol  tha  oonta*  to  whioh  I  to 
toanutaMd 

Tha  obtaa  ol  M*  atudy  mm  to  -udy  wh-hw  tha  notion  ol  variation  by  tr- -udarta  to -to-*  bytha 
^,XIT»  totoLi-ad  «7by  to*  achoto-to  M  Tr-r-ora,  w.  -0-ad  thad-™»<h-  rn^ 
S^TmmmM tm  v«totionw  thlnktofl  ol.chM^-t-Wtmoti^wonto.w.-kad  oum-va.  a  th. 

vu,  etc. 

H»  mam  aouro-  tor  tha  r«u*a  In  thto  -udy  M  aptotarnotoglo-  and  «*r**a.  ^^^^ 
«. trytog to un<tor-»x> tha  con-ruction ol tha r^eoncaptttott-r^on^lri^phy^ 
^.Tatudtod.  k.  tha  actonUlfc  thtoKtog  through  htotty.  .nd  how  «~a  nr.  wr»n*ad  a.  coax*, 
knowtodg.  through  taxta.  dictionariaa  or  through  laenaaa. 

Tha  cogn-tiv.  -udy  provWad  Korm-ion  on  how  -udrt.  p«c-v.  Ih.  notion  d  '^^J^*^^ 

J^^aTW.TTtor  «*  -udy  to.  pMnon»non  -  ^  » 

^Tw«iawa  wkh        atudanl.  o!6.14nnd20y-r.ol^.A  labor-ory  waa  prapnr*  and  tour 

sirs-taj^ 

^«p«1rr^Th.W«vtow.w«vld«^to 

T^a  raaulta  ol  thto  atudy  ahow  that  tha  notion  ol  vari— ion  dapanda  on  toa  corta—  bT^«*«mini 
IcrnMoaa ki tha contaoa,  th— to, M to ahadad by  th. cortart. Th» Ida. o) variation,  amargad In m 
JZZZ oT.^.-cw.  u. to ti*  nbou a d-ww-al  ol ap*=a;  our  -udy  m** 
iZto^l^,  dc-  no,  com.  n-ur-y  to  to.  - 

•nMi. »  to  .Trading  ol  th~  ktoaa  ol  ^mm^tim^»vmcaimmmMmm«mm^m^ 

n*j«  ********  <-  .lgn*c.nc.  and  unctor  wt*h  drcun-anc«,  «  *.  mo-  *****  to  dry-op 
notion. -vari-ton? 


SoltoM  Mgra.E-udto  da  to  rtocion  da  Variable™ 

Caior.  Umm  tot*  CINVESTAV-IPN:  Mfalco. 
Cantor-  a  *  TrigutKO*  M.  (1991).  On  tha  ^^^^^^^^^^ 

i^BTMt^j*'  »ix*>  A*     fl>*rfttt*y  o/MHtmnttics  eOJCtOoa  (VoL  2,  pp.  1  K-i  ■■)■  wmtaw*  u 
A.:  Virginia 
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TiUe    j  ttmint  Stvle  and  its  Role  in  fee  Formation  nf  sturtwit  Structural  Knowiaje" 


Institution      Currv  College 

Researchers  report  that  ability,  maturity  level  motivation,  and  attitude 
contribute  to  success  in  mathematics  and  related  disciplines,  including  elementary  statistics. 
Success  has  been  measured  largely  by  perfbrmance  on  teacher  prepared  achievement 
assessments  which  may  or  may  not  measure  conceptual  understanding,  also  referred  to  as 
structural  knowledge.  Success  and  understanding  may  be  only  slightly  related,  especially 
at  the  elementary  levels  in  mathematics  and  statistics. 

Tafl  (199!)  says  that  true  understanding,  especially  at  abstract  levels,  is  for  the 
mostable.  While  this  may  be  accurate,  it  is  important  to  remember  that  it  is  the  average  to 
above  avenge  students  who  populate  many  college  classrooms.  Solid  instruction,  also 
essential  for  effective  learning*  Is  more  critical  for  these  students.  Could  the  traditional 
instructional  method-  lecture-be  sufficiently  at  odds  with  students'  learning  style  that  their 
learning  and  structural  knowledge  is  hampered? 

The  psychological  literature  defines  declarative  knowledge  as  domain  specific 
knowledge  of  concepts,  facts,  and  principles,  often  referred  to  as  the  "what"  of  learning. 
Procedural  knowledge  is  understanding  how  to  do  something  such  as  follow  a  procedure, 
and  is  sometimes  referred  to  as  "knowledge  bow."  It  is  a  strategy  knowledge.  Structural 
knowledge,  also  referred  to  as  cognitive  structure,  bridges  the  continuum  between 
declarative  and  procedural  knowledge.  A  consideration  of  structural  knowledge  in 
conjunction  with  achievement  measures  offer  more  Information  concerning  actual 
undei standing  than  the  achievement  measure  alone. 

Students  who  have  what  is  commonly  called  an  abstract  learning  style  often 
achieve  higher  grades  in  college  than  those  students  who  learn  more  cotwetdy.  Is  it  a 
factor  of  their  intelligence  or  their  learning  style?  One  approach  from  which  to  consider  the 
issue  might  be  an  examination  of  the  cognitive  structure  formed  by  students  of  different 
learning  styles.  Since  students  are  individuals,  it  Is  expected  that  they  process  information 
in  t  manner  somewhat  unique  to  themselves.  Researchers  in  the  tradition  of  Witkin, 
Myers-Briggs,  and  Kolb  have  looked  at  learning  style  as  a  variable  in  the  learning  process. 
However,  little  attention  has  been  given  to  the  role  of  learning  style  in  connection  to 
acquiring  structural  knowledge  (Jonassen,  Bei saner,  &  Yacci,  1993). 

The  current  reform  movement  in  education  proposes  that  teachers  teach  for 
mathematical  understanding;  that  teachm  conduct  their  classes  so  that  students'  knowledge 
of  mathematics  grows  as  they  grow;  that  they  conduct  their  classes  with  attention  to  the 
development  of  students'  knowledge  structure  and  thinking  processes  (Tall,  1991).  A 
consideration  of  itudcnts*  learning  style  may  enhance  the  teaching  process.  
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U.  S.  MIDDLE  GRADE  STUDENTS'  UNDERSTANDING  OF  PROBABILITY 
Jane  O.  Swafford 
Illinois  State  University 

Plaget  and  Inhelder  (1975)  concluded  that  probability  concepts  are  acquired  in  stages 
in  accordance  with  their  theory  of  development.  To  test  this,  Green  (1983)  conducted  a  large 
study  involving  nearly  3000  British  adolescents  and  found  that  probability  concept  levels 
increased  with  age  bu!  that  most  students  had  not  attained  the  Piagetian  level  of  formal 
operations  by  age  16.  The  purpose  of  the  present  study  was  to  explore  the  development  of 
probability  concepts  among  U.  S.  middle  grade  students. 

Method  Fifty-six  children  from  grades  3  through  8  were  presented  9  probability  tasks 
individually  in  clinical  interviews.  Tasks  used  by  Green  or  Piaget  and  Inhelder  and  tasks 
adapted  from  those  used  to  reveal  misconceptions  among  older  subjects  were  administered 
in  an  interview  format  by  trained  interviewers  who  recorded  the  students'  answers  and 
explanations.  The  data  sources  consisted  of  the  interviewers'  field  notes  and  reports. 

Results  U.  S.  middle  grade  students'  performance  was  much  better  than  that  reported 
by  Green  for  British  students.  A  correct  answer  was  given  by  over  fifty  percent  of  the  U.  S. 
students  to  all  but  one  Item.  Middle  grade  students  who  missed  an  item  gave  reasons  similar 
to  those  given  by  students  in  other  countries  and  exhibited  some  of  the  judgmental  heuristics 
identified  among  adults.  Overall,  the  performance  of  the  Qrade  3  students  was  lower  than 
that  of  the  older  students.  However,  on  some  items  older  students,  most  of  whom  had  been 
introduced  to  probability  in  school,  scored  lower  than  their  younger  peers. 

Conclusions  To  the  extent  that  the  sample  was  representative,  U.  S.  middle  grade 
students  can  easily  handle  the  recommendations  of  the  NCTM  Standards  with  respect  to 
probability.  However,  the  study  does  raise  the  question  of  why  the  performance  of  U.  S. 
students  was  so  much  better  than  that  reported  lor  British  students. 


Green,  D.  R.  (1983).  School  pupils'  probability  concepts.  Teaching  Statistics,  5  (2),  34-42. 

Piaget,  J.,  &  Inhelder,  B.  (1975).  Tha  Origin  of  tha  kiaa  of  Chanca  in  Chiidran.  London: 
Routledge  &  Kagan  Paul. 
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CONCRETE  REPRESENTATIONS  AND  LANGUAGE  IN  DEVELOPING  A  CONCEPT  OF 
MULTIPLICATION  OF  FRACTIONS:  A  CASE  STUDY 
Susan  8.  Tiber 
University  of  Delaware 

Hra.  Adaaa,  a  fifth-grade  teacher  attempted  to  "teach  the 
concept"  of  Multiplication  of  fractions  by  having  students 
rapraaant  aultiplicativs  situations  with  fractiona  uaing  a  paper- 
folding  activity  described  in  her  new  textbook.     During  the  next 
two  weeka  the  teacher  and  atudents  spent  BO  percent  of  their 
claaa  tiaa  conatructlng  and  dlacuaaing  physical  repreaentat iona 
for  problem a  with  fraction  multipliera. 

Thla  caae  atudy  documenta  the  students'  classroom 
experiences,   examinee  changes  in  atudenta*   thinking,  and  makea 
connections  between  those  changea  and  apecific  instructional 
experiencea.     The  post-test  of  20  multiplication  word  probleas 
revealed  that  many  atudents  had  made  large  gains  in  their  ability 
to  aolve  multiplication  word  probleas  of  vsrious  kinds. 
Examination  of  their  written  strategies,   however,   indicates  that 
moat  atudenta  did  not  aaaoclata  tha  operation  of  multiplication 
with  the  kinds  of  problems  they  had  worked  and  diacuaaed   in  claaa 
uaing  both  concrete  models  and  mathematical  expressions* 

Close  analysis  of  tha  language  uaed  in  claaa  and  of  the 
kinds  of  operations  that  students  actually  performed  on  the 
models,  which  were  assumed  to  represent  the  operation  of 
multiplication,   auggeata  why  the  classroom  axperiencea  actually 
encouraged  students  to  aasoclate  the  operation  of  division  with 
multiplication  probleaa  with  fraction  multipliers. 
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STUDENTS'  DIFFICULTIES  IN  APPLYING  MORE  THAN 
PROCEDURAL  KNOWLEDGE  TO  SOLVE 
MATHEMATICAL  PROBLEMS 


Manuel  Santos  Trigo 
CINVESTAV,  Mexico 


This  study  focuses  on  the  analysis  of  the  students'  approaches 
to  problem  solving  by  considering  information  gathered  mainly 
through  task-based  interviews  (college  level).  The  results  show  that 
in  order  to  help  students  to  improve  their  ways  of  solving 
mathematical  problems,  it  is  necessary  to  pay  attention  to  the 
mathematical  content,  cognitive  and  metacognilive  strategies,  ways 
of  validating  and  using  mathematical  arguments,  and  ways  of 
extending  the  problems.  When  all  these  ingredients  consistently 
become  part  of  mathematical  instruction,  then  the  students  may 
develop  their  own  frames  for  solving  mathemitical  problems.  These 
frames  may  resemble  what  people  in  the  field  of  mathematics  do 
while  working  on  mathematical  problems. 
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HirhMMflfTl  IllChiUfl  

Praaaritan    ".nt!v  Naabit»>  v*cc  tiln  armnttrl  and  Gaorgl  a*. 
Inatltutlom    Unlvaraltv  of  Mtfrth  CiXflllfll  «fc  Qra«nabQro  

Thla  atudy  axaalnad  cbangaa  In  praaarvlca  taachara*   (PTa)  ballafa  about 
Mthnatlci  taachlng.    line.  ballafa  lnfluanca  how  taachara  taach  (Kagan, 
1992;  Caldarhaad  ft  Hob  son,  1991),  undaratandlng  tha  procaaa  o£  changing 

bahavlora  I  ntlal  to  tha  currant  rafora  In  «atha»atlca  aducatlon. 

Thla  atudy  la  part  o£  a  largar  projact  that  la  Invaatlgatlng  whathar 
cognltlvaly  guldad  Inatructlon  (COI)  (a.g.,  Carpantar,  Pannaa*,  Pataraon, 
Chiang,  ft  Loaf,  19S9)  can  ba  Incorporate  affactlvaly  Into  praaarvlca 
taachar  aducatlon.    With  COI,  taachara  uaa  xnowladoa  o£  atudanta* 
cognltloni  aa  tha  baala  for  planning  Inatructlon,    Mfacta  of  CGI  hava 
bMn  docu-antad  through  uaa  of  tha  Taachar  aallaf  aurvay  (Carpantar, 
rannaau,  ft  Loaf,  1990)  which  waa  a»ployad  In  tha  currant  atudy  along  with 
wrlttan  and  oral  raaponaaa  to  quaatlona  about  «atha«atlcB  taachlng. 
Subjacta  vara  56  undargraduataa  In  a  two-yaar  profaaalonal  aducatlon 
aaquanca  and  two  groupa  of  graduataa  (W-23  and  17)  In  a  ona-yaar  prograa. 
Undargraduata  data  vara  gatharad  acroaa  1991-93,  and  data  froai  tha 
graduata  groupa  wara  gatharad  acroaa  1991-92  and  1992-93,  raapactlvaly. 
Analyala  of  baaallna  data  Indlcatad  no  algnlflcant  dlffarancaa  In  aubacala 
or  total  acoraa  on  tha  Ballafa  ficala  for  undargraduata  PTa  and  tha  flrat 
group  of  graduata  PTa.    At  tha  and  of  ooa  yaar,  howavar,  graduataa' 
ballafa  wara  algnlf Icantly  awra  conatructlvlat  than  undargraduataa'. 
Whlla  both  groupa  cltad  tha  laportanca  of  knowing  aathaaatlci*  contant  and 
tha  uaa  of  laanlpulatlvaa,  undargraduataa  cltad  tha  naad  to  know  how 
chlldran  laarn  wharaaa  graduata  PTa  cltad  knowing  how  to  ralata 
■atha-atica  to  chlldran* a  llvaa  and  racognlxlng  that  chlldran  naad  to 
axplora  concapta  In  davaloplng  undaratandlng  and  to  ahara  aolutlona  to 
problaaa.    Dlffarancaa  In  ballafa  appaar  attrlbutabla  to  graduata  PTa 
having  had  a  aatbaaatlca  a*thoda  couraa  (tha  undargraduataa'  aathoda 
couraa  la  takan  during  tha  aacond  yaar),  aora  tla*  In  tha  achoola  working 
with  atudar.ta,  alx  waaka  of  full-tiaw  taachlng,  and  liora  opportunity  to 
rtavalop  a  languaga  for  talking  about  ■athamatlca  Inatructlon. 

Baaad  on  thaaa  data,  ballafa  about  taachlng  »atha»atlca  can  ba  changad 
during  ona  yaar  of  praaarvlca  aducatlon.    Whathar  tha  changaa  ara 
fundamental  onaa  having  laatlng  lapact  or  auparflclal  onaa  that  raapond 
only  to  daaanda  of  tha  cart  If  lcatlon  program  raaalna  uncartaln. 

Caldarhaad,  J.,  ft  Robaon,  H.     (1991).    Iaagaa  of  taachlngi  fitudant 
taachara'  aarly  concaptlona  of  claaarooa  practlca.    TtftfiMM  ftflfl 
Ttichtr  Education.  2,  1-8. 
Carpantar,  T.  P.,  rannaa*,  ».,  ft  Loaf,  M.     (1990).    Taachir  bjUat  Itf-EVlV' 

Kadi eon,  Mil    Cantar  for  Education  Maaarch. 
Carpantar,  T.  P.,  Pannaa*,  I.,  Pataraon,  P.  L. ,  Chiang,  C.  P.,  *  Loaf,  M 
(19B9).    ualng  knowladga  of  chlldran'a  Mthaaatlca  thinking  In 
claaarooa  taachlngi    An  axparlaantal  atudy.    AjatrlCin  IdUCltlQnil 
Btatajab  Journal.  14,  499-531. 
Kagan,  D .  M.     (1992).    Profaaalonal  growth  aaong  praaarvlca  and  baglnnlng 
taachara.    Kavlau  of  Educational  Raiairch,  61,  129-1*9 
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WHAT  IT  LOOKS  LIKE  TO  WORK  IN  A  GROUP  AT 
COLLEGE  LEVEL  MATHEMATICS  CLASS 

DlUGA  VlDAKOVIC 

Dwkt  U»i9tr*Hf 

Research  done  in  the  last  two  decadee  ibowi  that  small-group  U*k- oriented 
work  in  mathematics  claaeee  offer*  learning  opportunities  that  do  not  typically 
occur  in  traditional  elaaeroorne.  Different  type*  of  cooperative  learning  have 
been  used  in  traditional  lettering  and  diacovery  learning  daaaroom  situations. 
Moat  of  the  reaearch  on  cooperative  learning  in  mathematics  haa  been  done  in 
elementary  and  secondary  schools  and  almott  allot  it  is  quantitative.  The  pur- 
pose of  this  qualitative  study  was  to  examine  the  experience  of  working  in  group 
in  a  cooperative  learning  environment  in  a  freahman  calculus  das*  at  Purdue 
University.  Specifically,  the  purpose  was  to  investigate  how  people  interact  in 
order  to  achieve  the  academic  goal.  To  achieve  the  goal  of  the  itudy  one  par- 
ticular group  (four  members)  was  chosen  and  followed  over  two  weeks.  The 
following  research  questions  were  considered:  (i)  How  do  the  student*  interact? 
Is  thera  a  pattern?  U)  What  ta  the  aodal  structure  of  a  group?  (Ul)  What  are 
students'  attitudes  towards  the  group  work  and  do  they  change  over  time?  (iv) 
What  does  working  in  group*  mean  to  the  students? 

Four  main  categories  of  communication  emerged  from  the  data:  one-way, 
two-way,  multiple-way  and  non-verbal  communication.  In  this  specific  case 
multiple-way  communication  waa  the  dominant  mode  of  conversation. 

Working  together  students  establiahed  some  role*  in  tha  group  which  were 
not  assigned  in  advance.  For  example,  the  only  male  in  the  group  was  the 
"intellectual*  and  overall  group  leader.  He  was  the  speaker  also.  One  girl  waa 
the  "grapher*,  ahe  always  drew  graphs  for  the  group.  Another  girl  was  the 
manager  for  the  group.  She  would  divide  up  the  homework  assignment*  and 
take  care  that  the  complete  homework  assignment  was  submitted  for  grading. 
Third  girl  waa  a  helper  for  every  one.  For  the  particular  group  the  data  ■bowed 
that  the  attitude  towards  group  work  was  positive  and  pretty  stable  for  all  its 
members.  The  study  also  showed  a  lot  of  features  of  small-group  work  that 
desirable  to  the  students,  including  a)  the  availability  of  immediate  feedback 
and  explanations,  b)  use  of  language  that  fellow  student*  can  understand,  and  c) 
the  shared  understanding  of  the  difficulties  that  fellow  students  are  having  with 
mathematical  problem*.  Also,  the  study  showed  some  of  possible  disadvantages 
of  the  group  work.  The  biggest  concern  is  the  evidence  of  establishment  of  the 
roiee  within  the  group.  On  that  way  th*  group  member*  may  specialise  only 
certain  concept*  and  not  master  the  rest. 
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Title        :'  e  Consccucctvlsc  Tgcnl^a  ?-  Construe cxvisc  it, 


Pr.s.nttr       "lrclnU  ^  Uarfttld 


:  lnU,fnuttSff  cOOTM^(VsVnWto.7elSng  about,  and  discussing  the  current 
(theories  on  the  actions  and  non-actions  required  of  a  person  who  wishes  to  help  } 
someone  become  an  effective,  active,  interested  and  lively  learner  ot  mathematics  i 
1  have  been  struck  by  the  parallels  with  the  actions  and  non-actions  that  seem  to  | 
me  to  be  required  ot  a  person  who  wishes  to  help  someone  become  an  effective,  j 
active,  interested  and  livery  teacher  ot  mathematics.  It  is  a  truism  that  lectures  on 1 
the  inerlectuality  ot  teaching  by  lecturing  are  at  best  unproductive,  but  I  maintain 
that  the  connections  are  tar  deeper  and  wider  than  just  that. 

My  own  perspective  on  this  issue  comes  from  twenty  years  of  directing  a 
program  in  which  classes  are  taught  by  "modified  group  discovery-  (translation: 
the  instructor  leads  the  class  through  a  structured  sequence  of  questions, 
constantly  adjusting  the  ratio  ot  repetition  to  concept  introduction  on  the  basis  of 
student  response;"  the  students  are  responsible  for  answering  not  only  the 
I  instructor's  questions  but  those  of  their  classmates,  and  tor  spotting  and  correcting 
•any  errors  made  by  either.)  Before  they  undertake  discovery  teaching,  all  ot  the 
instructors  agree,  at  least  in  theory,  to  follow  this  format  Many,  in  tact,  are  not 
merely  willing,  but  actively  enthusiastic  about  the  idea.  They  also  have  in  hand  a 
manual  in  which  the  lesson  plans  are  laid  out  In  detail:  -Have  them  evaluate  5-(3- 
8).  Give  them  several  more  at  that  level.  Or.ce  they  are  comfortable,  try  3-[2-(4+t  • 
7)]  •  Occasionally,  all  of  this  produces  someone  who  walks  into  the  classroom  and 
actually  does  "discovery  teaching".  Far  more  often  what  turns  up  is  a  patchy 
mixture  ot  discovery,  lectunng  and  pure  floundering.  \\  is  my  job  to  see  that  the 
former  swiftly  replaces  the  latter  two.  My  vehicle  is  the  notes  that  I  make  while 
sitting  at  the  back  ot  the  classroom  observing,  and  the  discussions  of  these  notes 
thai  I  subsequently  have  with  the  instructors. 

It  Is  In  this  process  that  I  see  compelling  parallels  with  that  ot  teaching  in  a 
group  discovery  classroom-or  a  classroom  anywhere  in  the  constructivist  range. 
II  an  instructor-or  a  class-is  told  too  much,  the  opportunity  tor  insights  and  the 
kind  ot  involvement  that  produces  internal  growth  is  lost.  It  an  instructor-or  a 
class-is  told  too  little,  the  sense  ot  direction  is  lost,  generally  (in  the  case  ot  the 
instructor)  to  be  replaced  by  a  sense  ot  impending  doom.  In  neither  context  is 
there  a  single  "right*  amount  ot  information  to  give,  and  in  both  one  key  is  a 
constant  readjustment  tuned  to  the  needs  ot  the  recipient. 

1  feel  strongly  that  a  study  ot  these  parallels  would  enrich  both  ot  the  forms 
of  instruction.   
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In  thii  atudy  *  learning  pckJ«1  (or  functions  was  uled  to  describe  the  learning  of  trlgonome 

try  functions  with  •  function  plotter  on  a  alcrocooputer.    According  to  the  .node  1,  the  lear 

nlnf  process  has  three  stages: 

St see  1;  Free  exploration  (FE) 

Stfjt  ii  Amlyili  and  Comparison  (AC) 

Stage  3:  Experimentation  and  Practice  (EP) 

The  aodtl  It  a  dynssic  and  recursive  proccil  model  and  vii  utcd       the  background  for  a 
rfldacclc.il  strategy  which  **%  developed  In  a  graphical  computer  environment.    Hie  learning 
activities  suggested  by  the  strategy,  leid  students  to  the  construction  of  concept!  related 
to  the  basic  charactcrtatlca  of  trigonometric  function!  y  -  a  slnba  ♦  4  and  y  -  a  coabx  *  d 
amplitude,  period  and  poaltlon  of  the  graph  In  the  coordlnato  ayatea. 

The  learning  model  vat  developed  on  the  assumption  that  learning  li  a  constructive  activity 
(Claserlcld,  1987,  Cold  In,  1992)  and  that  different  representor  lo-i>  arc  the  baala  of  reaso- 
ning. Enphaala  t*aa  put  on  visual  reasoning  (Dreyfu*,  1991)  and  the  trantltlon  fro*  graphi- 
cal va.  algebraic  representations.  Some  authors  ipeaV  In  thla  context  about  multiple  linked 
repre sent st Ions  (Coldcnberg,  I9g9). 

Related  studies  have  shown  that  Itudenta  can  find  analogies  between  graphical  and  altebralc 
represent st lorn  If  they  are  trained  to  do  co  (ScbwsrJ,  Bruckheimer,  I9gf,  Schwsrt  and  Drey- 
ful,  1909). 

In  previous  *t---!!cj  (Wcr..--::  ;»f  t : ,  1969,  1990a,  1990b,  1991,  191^  ;einlt«  verc  fctr.d  vMr'» 
favored  the  learning  of  function  concepts  of  the  experimental  groups  In  a  graphical  computer 
environment  which  teas  the  character titles  of  a  "generic  organizational  system"  (Tall,  1985) 
The  pretest  showed  that  students  participating  In  the  atudy  had  toxe  previous  knowledge  of 
functions, (if  t>pe  y  •  a  slnbx  and  y  •  a  coabx.    Therefore  galnacores  were  computed  and  a 
student's  t.  was  calculated. 

The  delayed  retention  test  was-  giver  "to  all  students  four  months  Uter  without  prior  notice. 
The  reliability  of  all  tests  waa  computed  for  both  crouP*  w*th  the  splithal i -method  snd 
turned  out  to  be  good  (values  between  0.81  and  0.93).    Also  the  Indices  of  Item  ease  were 
determined  for  all  Itcat  and  found  to  vary  between  0.21  and  L.00  (percentages  of  correct 
responses  of  total  responses  given). 

The  results  reported  show  that  In  the  postteat,  atudenta  In  the  computer  groups  did  somcwh.r 
better  than  the  control  group,  wMIe  In  the  delayed  tctentlon  test  the  difference  between 
both  group*  *«*  »ore  marked  and  favored  the  computer  group.    This  Is  In  agreement  with 
results  found  in  previous  studies  by  the  same  researcher.  (Table  1.  j 


TABLE  1 
AVERAGE  GAINSCOftSS  1H  % 


AVERAGE  SCORES  IN  > 


hlfc*F,R  or 
STUOCKTS 

AVERAGE 

DEVIATION 

COMPUTER  CROUP 

It. 

78.57* 

16. 

CdNtlbL  tvm 

U 

JO. SI* 

U.25 

'Significant  at 

the  0.10  leJ 

el. 

NUMBER  Or' 

STUDENTS 

AVERAGE 

STAN- 
DARD 
0EV1A 

IIO.T 

JOMPUTER  CROUP 

12 

7I.8J** 

li.tl 

rOKTROL  CROUP 

9 

65.88** 

17.76 

RETENTION  TEST 
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METAPHORS  WE  GRAPH  BY: 
A  QUALITATIVE  STUDY  OF  STUDENTS*  DIFFICULTIES 
AS  THEY  LEARN  TO  USE  A  GRAPHING  CALCULATOR 
Carol  G.  Williams 
Pepperdine  University 

As  graphing  calculators  become  more  prevalent  in  secondary  and  college  math 
classes,  teachers  must  become  more  cognizant  of  the  special  difficulties  they  present.  Hiis 
study  looked  at  four  students  in  a  business  calculus  class  as  they  worked  with  TI  -  81 
graphing  calculators  to  solve  problems  typical  of  those  in  their  course  work.  The 
researcher  interviewed  each  student  four  times  over  the  course  of  the  semester.  The  data 
consists  of  videotapes  of  the  interviews  and.the  transcriptions  of  relevant  sections. 

An  analysis  of  the  data  shows  that  these  students  have  difficulty  in  using  the 
calculators  graphing  utility,  particularly  adjusting  the  viewing  window.  One  student 
seems  to  adhere  to  a  mental  model  consistent  with  using  the  RANGE  features  of  the 
calculator  as  a  nugnifying/reducing  machine  on  which  she  can  set  the  magnification  factor. 
The  researcher  elaborates  this  metaphor  and  shows  how  the  student's  actions  arc  consistent 
with  its  features  despite  the  fact  it  inhibits  successful  completion  of  the  task.  All  of  the 
students  exhibit  use  of  portions  of  the  metaphor  and  initially  have  difficulty  with  the  tasks. 
Interviews  conducted  near  the  end  of  the  course  show  the  students  have  developed  a  better 
understanding  of  the  calculator's  functions,  although  they  occasionally  revert  to  their  old 
ways  of  thinking. 

This  study  also  includes  a  review  of  current  research  on  using  graphing  calculators 
and  research  on  computer  graphing  utilities  that  show  similar  difficulties  for  the  students. 
The  researcher  shows  how  this  study  relates  to  the  other  work  in  the  field.  The  report  also 
contains  implications  for  classroom  teachers  and  areas  for  further  research. 
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High  School  Hath  Group  Projects  Using  Managers 


Prtttnttr      .  JudUh  Hoort  Yc*n9 

InitUutfon      College  Perk  High  School  .      Pleasant  Hill.  Calif 


Projects  are  assigned  quarterly  In  my  high  scnool 
math  classes.    These  are  to  be  done  over  a  two  week 
Period  outside  of  class  with  a  group  of  four  students. 
One  student  Is  appointed  project  manager  who  develops 
supervising  skills,  coordinates  and  evaluates,  the  other 
group  members. 

INDUSTRY  FOCUSED  BffiBftflH 

o  Teamwork 

o    Communication  skills 

o    Problem-solving  applications 

o    Professional  work  habits 

o    Presentation  skills  -(oral  and  graphic) 


EDUCATIONAL  LEARHlHfl  OBJECTIVES  -  In  addition  to 
Bilhiaillgfl 

o    Relevance  -  real  local  data  used 
o    Research  and  library  work 

o    Higher  level  of  persistence  than  normal   Is  expected 

o    Apply  graphic,  writing  and  oral  talents 

o    Use  alternative  method  of  evaluation  -  whollstlc 

grading 


ADDITIONAL  BEMEFTT9  WITH  PPaiECT  MAMAflEPfl 

o  Management  and  people  skills 

o  Group  dynamics 

o  Leadership  development 

o  Time  management 

o  Motivational  methods 


RE3P0N3I Bt LITIE3  OF  PROJECT  HAMAGEP3 

o  Equitable  work  assignments  using  available  students 

&  their  talents 

o  System  design  -  how  do  all  parts  fit  together 

o  Scheduling  and  projecting  timeline 

o  Status  reporting 

o  Adapting  for  unexpected  changes 

o  Quality  assurance  and  adherence  to  standards 

o  Presentation  performance 

o  Evaluation  and  grading  of  Individuals 

o  Communication  with  "Big  Boss"  (Teacher) 
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XsTBSBXlM  CaiUMLXirS  IMTEWOO*  STEATIQIC  VXOBLBM  ftVMUMKIH&TXOM 


Richard  A.  Zanq  and  Gerald  A.  Goldin 
Rutgere  University,  Piacatavay,  Haw  Jaraay  0SS55-1179  USA 

Ha  seek  to  infer  children'e  internal  etrategic  or  hauriatic 
rapraaantationa  froia  ovart  bahavior  in  a  task-based,  problea 
aolving  intarviaw.  Thia  ia  tha  firat  of  6  auch  intarviawa  in  a 
longitudinal  atudy  of  22  eleaentary-school  childran  ovar  3  yaara. 
Tha  clinician  bagina  by  laying  out  thraa  cards,  ona  at  a  tiaa: 


• 

• 

• 

•  • 

Aftar  a  briaf  pauaa  to  allow  for  apontanaoua 
response/pattern  datact i on ,  tha  chi Id  i a 
asked,  "What  do  you  think  would  ba  on  tha 
naxt  card?"  Our  goal  ia  alwaya  to  alicit  a 
coaplete  and  cohmrmnt  verbal  raaaon  and  a 


cohmrmnt  mxtmrnal  representation  (with  aaterials  providad)  bafora 
proceeding  to  tha  naxt  quaation.  Tha  child  ia  than  aakad  (in  alow 
auccaaaion) :  •  "What  card  do  you  think  would  follow  that  ona?"  • 
Do  you  think  thia  pattern  kaapa  going?  •  How  would  you  figure  out 
what  the  10th  card  would  look  like?  •  Here 'a  a  card  (ahowing  one 
with  17  dota  in  the  ahape  of  a  chevron)  . . .  can  you  aake  the  card 
that  com  before  it?  •  How  aany  dota  would  be  on  the  50th  card? 
For  exaaple  "Jacqueline"  (age  9,  4th  grade,  Spring  '92)  initially 
added  two  dota  to  the  bottoa  of  the  chevron  for  her  repreeentation 
of  the  fourth  card,  but  for  the  fifth  card  ehe  "filled  in"  the 
chevron     pattern.  She     never     drew     another  "triangular" 

repreeentation  froa  that  point  on  in  the  interview.  Inatead,  aha 
aade  a  table  with  a  linear  pattern  of  dota;  i.e.,  1  2  •  3 
4  aeeeeee,  etc.  We  had  expected  children  to  adopt  an  "add 
two"  etrategy.  However,  we  had  not  anticipated  the  extent  to  which 
the  children  abandoned  the  vieual /geometric  pattern.  Although 
Jacqueline' a  apecif ic  behavior  was  unique,  it  waa  alao 
rapreaentative  in  that  eventually  alaoet  all  the  children  relied  on 
numerical  over  geoaetric  repreeentations. 

Reference:  Goldin,  G.  A.,  DaBellis,  V.  A.,  DeWlndt-King,  A.  M. , 
Paeeantino,  C.  B. ,  and  Zang,  R.  A.  (1993).  "Taek-Based  Interviewe 
for  a  Longitudinal  Study  of  Children1*  Mathematical  Developaent." 
Proceeding  ot  the  17th  International  Conference  ot  PMB  (In  press) . 
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Mathematics  Mada  Maanlngful  Through 
Instructional  Ganes 


Lynn  Burnett 
Centre  for  Mathematics  and  Science  Education 
Queensland  University  of  Technology 
Queensland,  Australia 

Abstract 


An  increasing  awareness  and  acceptance  of  child  centred  learning 
approaches  and  teaching  is  growing  amongst  educators,  researchers  and 
members  of  the  general  public  Consequently  children  are  being  encouraged 
to  talk  about  and  share  their  Ideas  and  conjectures  with  peers  and  important 
others  without  fear  of  rejection  or  reprimand.  The  development  of 
environments  that  encourage  children  to  discuss  and  justify  their  thoughts 
and  conjectures  is  increasingly  seen  to  be  important  in  resolving  conflicting 
view  points  and  establishing  communally  shared  understandings.  It  is  also 
an  area  which  has  been  prominent  in  recent  constructivist  perspective  on 
learning. 

Flay  is  a  fundamental  part  of  children'a  learning.  It  is  their  way  of  making 
sense  of  the  world  around  them  through  situations  which  are  engaging, 
familiar  and  non-threatening.  Furthermore,  games  create  a  social  setting  that 
is  rich  with  real  world  experience.  They  allow  children  to  use  and 
understand  mathematical  language  and  social  organisation  in  a  purposeful 
way. 

A  research  project  consistent  with  constructivism  and  child  centred  learning 
and  teaching  approaches  is  presented  where  instructional  games  were 
implemented  into  a  classroom  setting.  The  project  allowed  the  children'a 
mathematical  concepts  to  be  developed  and  their  understanding 
consolidated  and  reinforced  by  creating  an  environment  which  used 
language  aa  a  bridge  between  the  children'a  informal  mathematical 
knowledge  and  abstract  mathematical  concepts. 
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The  Effect  of  Symbolic  Processing  on  Calculus 


Students'  Mathematical  Beliefs 


Presenter 


William  Horton 


diversity  of  northern  Colorado 


UNC  Is  a  mid-sized  university  whose  audience  for 
Calculus  Is  primarily  Liberal  Arts  majors,  many  of 
whom  plan  to  be  public  school  teachers.    For  this 
audience,  the  reduction  of  tedious  calculation,  a 
compelling  visual  presentation  of  calculus  concepts, 
and  collaborative  discursive  projects  which  are 
facilitated  by  a  symbolic  processing  course  should 
pay  substantial  dividends.    In  particular,  I  expect 
students  who  use  symbolic  processing  as  an  essential 
part  of  their  Calculus  experience  to  believe  more 
strongly  than  students  in  a  traditional  course  that 
mathematics  is  a  sense  making  activity  in  which  they 
actively  participate.    This  presentation  will  discuss 
the  results  of  research  investigating  how  these 
beliefs  evolve  for  students  in  both  traditional  and 
symbolic  processing  based  courses. 

I  have  developed  a  questionnaire  which  was 
administered  to  Calculus  students  at  the  beginning 
and  end  of  the  1992/93  academic  year.     I  will  discuss 
the  development  and  validation  of  the  questionnaire, 
the  statistical  results  about  change  in  beliefs, 
pedagogical  implications  of  the  study  and  plans  for 
future  research. 
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Lirfclr^Iretructign  and  Assessment  Throuft  Perfomance-Based  Activities 


PrastnUr       Hancy  Katims.  Ph.D.      Wrlan  flBiL  ft-P*  ,  .  . — 

InaiUutioa  _ja*5ii^-I^iai^ise  ,  — i  — *  

New  views  of  teaching  and  learning  call  for  new  forms  of  assessment  to  validly 
reflect  the  nature  of  learning  outcomes  and  to  properly  link  assessment  with  currioilu* 
and  Instruction. 

Tne  PACKETS  Prog/am  for  Middle  School  Mathematics  represents  an  exarple  of  an 
innovative  educational  program  in  which  such  a  linkage  is  created.  Based  on  research 
by  Richard  Lesh  and  other  ratiwmtics  educators,  PACKETS  materials  include  a  sequence  of 
activities  in  which  students'  learning  is  being  encouraged  while  the  teacher  is  able  to 
docuiwt  this  learning.  The  activities  proiote  the  use  of  interdisciplinary  instruction, 
cooperative  learning  technic***,  and  the  principles  of  the  KTTH  Standards. 

A  secuenc*  of  PACKETS  activities  begins  with  the  students  reading  a  data-rich 
newspaper  article,  based  on  a  real-life  situation,  and  adapted  for  middle  school  students. 
A  set  of  readiness  Questions  accompanies  the  article,  to  encourage  the  students  to  read 
it  with  a  'tathamatical  eye."  The  students  then  wrfc  in  groups,  usually  for  ore  or  tw 
class  periods,  on  a  roctel  construction  activity.  The  students  write  up  their  solutions 
and  present  tham  to  the  class.  Follow-up  exercises  are  desic/ied  to  show  the  studants 
the  variety  of  mathematical  approaches  that  are  possible  and  to  explore  the  underlying 
mathematics  ina/eater  depth'.  Assessment  guidelines  help  the  teacher  and  students  to 
capture  the  richness  and  nulti-dimensicnal  nature  of  the  stufcnt  work  at  both  a 
descriptive  and  an  evaluative  level. 

In  this  poster  presentation,  participants  will  have  the  opportunity  to  see  the 
conceptualization  framework  upon  which  the  program  is  based,  a  seouence  of  activities 
f ran  the  program,  and  examples  of  student  work  that  represent  different  msthewtical 
approaches  to  an  activity.  The  discussion  will  adoress  issues  at  several  levels,  including 
the  effects  on  students,  teachers,  and  classroom  instructional  practices  when  materials 
like  PACKETS  activities  are  introcuced  into  middle  school  mathematics  classrooms. 
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MATHEMATICS  OF  THE  ENVIRONMENT:  AN  EXPERIMENTAL  CURRICULUM 
MathewT.  Mitchell 
University  of  San  Francisco 

Mathematics  of  the  Environment  (or  MOE)  is  a  new  high  school  curriculum  created  to  address 
two  widely  perceived  problems  in  current  secondary  mathematics  instruction:  low  mathematical 
achievement  and  negative  student  attitudes  toward  the  subject  In  order  to  address  these  dual  problems, 
MOE  firmly  places  the  content  to  be  learned  within  a  real,  everyday  context  that  is  important  and 
challenging  to  high  school  students. 

The  poster  presentation  presents  both  an  overview  of  the  curriculum  as  well  as  the  initial 
evidence  (both  qualitative  and  quantitative)  assessing  the  success  of  this  program.  Evidence  will  be 
gathered  from  evaluations  conducted  during  the  Summer  of  1993  (in  two  schools)  and  partial  data  from 
evaluations  conducted  during  the  Fall  of  1993  (from  two  additional  schools).  The  evaluations  will 
include  results  from  surveys,  focus  group  transcripts,  and  sample  portfolios  of  student  work.  The 
emphasis  of  the  poster  presentation  will  be  on  MOE's  effectiveness  in  enhancing  student  Interest  in 
mathematics. 

MOE  attempts  to  put  into  practice  the  results  of  current  research  on  how  to  enhance  student 
interest  in  the  mathematics  classroom  (Mitchell,  1993).  Towards  this  end,  MOE  was  designed  to  be  a 
mathematical  adventure  which  would  be  perceived  as  both  meaningful  and  involving  to  students.  The 
MOE  instruction  hinges  around  the  central  problem  of  students  assessing  the  environmental  "health"  of  a 
nation.  Students  divide  up  into  groups,  each  group  responsible  for  investigating  a  different  country. 
The  students*  final  outcome  is  to  find  and  propose  a  solution  for  resolving  an  environmental  problem 
within  their  nation.  During  the  six  to  eight  week  period  that  MOE  runs,  students  need  to  learn  and  use 
specific  mathematical  skills  presented  in  the  course  in  order  to  accomplish  this  final  outcome. 

References 

Mitchell,  M.T.  (1993).  Situational  interest  Its  multifaceted  structure  in  the  secondary  mathematics 
classroom,  loumal  of  Educational  Psychology  fin  presiV 
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Title  The  Function  Mm»tg"Ap  Effort  to  Te*ch  Basic  Function  COPCCPIS 

More  Effectively 

Presenter  James  Olsen 

Institution  University  of  Northern  Colorado 

The  function  concept  is  unifying  and  central  to  the  understanding  of 
modem  mathematics  and  mathematical  modeling.  The  function  concept  is 
composed  of  many  aspects.  This  complex  concept  is  further  complicated 
by  the  many  representations  a  function  can  have.  The  difficulties  and 
misconceptions  students  have  with  the  function  concept  are  now  pretty  well 
documented.  One  reason  for  the  difficulties  is  that  the  notions  are 
conceptual  in  nature,  and  emphasis  and  attention  is  often  placed  on 
procedural  skills. 

The  leaching  of  the  function  concept  and  related  notions  at  the 
College  Algebra  level  is  particularly  arduous  because  students  arrive  with  a 
variety  of  conceptions,  misconceptions,  and  phobias  concerning  functions. 
Students  often  also  come  with  the  belief  that  functions  are  a  mathematical 
concoction  and  of  no  real-world  use. 

Jim  has  developed  and  implemented,  in  his  College  Algebra  course 
(spring  semester  1993)  ,  a  program  to  teach  basic  function  concepts.  The 
program,  called  the  Function  Minute*  attempts  to  show  students  how 
functions  appear  (repeatedly)  in  the  real  world,  teach  the  many  notions 
surrounding  function  gradually  (starting  early  the  semester),  emphasize 
multiple  representations,  and  make  the  function  concept  a  central  thread  of 
the  course. 
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SECOND  GRADE  CHILDREN'S  SCHEMES  TO  COORDINATE  TWO  UNITS 
TadWattiube 
Towson  State  University 
Children's  coordination  of  units  his  been  shown  to  influence  their 
understanding  of  arithmetic  (Steffe  and  Cobb,  1988),  fractions  (Watanabe, 
1992),  Proportional  Reasoning  (Lo  and  Watanabe,  1993),  and  geometric 
reasoning  (Wheatley  and  Reynolds,  1993).  However,  very  little  is  known  about 
their  schemes  to  coordinate  units. 

Four  second  grade  chik  -n's  attempts  to  coordinate  two  different  units 
were  investigated.  The  analysis  of  the  data  revealed  that  there  were  four 
different  schemes  were  used  by  these  children.  They  were:  one-as-one,  one-as- 
many,  many-as-one,  and  many-as-many.  These  schemes  appear  to  reflect  the 
participants'  mathematical  sophistication.  Further  investigations  of  children's 
unit  coordination  may  be  fruitful. 

References 

Lo,  J.  A  Watanabe,  T.  (1993).  Children's  image -based  schemes  for  solving 

proportion-related  tasks.  Paper  presented  at  the  Annual  Meeting  of  the 
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units  in  mathematics.  Paper  presented  at  the  Annual  Meeting  of  the 
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THE  OPERATIONAL-STRUCTURAL  DUALITY  OF  MATHEMATICAL 
CONCEPTS  IN  ADVANCED  MATHEMATICAL  THINKING 
The  A.M.T.  Working  Group  of  P.M.E. 
Pretested  by  Qontren  ERVYNCK,  K.U.Leuven,  Belgium 

Oui  purpose  it  to  pretest  a  topic,  taken  from  theories  of  cognitive  development  appropriate 
for  undergraduate  learning  of  advanced  mathematical  concept!,  which  kas  been  a  major  fbcui  of 
difcuiiion  in  the  AMT  Working  Group  in  the  last  two  year*.  In  doing  mathematics  there  U  a  per- 
manent interaction  from  •  process  to  a  concept  and  back.  Processes  are  encapsulated  into  concept! 
(Ed  Dubinsky);  at  such,  thorough  study  of  the  encapsulation  process  itself  may  give  us  an  oper- 
ational approach  to  mathematics  teaching.  A  typical  example  is  function.  There  are  clearly  two 
approaches,  as  s  process  or  as  an  object,  bat  which  one  ii  more  fruitful  ?  The  definition  of  a  Umii 
is  giyen  as  a  process,  encapsulation  toward  a  concept  is  often  difficult.  More  elementary  examples 
are  rum  and  produce  in  a  set  of  numbers;  in  elementary  algebra  almost  everything  is  procedural. 
Another  viewpoint  considers  the  need  to  introduce  a  concept  as  a  tool  for  solving  problems  before 
it  become*  the  object  of  reflection  at  a  higher  level.  The  symkoU  of  mathematics  play  a  key  roll; 
often  the  same  symbolism  is  used  to  represent  the  process  and  the  concept.  In  order  to  translate  a 
process  into  an  object  you  have  first  to  give  a  name  to  a  procedure  and  then  to  condense  it.  The 
term  proctpt  has  been  devised  (David  Tall)  to  point  toward  a  combination  of  the  three  components 
involved:  a  process,  an  object  produced  by  that  process,  and  a  symbolism  to  denote  either  of  these. 
This  allows  for  a  distinction  between  operational  procepts  such  as  3  +  2,  ttmplatt  procepts  tuch  as 
3z  +  2,  and  structural  procepts  such  as  TZTt  jjr* 

The  point  of  AMT  it  now:  what  meaning  may  be  conferred  to  the  adjective  advanced  ? 
The  presentation  of  advanced  mathematics  it  currently  through  definition  and  proof.  If  one  cannot 
define  what  f.ex.  a  group  is,  how  can  one  make  general  statements  about  itT  We  may  moreover 
raise  the  question  of  how  do  definitions  function  in  the  learning  process  T  Definitions  act  at  de- 
scriptions in  a  dictionary,  evoking  a  context  which  has  to  be  interpreted.  Why  do  students  have 
difficulties  in  AMT  ?  The  process  has  to  become  an  object,  which  it  difficult;  in  proofs,  or  wiving 
problems,  often  the  object  has  to  be  transferred  back  into  a  process,  a  difficulty  on  top  of  the  first 
one.  Which  teaching  ttrttegies  are  appropriate  to  help  students  make  the  difficult  transition  to  a 
definition-proof  construction  of  knowledge? 

A  tentative  conjecture  to  characterise  the  difference  between  elementary  and  advanced  math- 
ematics it  that  in  the  former  the  keyword  ii  ptvceoW.  ttudentt  start  from  problems  and  examples, 
performing  operations  to  answer  questions  they  move  toward  the  concept;  in  the  latter  the  keyword 
is  in/erences:  students  stsrt  from  definitions  and  proofs  to  build  the  concept;  examples,  when  used, 
are  closely  tied  to  a  definition. 
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RESEARCH  IN  THE  TEACHING  AND  LEARMNG  Of  UNDERGRADUATE  MATHEMATICS: 
WHERE  ARE  WE?  WHERE  DO  WE  GO  FROM  HERE? 

Organbara:  Joan  Farrlnl-Munoy  UrtvaraAy  of  Now  Hampahira,  Ed  Dutfnaky,  Purdua  Unrvaralty, 
and  am  Monk,  Urftraratty  of  Washington 

Thara  is  Inert asad  ktfaraat  partfcman>  In  tha  community  of  mathamaHdana,  In  quastfont 
about  lha  teaching  and  toamtog  ol  rnamamallcs  at  tna  tindargraduata  Mvat.  Profasstonai 
omarfiaaona  *ucn  **     MatbamaflcaJ  Association  ol  Amsrica  and  tha  Amtrican  Mathamattcaf 
Sodatyhavabaguntoanoouiaoaatlana^tothltamafglrig  rassarch  araa  within  that 
oonl tftnea  and  puMcaaon  sfructurs*  This  dacuaaton  aasston  H  oroanliad  by  mamban  of  tha 
Mathamatfcal  Aaaodatlon  of  Amartca/Amartean  MatnamadcaJ  SocJah/s  Commtttaa  on  Raaaarch  In 
Undanjfaduata  Mamamaica,  to  promota  a  mora  suataJnadtocutontffearuof  raaawch,  andto 
contnuatoatyaaraPMEdalooua.  Wa  wM  addrasa  fta  foaowlng  quaaaom: 

Can  wa  aummartea  major  raaaarch  art  as  and  msthodotodaa  oonosmtog  tha  looming  and 
toacNnnofundargraduatamatr)^^ 

trrtwoncw^aw*d^«x*anca?  * 
HowcsnmathamatJdamandraaaafcto 

lnvastfgata  significant  o^sstfons  about  lha  taacNog  and  teaming  of  unefcrgraduata  mathamatlcs? 

How  c^waanoouragarrioraiyatamaic  and  wloaapraad  Irtaraat  In  trss  araa  of  rmarcri,  wWla 
also  maintaining  high  lava*  of  quafty  tor  audanrjaa  of  maa^amaJtoJans,  mathamatlcs  aducation 
rasaarchars,  and  omars? 

What  rns<hanlarm  can  bactevstopadhy 

Instruction  and  curriculum,  with  ma  community  of  coaaga  matrtamsaca  tsachars? 

Is  a  vtatois  to  pmposa  a  PME  WorWng  Group  on  «>a  TaacNng  and  LaaiNng  of  Unctorvaduats 
Mrthamaaca?  Wnatrts^baa^islslfenshto  wJUi  tna  Advancsd  Mathamafcai  ThtnMng  Wortdng 


A  wlda  ranga  of  raaaarch  has  baan  undartaJtan  oonoarnjng  tha  taachmg  and  toamlng  of 
undarctaduata  mathamaaca.  Thara  am  sartoua  cfiaSingst  In  corgloaring  how  this  wo*  might  be 
summartzad  and  ofgartxad  so  tfiat  I  can  ba  aooaaafcfa  and  hatoajl  to  tntaraatad  raaaafchara  and 
practiionara.  Savaral  worWng  rafsranoa  Mi  and  btoiographlaawalbaasaantMlc^m 
daajaaionsssaton,andparttdparisa»  Cartamfytha 
mcrograph  producad  by  tha  PME  Worisng  Group  on  AoVanoad  Msr^  -aJcal  TnWdng  provides  a 
v*yuaa*jlorgajiteaion.  AottaonaJ  oompaaalona  and  tormaai  rrigN  v    jatoful  to  various 
oommunJWsi. 

Colege  and  uNvarajrv  laachars  of  marhernaica  oftan  hava  serious  and  kT*»rtant 
etjes*>mooncamlnglaeuashsluoaf<la^^  Communkatho  Among 

Cotnwnf,  tha  MnaJ  raport  of  a  fa*,  1»1  a>n<aranca  aponac<ad  by  ma  MAA  sxsjdas  as  ona 
of  Hs  racommandallons  that  those  facuty  whoaa  pfofaestonal  wo*  Is  devoted  to  raaaarch  hi 
mathemeeca  edjcasion,  as  wal  al  tioaa  whoaa  work  oanlars  on  curriculum  development  or 
aoucs»JonaJpwcaWafw*>baappt^^  Isauas  m  this  araa  aiao  wll  ba  raised. 

SayorsJa^ndaaVeVwei  oavatopadbooyof  wc<fcloacVanc«methematt*iNr»ina 
thara  certaWy  ara  othar  raaaarch  drecaone  and  emptier  to  to  area  of  urxJefi*?cfcate 
niathemeto  learning  and  leadikTg.  Thaaa tockjoa various Intorverajon-type aturjastottat 
ttxrtcufar  kmovaaoo  or  IrartnxtonaJ  strategies,  etudes  of  toachJng  procesess,  and  studes  about 
tharrajmamaftaprapa/^otpraa^  Wa  hops  to  axpand  lha  dscusaion  to 

determine  ma  ways  that  tbtsa  othar  snee  of  raaaarch.  rraviy  o«  wrs\A  rtava  mora  prof<xjrti 
Impacaaons  lor  practice,  may  ba  extended  andcommu/acated. 
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Developing  Understandings  of  tfie  Struggle!  ma  mull 


R*l*t«d  to  th«  Study  of  T«Bch«r  Change 


Kegen  Frank*.  C*th«rin«  lrovn,  Harg.r.t  Smith 
PreSfoUr  

UCLA.  LW>C  Univereity  of  PittBburgh.    LSDC  UaivtrBity  of 
Institution  Fltttbureh 


Just  as  teachers  sre  struggling  to  change  the  way  they 
teach  mathematics,  we  aa  reaearchera  are  struggling  to 
underatand  the  processes  snd  parametera  of  thia  change. 
For  the  past  few  years,  resesrchers,  supported  in  psrt  by 
the  Nstionsl  Center  for  Resesrch  in  Mathematical  Sciencea 
Education  at  the  Univeraity  of  Wisconsin  and  the  Center 
for  the  Development  of  leeching  st  EDC,  hsve  met  to 
conaider  conceptual  and  methodological  issues  involved  in 
understanding  teachera  aa  they  grepple  with  transforming 
their  mathematics  teaching.    The  participants  in  these 
meetings  have  addresaed  a  number  of  theaea  including; 
(1) understanding  patterna  of  change  in  teacher' a 
knowledge,  beliefa  and  action,,  including  the 
relationahipa  among  thoae  patterna,  {2) identifying  the 
elementa  of  the  system  of  tescbing  (including  teschers,  * 
students  and  the  broader  achool  context)  in  which  one 
would  expect  to  find  change;  (3)  the  ethical 
ramifications  of  such  study  including  the  role  the 
teacher  plays;   (4)  theoretical  issues,  particularly  in 
connecting  our  work  to  work  both  in  and  outside  the  field 
of  aathematica  education;  and  (5)  delineating  and 
discussing  the  methodological  perapectivea  of  the  varioua 
pro j acta. 

The  purpoae  of  this  session  is  two  fold.    First,  we  would 
like  to  open  this  discussion  of  tescher  chsnge  and  ths 
relsted  issues  to  others  in  the  msth<matics  education 
community.    Second,  we  would  like  to  outline  and  diacuss 
the  struggles  snd  issues  related  to  understanding  teacher 
change.    To  begin  the  aeaaion  we  wiil  briefly  outline  the 
iaauea  given  above.    He  will  aak  that  the  participanta 
identify  an  issue  falling  within  one  of  the  outlined 
areaa  that  they  currently  find  themselvea  atruggling  with 
in  their  own  work.    After  participanta  have  identifier 
their  issues  for  the  group  we  will  divide  into  st  lesst  5 
smsll  groups  for  more  focused  discussion.    These  groups 
will  reflect  ths  five  general  themea  cited  above: 
patterna  of  change  in  beliefa,  knowledge  and  action; 
underatanding  the  parameters  of  the  system  of  change; 
ethical  concerns;  theoreticsl  concerns;  snd 
methodological  concerna.    Depending  on  the  number  of 
participanta  it  may  be  necessary  to  further  divide  theae 
groupa.    In  some  cases  the  group  will  consist  of 
participanta  who  are  all  struggling  with  the  same  issue. 
In  other  caaea,  the  groupa  will  consist  of  participanta 
aharing  a  range  of  concerna  all  fallina  within  the 
broader  category  of  issues.    Our  hope  is  that  the 
participants  will  not  only  lesrn  about  other  participants 
resesrch  on  tescher  chsnge  but  slso,  that  the 
participants  will  begin  snd  in  some  cases  continue  the 
discussion  on  how  to  sddress  some  of  the  issues  fscing 
the  field  of  teacher  changa. 
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Developing  Effective  Learning  Environments  and  Tasks  for 
Prospective  Middle  School  Mathematics  Teachers 


Presenters   EKzabeth  JakubowsM,  Grayson  Wheatley,  and  Jenny  ErbHch 
Institution     Honda  State  University,  Tallahassee,  Florida 

This  presentation  will  describe  a  three  year  National  Science 
Foundation  funded  middle  school  teacher  education  project  at  Florida 
State  University.  Mathematics  and  pedagogical  courses  are  being 
developed  by  teams  consisting  of  mathematicians,  mathematics 
educators,  teachers,  and  graduate  assistants.  A  total  of  five 
mathematics  courses  and  two  teaching  and  teaming  courses  wtM 
developed  by  the  end  of  the  project.  Tasks  and  learning 
environments  which  provide  potential  learning  opportunities  for  the 
participants  are  being  developed  with  the  view  that  learning  Is 
changes  made  In  learners'  thought  patterns  to  neutralize 
perturbations  thtrt  arise  through  interactions  with  our  world.  Learning 
is  accomplished  by  constructing  and  elaborating  schemes  based  on 
experiences;  it  Is  very  much  a  personal  matter. 

Providing  opportunities  for  prospective  teachers  to  construct 
discipline  specific  pedagogical  knowledge  is  a  priority  of  this  project. 
Many  prospective  middle  school  mathematics  teachers  have  not 
constructed  an  adequate  meaning  of  mathematical  concepts  central 
to  middle  school  mathematics. 

A  geometry  course  for  prospective  middle  school  teachers  developed 
by  a  team  wilt  be  described  in  this  session.  The  presentation  will 
Include  computer  micro  worlds,  video  segments  of  students  engaged 
In  problem  centered  learning,  and  selected  mathematics  activities. 
Novel  units  developed  Include  spherical  geometry,  fractals, 
abstracting,  topology  and  measurement.  The  presentation  will  be 
designed  to  generate  discussion  by  the  audience-reactions  to  the 
proposed  topics,  instructional  strategies,  and  assessment  procedures 
will  be  sought. 
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-Discussion  Group- 
SHAPING  REFORM  IN  ALGEBRA  EDUCATION 

David  Klrshner  Jim  Kaput 

Louislsrm  Statu  University        Unlwnlty  of  kUtsschuMitts 

This  Discussion  Group  continues  a  debate  initiated  at  the  1993  NCTM 
Presesslon  and  the  AERA  Annual  Meeting  under  the  auspices  of  the  Algebra 
Working  Group  of  the  NCRSME.  The  debate  examines  the  linkages  and 
disjunctions  between  the  current  algebra  curriculum  and  the  rich  empirically 
oriented  approaches  being  developed  by  researchers  at  various  sites  across  the 
continent.  One  motivation  for  the  debate  is  political  and  strategic:  If  systemic 
curriculum  initiatives  are  to  be  introduced,  then  it  is  necessary  to  consider  not  only 
the  makeup  of  the  new  curriculum,  but  also  the  nature  of  the  changes  that  teachers 
and  schoois  will  be  asked  to  accommodate  to.  The  Discussion  Group  presents  a 
forum  for  facing  these  crucial  issues  up  front. 

The  substance  of  the  debate  concerns  alternative  visions  for  a  renewed  algebra 
curriculum  that  inspire  the  current  research  enterprise:  What  is  an  appropriate 
balance  between  formal/structural  algebra  and  empirical  algebra?  While  past 
meetings  have  demonstrated  considerable  consensus  within  the  research 
community  as  to  the  directions  that  reform  needs  to  push,  there  are  differences  to 
be  explored  and  resolved.  There  is  also  a  major  long  term  reform-strategy 
question:  Should  algebra  continue  to  be  embodied  in  a  series  of  middle  and 
secondary  school  courses,  or  should  it  be  integrated  within  the  K-6  curriculum? 
The  session  will  begin  with  Jim  Kaput's  brief  summary  of  the  issues  and 
consensus,  and  David  Klrshner1*  brief  analysis  of  some  differences.  An  energetic 
and  productive  debate  is  anticipated.  We  look  forward  to  your  participation. 
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,      Cultural  mpport  for  gathamatica  understanding 


Prauntets      Irana  T.  Miura  and  Yukari  Okemoto 


Institution 


u    San  Jo»»  Stata  Pniv»r5it^  6  PC  Santa  Barbara 


There  is  growing  interest  in  the  role  thit  cultural  processes  mayplaym  the 
understanding  of  mathematics.  Social  and  economic  activities  (R ogoff,  1990; 
Saxe,  1988;  Saxe,  Guberman,  &  Gcarhart,  1987)  and  the  use  of  culturally 
developed  tools,  such  as  Janguage  and  numerical  are  exarnpl es  of  cultural 

processes that  may  affect  mathematics  understanding  (Cobb.  1993;  Kaput,  1991; 
KhTraTokamoto/Kim,  Steere,  &  Fayol,  1993;  Nunes,  1992;  Rogoff,  1990). 

Mathematical  notation  systems  and  the  language  of  nmihcmabcs  cannot  be 
separated  from  the  cognitive  processes  of  their  users.  In  the  proposed  session,  we 
will  examine  the  possible  effects  of  Japanese  number  ^«^_cKw^cmtlC?,on-lhc 
mathematics  understanding  and  performance  of  Japanese  children.  We  provide  rive 
examples  of  language  supports  for  mathematics:  1)  the  number  counting  system;  2) 
certain  mathematics  terms;  3)  the  use  of  numerical  classifiers;  4)  the  syntax  of  word 
problems;  and  5)  the  lack  of  a  plural  morpheme. 

Number  counting  system.  The  counting  system  in  Japanese  Is  organized  so 
that  number  names  are  congruent  with  the  traditional  base  10  numeration  system. 
Japanese  children's  concrete  representations  of  number  reflect  tfua  organization  and 
show  an  understanding  of  place-value  concepts  (Miura  et  aL,  1993). 

frT^™*'™**"™"-  Fractions,  for  example,  may  be  fP<*  *° 
understand  in  Japanese.  One-third  is  spoken  as  "san  bun  no  ichi  which  is  literally 
translated  as  "of  three  pans,  one,"  The  language  directly  supports  the  fractional 

concept  of  thuds.  .    .„  .  ,   

Vm^lclatsifien.  Nun>encal  classifiers  are  used  l^^^f* 
objects,  for  example,  eight  "ponH  pencil  (pon  being  the  classifier  for  long,  thin 
objects).  The  classifier  adds  a  coherence  to  the  items  being  enumerated  and 
integrates  them  into  a  set,  rather  than  treating  them  as  individual  items.  In  word 
problems,  classifiers  also  act  as  place  holders.  They  may  make  problems  more 
concrete.  For  example,  the  statement,  Tom  has  5  pencils;  2  more  than  Jon, 
would  be  translated  as  Tom  has  5  'pon'  pencils;  2  'pon  more  than  Jon. 
Numerals  in  isolation  (eg.,  the  2  in  the  previous  statement)  are  not  an  abstract 
quantity,  and  this  may  engage  children  in  a  stronger  visual  representation  of  what 

the  word  problem  is  asking.  .  ,   . 

cJny^rofwnrripmhlemi.  In  Japanese,  word  problems,  in  general,  are 

stated  ta  ffitaW^  m  in  English  ™^y«^»^* 
cognitive  overload  which  can  occur  when  solving  anthmeoc  worf^bjems.  The 
wording  also  varies  so  that  the  arithmetic  operation  remured  is  arnerenr in  the 
phrasing  of  the  problem.  For  example,  the  question.  "How  many  marbles  does 
Tom  have  more  than  Joe?"  is  translated  as  Tom  more  than  Joe  has  how  many 
marblesr  The  comparison  between  Tom  and  Joe,  and  the  search  foe  the  amount  of 
difference  between  them.  Is  explicit  in  the  wording  of  the  question,  to  subtle  but 
significant  ways,  the  syntax  of  arithmetic  word  problems  suggests  what  operations 
should  be  used  in  the  solution,  eliminates  extraneous  (and  sotnctmies  confusing) 
information,  and  keeps  the  reader  focused  on  the  information  pertinent  to  the 

>°!uti0ni ' irfr  n  |  plttral  mrgpherne.  Japanese  lacks  a  plural  nxrpheme;  there  is  no 
verbal  agreement  for  number,  and  articles  are  not  used  to  denote  number.  Children 
may  learn  to  pay  close  attention  to  numbers  because  they  are  used  only  when 
number  is  important.  This  would  have  rniportant  Implications  for  mathematics 
which  is  dependent  upon  numbers. 
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Title  Teaching,  Learning  and  Understanding  Common  and  Decimal  Fraction 

Concepts 
Presenter       Douglas  T.  Owens 
Institution      The  Ohio  State  University 

The  Purpose  of  this  presentation  is  to  describe  responses  on  two  tasks  of  grade  six 
children  involved  in  a  classroom  leaching  experiment.  Research  suggests  that  the  emphasis 
of  classroom  instruction  is  often  on  symbols  and  procedures,  which  has  been  called 
procedural  knowledf*.  In  this  study  we  created  a  learning  environment  which  would 
promote  the  conslmction  of  conceptual  knowledge  Hiebert  and  Ufevre  (1966).  We 
undertook  to  provide  situations  in  which  children  would  learn  relational  mathematics 
(Skemp  1976)  as  opposed  to  instrumental  mathematics. 

The  teacher  was  invited  to  be  a  collaborator  contributing  her  expertise  on  teaching 
children  and  knowledge  of  her  class.  An  instructional  sequence  was  planned 
collaboraiively.  The  principal  investigator  and  graduate  assistant  designed  and  prepared 
discussion  sheets  and  manipulative*  to  be  used  in  class.  The  instructional  materials  were 
prepared  in  advance,  but  decisions  about  timing  and  use  of  matenals  were  made  by  the 
teacher  using  her  professional  judgment.  The  interviews  and  videotaping  drew  heavily  on 
the  methodology  of  the  small-group  teaching  experiment  (Cobb  and  Steffe,  1983). 

The  first  interview  task  reported  was  set  in  the  oontext  of  a  metre  rule  to  gel  at  the 
students'  connections  between  common  and  decimal  fractions,  especially  in  thousandths. 
Three  children  could  give  immediate  explanations.  One  of  these  saw  one  eighth  m  12j 
hundredths  and  five  eighths  as         Two  children  used  money,  pointing  out  that  a  quarter 
is25cents.  Thus  \  of  a  metre  is  25cm  and  g  is  12  jcm.  One  profited  by  a  hint  that  a 
quarter  is  25  cents.  One  profited  by  a  hint  to  start  with  one  half,  which  she  saw  as  50  cm 
and  was  able  to  determine  that  three  eighths  is  625  thousandths.  Two  children  could 
determine  that  one  fourth  of  the  metre  is  25  cm,  but  could  not  come  up  with  one  eighth. 

The  second  task  is  the  "balls  in  the  box'  task,  in  which  students  were  asked  to 
indicate  a  fraction  of  a  set  of  eight  balls  of  varying  sizes  and  shape.  Students  were  asked  to 
show  one  eighth  of  the  balls.  If  they  protested  that  the  balls  were  not  the  same  size,  the 
interviewer  asked  about  one  half  the  class  of  24  students.  They  often  indicated  12,  in 
which  case  the  interviewer  pointed  out  that  the  children  were  not  the  same  size.  Two 
students  agreed  that  neither  the  balls  nor  the  people  need  be  the  same  size,  Ctocfirstsaid 
that  size  doesn't  matter,  but  became  unsure  when  questioned.  Five  thought  that  the  bdls 
must  be  the  same  size,  but  kids  in  the  class  can  be  different  sizes.  One  other  indicated  it  is 
easier  to  find  one  eighth  of  the  balls  of  equal  size.  Three  thought  that  balls  and  people  must 
both  be  ihe  same  size  in  order  to  determine  a  fraction  of  the  set  Dunng  class  sessions  in 
the  current  year,  these  students  had  not  encountered  fraction  concepts  based  on  sets  of 
discrete  objects.  The  teacher,  through  the  instructional  sequence  had  emphasized  that  in  the 
measurement  situations  they  had  encountered  that  equal  parts  were  necessary.  
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USING  OPEN-ENDED  PROBLEMS  IN  CLASSROOM 


Erkld  Pehkonen,  University  of  Helsinki  (Finland) 

The  method  of  using  open-ended  problems  in  classroom  for  promoting 
mathematical  discussion,  the  so  called  "open-approach"  method,  was  developed 
in  Japan  in  the  1 970*5  (Shimada  1977,  Nohda  1988).  About  at  the  same  time  in 
England,  the  use  of  investigations,  a  kind  of  open-ended  problems,  in  mathema- 
tics teaching  became  popular,  and  the  idea  was  spread  more  by  Cockcroft-report 
(1982).  In  the  1980s,  the  idea  to  use  open  problems  (or  open-ended  problems)  in 
classroom  spread  all  over  the  world  (see  Pehkonen  1991),  and  research  of  the 
possfbflirJes  of  using  open  problems  is  especially  now  very  vivid  in  many 
countries. 

In  some  countries,  the  idea  of  using  open-ended  problems  in  mathematics 
teaching  has  also  been  written  in  one  form  or  other  into  the  curriculum.  E.g.  in 
the  new  mathematics  curriculum  for  the  comprehensive  school  in  Hamburg 
(Germany),  about  one  fifth  of  the  teaching  time  is  left  content-free,  in  order  to 
encourage  the  use  of  mathematical  activities  (Anon.  1990).  In  California,  they 
are  suggesting  open-ended  problems  to  be  used  beside  the  ordinary  multiple- 
choice  tests  (Anon.  1991). 

In  the  discussion  group,  the  following  questions  will  be  dealt  with:  What  are 
"open-ended  problems"?  Why  use  open-ended  problems?  How  to  use  open- 
ended  problems?  For  structuring  the  discussion,  there  will  be  one  or  two  short 
presentations  (about  10-15  min)  from  different  parts  of  the  world. 
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~~~~  Discussion  Croup  on  Isagtry  and  Its  Uses  In  Metaphors, 
Title  —  


Hetonymies  and  Beliefs  In  Hat  hematics  Education.  


D  .  Horn  C.  Pm 
Presenter  — 


.    A.  The  Florid*  State  Unlvtrslty 

Institution   


L 


isiuuiwn  ,   ■   —  —  , 

Imagery   Is    central    to    all   hus«n    reasoning,    and  therefore 


ms^stat"^?  Ismad,  tongue -In-chMk.  provocatively.  This 
v?ew    Is    ImpLed    in    Mark    Johnson',    writings    on    metaphor  and 

les  instrument,  which  places  teachers  and  student ^s  on  a 
continuum  from  nonvlsuallzers  to  vUmUmm.  «k«  no 
sense.  But  Individual  differences  In  P^'?""  y  Questions 
this  regard,  as  do  different  types  o£  lma9«"^-  Q"""°ns. 
emerge  concerning  the  philosophical  and  psych  ologlMl  « 
pects  of  beliefs  which  underlie  teaching  and  learning  of 
mathematics.  What  Is  mathematics?  What  Is  imagery? 
2.    There    are    at   least   two   different    ways    fa.    which  1-ag.ry 

Uage  «che.aUc  structures,  Jormaon,  1987)  ^  between 

Kant's    formulation,    based    as    It     s    on  dichotomy 

loglcl  conclusion.  Without  ^S^Ji^^,. 
T  m^tlc'al  faction,    concept  formation    and  meanlng- 

SSSL   STmay  ' 
be  used  to  improve  classroom  learning  of  mathematics 

3  nested,  transparent  metaphors  with  u"««tu."t  l«g» 
or-  a  basis  for  cultural  belief.  (Quinn  and Holfa.nc .Mm 

^s^g^ 

SSJSTS  ta°ke  ^ce  T classro^s.^h.t  is  the  role  of 
Imagery  lti  this  complicated  process? 

<  Imagery  is  ubiquitous.  Intuitive,  often  subconscious,  and 
engages  the  deepest  IMUolM  .^^Ul,tlon.  taken  over  by 
Imagery  Is  much  more  than  the  v|?ua"za"°h  ,  qtaphlcs  may 
computer   graphics    advocates     valuable    as    "us.    graph  , 

bC      lDtl0„r1"tf"tlw'r,lt.rr9"ln  '£S£J?V%  Cunningham  (1991, 

10"<UU   "   this    regard.  Images 
representation,    are    not    appropriated    d""tly    f  rom  p 
TEtf  l^l^ndceilthlsHOpWrocde°ss7nddVtPh1eyrsP  in^^vedlnjhe 

r^rhinrj   a        Igarnlnfl   fit  mathematics?  
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at  Boulder 

This  discussion  group  is  associated  with  the  ongoing  work  of  the  Teacher  Change 
Working  Group  (sponsored  through  the  NCRMSE  (University  of  Wisconsin]  and  Ihe 
Education  Development  Center),  a  national  collection  of  researchers  interested  in  examining 
methodologies  for  studying  teacher  change  in  the  reform  of  school  mathematics. 

The  purpose  of  this  discussion  group  is  lo  explore  ways  in  which  collections  of 
mathematics  teachers  working  together  within  a  school  influence  the  process  of  teacher 
change.  Increased  movement  toward  school-based  innovation  within  mathematics  reform  is 
exemplified  by  a  number  of  projects  that  (either  by  design  or  evolution)  assist  and  study 
teachers  as  they  attempt  to  work  with  their  school-based  colleagues  and  externally  based 
staff  developers  to  implement  change  (the  projects  in  which  the  two  organizers  are  involved- 
QUASAR  (Silver.  19931  and  Studies  in  Improving  Classroom  Teaching  and  Local 
Assessments-are  two  examples).  The  emerging  sense  is  that  teacher  change  within  this 
type  of  improvement  effort  possesses  some  characterj sties  that  may  distinguish  it  from 
individual  teacher  change.  For  example,  given  time  together  to  reflect  on  newly- construe  ted 
mathematical  ideas  and  to  work  on  pedagogical  implications  of  those  ideas,  school  based 
colleagues  may  socially  construct  a  common  understanding  of  warranted  practice.  Such  a 
common  understanding  can  provide  direction  and  motivation  for  continued  efforts  as  well  as 
a  common  ground  from  which  to  assist  and  to  critique  one  another's  work. 

The  organizers  wilt  begin  the  session  with  a  brief  discussion  of  issues  that  they  have 
encountered  in  trying  to  understand  how  group  participation  in  a  reform  effort  influences  the 
phenomenon  of  teacher  change.  Ten.  contributions  from  the  audience  will  be  solicited 
with  respect  to:  (a)  descriptions  ot  various  settings  and  activities  (hat  school-based 
colleagues  use  to  work  together,  and  (b)  commentary  on  how  such  collective  work 
influences  teachers'  knowledge,  beliefs,  and  practice.  In  addition,  the  ways  in  which  bom 
individual  (e.g.,  von  Glaserfeld,  1983)  and  social-interaction  (e.g..  Lave  St  Wenger,  1991) 
models  of  knowledge  construction  can  contribute  to  an  understanding  of  teacher  change  in 
school-based  mathematics  reform  will  be  explored. 
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ON  THE  MATHEMATICAL  PREPARATION  OF  TEACHERS 
Organizer:  Eva  J.  Szillery,  Rutgers  University  and  Academy  for  the  Advancement  of  Science  and  Technology 
Respondent:  Frank  Letter,  Indiana  University  and  JRME 


Our  toremost  educational  outcome  hat  shifted  bom  developing  skills  to  developing  concepa.  What  are  the 
impacts  of  this  imuirion  for  teacher  training  in  mathematics? 

This  dfccuxuon  group  U  designed  lo  be  linked  lo  ihe  Plenary  Session  by  Thomas  Cooney.  Myteayeanof 
experience  in  observing  teacher*  in  classrooms,  in  teacher  training  programs  and  in  lenchiag  college  mathematics  (to 
non-mithemaocaUy  oriented  students  and  lo  eiectrical  engineering  majors)  forms  the  basis  for  proposing  that: 
Maihemancs  teachers  in  iheir  training  should  leant  more  about  structures,  one  of  Ihe  most  fundamental 
concepts  of  modem  mathematics.  The  notion  of  structure  and  related  notions  acquired  central  position  in 
mathematics,  from  technical  as  well  as  philosophical  and  methodogical  points  of  view. 

Why? 

a.  From  the  philosophical  point  of  view,  the  widespread  use  of  structures  and  of  isomorphisms  emphasises 
one  of  ihe  main  features  of  modern  mathematics  •  (hat  is.  thai  the  nature  of  mathematical  objects  is  not  the 
important  thing  but  rather  the  relations  which  exists  between  them. 

b.  While  teachers  would  not  leach  mathematical  structures  it  is  important  to  see  this  unifying  concept  in 
order  to  show  "the  links  between  the  pteces\  The  author's  experience  confirms  that  students  have  leas  difficulty  with 
algebra,  if  arithmetic  was  taught  in  an  algebraic  fashion:  emphasizing  the  operations  carried  out  rather  than 
concentrating  on  the  final  answer. 

My  hypothesis  is  that  on  the  school  level  mathematics  is  effective  if  the  students  learn  to  make 
connections.  For  this  goal  the  teachers  should  know  the  unifying  concepts  of  structures  and  through  that  knowledge 
the  teachers  could  learn  the  art  of  linking  elements  in  Set  Theory  to  Geometry,  to  Algebra,  to  Arithmetic,  to 
Statistics,  etc.  In  context  of  the  isomorphic  structures  it  is  always  easier  to  kam  new  structures. 

Discussion  questions  will  be  posed  concerning  open-ended  problems,  guided  discovery  and  the  role  of  proof. 
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HOW  CAN  WRITTEN  CURRICULUM  FACILITATE  CHANGE? 
Cornell*  Tlemey,  Rebecca  B.  Corwin 
TERC,  Cambridge,  MA 


A  number  of  math  educators  have  told  u*  that  there  is  little  or  no  audience  for 
new  kinds  of  curriculum  such  as  the  NSF  sponsored  Investigations  in  Number, 
Data,  and  Space  we  are  developing  for  elementary  school.  They  have  suggested 
that  time  is  better  spent  working  with  groups  of  teachers  to  change  their  ideas  of 
math  education  so  that  they  will  want  curricula  like  ours.  However,  our 
experiences  with  piloting  this  curriculum  and  other  recent  curricula  has  lead  us 
to  believe  that  written  curriculum  can  make  a  difference,  not  only  for  teachers 
who  are  already  seeking  new  things  to  do  in  their  classrooms,  but  also  for 
teachers  who  are  generally  accepting  of  current  approaches  to  teaching  math 
We  have  seen  this  second  group  of  teachers  renewed  by  trying  new  roles  for 
themselves  and  their  students,  new  topics  and  new  ways  of  looking  at  old  topics. 

In  this  discussion  at  PME-NA,  we  are  interested  in  learning  from  others  what 
their  experiences  are  as  teachers  and  with  other  teachers  using  new  curricula. 
We  will  exchange  and  analyze  instances  of  classroom  change  that  result  at  least 
partially  from  teachers  and  children  grappling  with  good  curricula.  What  is  it 
about  curriculum  that  may  facilitate  change  in  classrooms? 

What  moves  students  to  make  conjectures?  to  make  generalizations?  to  pose 
problems?  to  be  eager  to  communicate  their  ideas?  How  do  teachers  support 
and  lndude  more  children  in  active  engagement  with  mathematics? 

What  moves  teachers  to  think  about  their  mathematics  teaching?  to  see  new 
strengths  in  their  students?  to  look  at  the  more  typical  content  in  creative  ways? 
to  enjoy  teaching  mathematics? 

In  the  first  part  of  the  discussion,  participants  will  describe  examples  of 
curriculum  that  made  a  difference.  Please  bring,  if  you  have  one,  an 
investigation,  a  problem,  a  classroom  process,  a  way  of  writing  for  teachers,  etc. 
and  the  story  of  the  classroom  changes  you  believe  were  prompted  by  it  The 
rest  of  the  discussion  time  will  be  spent  in  considering  what  these  stories  tell  us 
about  the  attributes  of  engaging  curricula.  How  can  written  curricula  provide  a 
context  for  teachers  to  examine  the  interrelated  factors  that  affect  their  students1 
learning,  their  learning,  and  their  teaching  of  mathematics? 
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MathPet  Abstract 


We  present  a  modal  for  the  preparation  of  elementary  echoo*  teachers 
being  developed  by  the  MathPET  Project,  funded  by  the  NSF.  One  of  to 
principal  oMcSvm  is  to  change  the  negative  belief  systems  about  the 
rature^  mathematics  and  the  process  of  learning  and  teacWng  of 
mathematics  that  most  prospective  teachers  bring  ^ththem.  Recent 
literature  has  described  the  Importance  of  beliefs  In  the  learning  and 
utilization  of  mathematics  and  has  Indicated  the  lack  of  attentionthat 
affective  variables  receive  in  teacher  preparation.    Using  problem 
situations  we  provide  prospective  teachers  with  an  opportunity  todeepen 
their  understanding  of  mathematics  in  a  learner-oriented  environment, 
discuss  how  mathematics  is  learned  and  how  this  learning  can  be 
facilitated  thus  Integrating  issues  of  cognition,  pedagogy  and  content  in 
one  context  These  problem  situations  are  structured  so  that  problem 
solving  and  applications  are  Integral  parts  of  the  learning  process  and  not 
mVely  addenda  to  a  curriculum.   We  contend  that  IntellectuaHzed 
discussions  of  problem  solving  and  metacognitkxi  are  largely  worthless 
without  the  participants  first  having  real  problem  solving  adventures  of 
their  own  and  a  focussed  examination  of  their  own  metacognitive 
processes. 

We  have  developed  and  are  continuing  to  develop  problem  situations  on 
a  broad  variety  of  topics:  counting;  addition  and  subtraction;  place  value; 
multiplication  and  division;  fractions;  ratio  and  proportions;  symmetry; 
similarity;  properties  of  solids  and  plane  figures;  data  collection, 
organization  and  Interpretation;  elementary  number  theory;  measurement 
of  length,  area  and  volume;  etc.  These  problem  situations  will  always 
provide  a  context  and  a  need  for  the  particular  concept. 
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lachmqum  awl  analytical  frameworka.  Them  ft— ■  uitat  cm  be  pUced  cm  e  coattmmm  ranging 
froor  aa  almost  esrfuetve  focue  oa  cognition  (ga  wfth  early  amdJet  of  coveting  or  aolviag  addition  aad 
aubtasctioa  word  problems)  to  a  almost  exchmtve  focue  oa  aockl  iatereetioa  (aa  with  recent  studies 
of  evtrybey  ■iihimiHci  or  social  conalmtjoa).  Traditionally  (he  cognitive  fiaumb  have  held  e 
privileged  poeition  in  edexationel  reaeuca,  but  recent  ■rgnmiati  for  aa  innxxmace  of  a  am 

aodifly  or  culturally  oriented  view  have  emrvmced  aaoet  caWe  aa  nailhenutin  education  that  a 

aaore  balanced  view  ia  necaaaary. 

Achieving  aie  hilanci  ia  oar  primary  concern  ia  ptopoaiag  e  macumiou  grout).  Recent 
work  malting  aaa  of  aitaatad  cognition  or  Vygotatiaa  theory  aaggcat  that  fnneworka  paying  proper 
reapect  to  both  cognitive  aad  soda]  meters  an  eaaargiag.  Still,  naay  auostioat  retain  which  have 
both  practical  aad  puloaophknl  interest  Of  pritaary  Uaareat  are  the  comparative  advaatagea  of 
each  perapecliva,  iadudmg  what  each  ^apacti»a  ia  am  likely  to  raveal  about  cUmroora  taaroiag 
aad  teaching.  Thia  aaa  aa  impact  oa  me  kind  of  help  aaoat  likely  to  be  offered  from  within  each 
perspective  ia  eohring  preeeug  aducatioeal  tesme.  Of  consperabfc  iaamtaace  k  deternuning  what 
each  viewpoint  might  obscure  or  overtook,  la  part,  mis  reflecta  me  obvioua  truth  that  reemch 
questions  aad  analytical  frwworfa  are  mutually  dr/^adaaL  l«t  graated  that  certeia  raaearch 
oueetioas  will  more  otwioady  call  for  cogaitively  or  socially  orimtod  frameworks,  of  great  practical 
ialereat  it  me  question  of  what  height*  might  be  gaiaad  by  bringing  to  bear  alternative  fremeworki 
of  the  eama  let  of  data.  It  ia  alao  important  to  it  amine  the  retaticmabip  of  data  coUectioo 
techniques  with  aaalytkai  framework;  specifically,  w»  woader  whether  aocially-orieated  eaalytical 
rrnmeworka  aicamnrtly  cell  for  mom  etaaograpaic  methods  aa  oppoaad  to  (for  example)  the 
eti  at  tared  interview!  often  mad  m  more  ccenttively-orieoted  atadiea.  Aad  finally,  it  metal  imported 
to  aek  whether  aodally-  aad  cogmtiveiy-oriemad  ftemewuili  be  leooacilad,  or  whether  they  are 
ma  really  meoamatible  paradigms. 

Ia  order  to  make  a  start  in  sddreeetag  mem  iaauea,  wa  propoee  e  ditomakm  group  with  the 
following  format.  A  abort  data  rgmeat  from  a  middle  achool  claaarooa  wilt  be  provided,  end  we 
will  atone  a  brief  diecuaaioa  of  what  we  bebeve  each  perapec<  va  offcrt  in  uoderataading  the 
nmtbematics  learniag  aad  teaching  ia  that  chmarooaa,  We  men  hope  to  examine  u  a  group  what 
each  framework  obecuree,  end  to  widen  the  dlaaieeioa  to  larger  latum  of  whet  multiple  peeem 
'iu-ovgh  the  data  (with  differing  frameworki)  «|bt  offer,  aad  of  the  coneequencee  of  methodological 
deciaiona  on  both  choke  of  analytical  framework  aad  euoceet  in  addressing  iwuee  of  importaace. 


nature  of  the  daaamom  require  aa  eclectic  aad  aoanetimm  evea  untidy  amambly  o?  data  coOectioa 
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